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ABSTRACT 

This yearbook is a collection of lU articles covering 
a wide range of topics. The first argues that arithmetic is "a 
qenpral mode of thinking," not a "tool subject." Thp need and use of 
mathematics for the average citizen is the basis for the second 
chapter, and the following chapter continues in this vein by 
attempting to show various ways in which mathematics is valuable. 
Chapter a suggests the merits of studying mathematical processes, 
while the next article points out the advantages of using the 
unifying approach of functional thinking. Following a chapter on the 
mathematics of symietry in art, there are two articles dealing with 
calculus in the high school. Chapter 9 advocates the establishment of 
school savings banks to encourage thrift. The next three articles all 
deal with measurement and neasuring instruments. After a discussion 
of problem aolving in arithmetic, the yearbook concludes with an 
article suggesting ways in creating a mathematical atmosphere in the 
classroom. (LS) 
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liDITOUS' PREFACIO 



The first twcj yoarlmokrt of Tho National Council of UVarhorn of 
MntluMiatirs have* hm\ m well rocoiviul that tho Council has dc- 
I'ldiHl to pul)lish others as lonn as tliu intnvst in tlioHO yoarbookn 
oontinucs. Tlio plan is to havo caoh yearbook appear in time for 
the annual meeting of k\\q National Counril in February on the 
Friday and Saturday just prior to tlie annual nierting of tlie De- 
partment of Superintendence of tlie National KiUieation Association. 

The first yearbook dealt with ^^A (icneral Survey of Prof^ress in 
tlie Last Twenty-Five Years**; tho second was lievotod to a con- 
sicloration of ^^{^urriculum Problems in Teaehini? Mathematics"; 
and the third deals with ''Selected Topics in tlie TeachinR of 
Mnthematies,'* We huvo selected for discussion in this yearbook 
tojiics in which teachers of mathematics are interested and con- 
cerning which there has been some diflVrence of opinion. Moreover, 
some of tho topics were choseti because we f(»lt that the teaching of 
them might bo improved if wo had more available reference material 
concorninp; them. 

We wish to take this opportunity to express our Ronuine apprecia- 
tion to all who have helped in the preparation of this yearbook, 
especially those who contributed the discussions in the various 
chapters. 

The Editohs 
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THE FALLACY OF TREATING SCHOOL 
SUBJECTS AS •♦TOOL SUBJECTS"* 

»Y CIIARLKS H. JUDD 
School 0} Eihieatiun, Univmitv 0/ Chicago 

The Significance of Words. The iisyclio'ogist who has studied 
tlie evolution of lanRuago i8 perhaps more impressed than arc others 
by the fact that vords embody niid transmit profound beliefs. It 
has been said tliat the phrases "stniBKlo for existence" and "siir- 
viv.' ; of the fittest." have donn more to direct modern thinking than 
whole voluiiies of statutes pas.sod by parliament or congress. V/o 
all know tlic limits to which indu.strial and commercial concerns 
will tio in order to secure scllinK names for their wares. It is a 
common obi^ervntion that parents in conferring on their offspring 
the (lesigimtions which are to mark them throughout life seek names 
which expre.'^.s the liopo that greatness of one form or another will 
crown the in lividual's career. 

I do not \ now who first called arithmetic and reading "tool sub- 
jects." Whoever lie was, lie stigmatized these subjects and classi- 
fied them AS in some sense inferior to liistory and science and 
literature. Suppo-so that wc could have been present at the first 
use of the term "tool subjects" and could have persuaded the com- 
pany not to use that term but to call reading and arithmetic the 
"rigiit nmi left hands of learning;," what v/ould have been the effect 
on subsequent educational thinking of the t^doption of our more 
complimentary terms? 

I am not suggesting an idle speculation about t) history of 
words. My psychology tells mo that words are the embodiments 
of discriminations and the epitomes of theory. My psychology 
teachtd mo that when the zoologist jioints to an animal and says: 
"That is a vcnebratc," he has condensed into a single wo'-d tho 
study of generations of scientists and has pointed out the charac- 
teristic of the animal wliich long study has shown to be tho essen- 
tial fact on which attention is to be concentrated if wo arc to 
understand the place of that animal in the organic world. 

• I'opop presented to tho Nntlonal Couucll of Educntlon at DullnB, February, 1027. 
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Arithmetic aa a "Tool Subject," When n writer on education 
Hays arithmetic is a *Hool eubject/* what does ho mean? Wo have 
only to appeal to preg>ent-day educational literature to secure a 
clear answer. Arithmetic is thought of as n subject which Is a kind 
of nece8^ary evil. If one watita to pry loose interest from capital, 
one will have to do a little ralculutinR. If one wants to purchase 
bricks and luniber for the highly important business of building a 
house, one will have to delay in the truly constructive work long 
enough to add up a column of figures. If one ia to engage in the 
interesting occupation of compounding a rcipc, one will have to 
stop and measure ami rount the ingredients. The cndn of life nr. 
,)OS.«08sions, and buildings, and food; these arc the matters with 
which many educators declare themselves to be concerned; these, 
they tell us, are the .substantial sources of valuable mental cxperi* 
ence; these are the concrete facts of life. Number is to the rinds 
of many of our contemporaries a formal abstract something which 
has crept into the schools and crowded out property, and build- 
ings, and food. Anient critics of mathematics would have ua be- 
lieve that number is a tool which one u«ea perhaps twice a day, 
possibly thrfje times, but never without apologies and never without 
a feeling of aversion at the delay which number thinkmg entails. 
The popnlar plea today is a plea for reduction all alorg the line. 
Let us !ind out how frequently the people of Iowa and Boston 
rcalb' use arithmetic in their daily lives, let us be rid of antique 
puzsies about ditch digging and the rest, let us laugh algebra and 
geometry out of the high school. 

Pr-ssent Emphasis on the Concrete, i o I read the modern 
textbook in arithmetic I find that the tables are few and short. 
Tliere is concrctencss on every hand. There are pictures of people 
buying and selling, there are reproductions of checks and bills of 
lading, there arc problems from geography and baseball, but the 
fact that the number series has a character and regularity of its 
own is pushed as far into the background as the pages will permit. 
Tlie new textbooks might have on their covers a picture of a tool 
as symbolic cf their content. They seem to announce in the loudest 
tones the belief that all the good things in modern civilization are 
real, tangible objects; number is merely something to be used now 
and then as a vague and unsatisfacto.y substitute for things that 
arc concrete and substantial and truly im})ortant. In other words, 
they seem to think that it is a necessary evih 
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Why the Attack on Arithmetic? I havo Hoiuotiirnvs woiulurml 
how far this atta^^k on arithindu* Im what {Un students of nuMitnl 
putlioloKy a ^'ili'fi'nso ri-artiun.'' When a psyi'liiatrint tmln 
his puiiont uvorviolont in liis protestations ah)nK any lino, ho lu'^ins 
to hu)k for till* iMiuse of tho niontal lU'rani^onicnt in tho clirootiop 
inilloaiinl. llvw is a sonsitivo soul who trios to protoot hiuisolf 
from tho crushing otYoets of sooial critioism by saying that ho 
(loos not oaro what people say ahout hini. Iloro is a man who 
has niadu a failure; wo llnd him boasting to suoh a ilogroo that the 
psychiatrist knows that a failure-complex is the souree uf his func- 
tional disturbance. 

Whether I am right or not in thinking that the pedagogical at- 
tack on arithmetic is due to u failure-complex will, of course, 
have to bo judged in the light of educational history winch reaches 
beyond our own day, Certain it is that the schools of our own 
time do not know how to teach arithmetic. The net result of the 
testing which we have done since the first pajior on arithmetic 
tests was published by J, M. Uice in 11)02 is a shdcking revelation of 
tbo incompetency of the schools in teaching arithmetic. The Cleve- 
land survey showed a decade ago a fact which is revealed again 
in the California Curriculum Study which has recently come from 
the press, namely, that more pupils fail in arithmciic in th( third 
grade than in the second, more fail in arithmetic in the fourth grade 
than in the third. From the fifth grade on there seems to be a fall- 
ing olY in the number of failures in arithmetic, but probably the 
apparent increase in success of the soliool's operations is due to 
the elimination of the pupils whom the school can not train. The 
successive increases in tlie number of failures are coin'ini ing testi- 
mony to the diilieulty of teaching arithmetic. Dne suspects, us I 
said before, that the attitude of teae! jrs toward this subject which 
they call a mere '*tool subject'' is in large measure attributable 
to the fact that they do not know how to teach it successfully. 

The Important Uses of Number, I can hardly expect to stem 
the tide of conMnon opinion by anything that 1 can say in a single 
paper, but 1 am here to ur,,c that the term *'tool subject" be care- 
fully reconsidered. For my own part, I reject it absolutely, The 
experiences which have come into modern life from the study of 
number are not the trivial rules of aildition and subtraction and 
the rest; they are experiences of a wholly diiTerent order. The 
curriculum maker who thinks that he hai- xhausted the catalogue 
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of user* of luiinhor whvn ho Iwis listinl the examplvj^ which ordinary 
uu'U solvr ill a clay or a wwk is tsuporlleial to such an cxtronio 
lU'pvc that hv is an unsafe KUiile in arran^inK tho plans of the 
si'hin»l. The num wlu) calls arithmetic a *'tool subject'* and with 
this nunic ilisniisscs it as sonicthiny h-ss ^«'orthy than subJcctMUuttcr 
courses is Kuilty of criminal neglect of true values. 

Historical Facts, In support of tlic Koncral statements which 
I have ma(k\ I call attention to certain signiilcant historical facts. 
Our present-ilay ci\'ili?.atli)n is one which depcMids on tho universal 
recognition of the iinpi)rtunce of thu idea of precision. Kvcry 
machine whieh serves us in daily life is precise in its construction; 
every enKanement of life is preci.'^e in its tcmporul nrranjjcnient ; 
every eiwuuu.ie relation, if it is to be just and acceptable to all 
concerneil, must be precise. Precision \s sought ir standardization, 
in the iliseharKC of one s trusts, in the statements which men maku 
to their fellows. Precision is the .^oul of science and of commerce. 

As contrasted with civilisation, primitive life is characterized by 
its l.'u^k ol' pn'cisu)n. Savages do not know how to be exact; they 
have hal)its of thou(;ht and action which the nuulern man nnist 
re^xard as absolutely intolerable in their loose and va^ue character, 

The Curriculum Maker's Method, When the curriculum 
makers ask pupils to collect examples of tho use of nund)er, do 
they tell them to brinj? in all the eases of explicit or implicit use 
vi the iilea of precision? Ni)t at all. The curriculum maker\s 
method is an easy-goiuK method of analyzing? life. He looks only 
at that which is on the surface. Kspecially when he has adopted 
the elassilicatit)n of arithmeli • as a **tool subject,*' he is satislicd 
ti) think of number as soiiu-thin^? to ))e taken up or laid aside as 
(leeasion denuuuls am\ he usually thinks tliat nundjer is invi)lved 
only when he can seu it oi)enly and explicit 1>' used. 

A Plea for Deeper Analysis in Curriculum Making, My 
plea is for an analysis of mental life which ^les much deeper. The 
pupil who is drilled tlay after day in the use of number is aciiuiriuK 
a umW (if thought wlileh will change all of his later mental opera* 
lions. The individual who has hud experience with number is no 
lunger capable of returning to the level of loose, inexact thinking 
that characterised his earlier methods of viewing the world. The 
curriculum maker who would be true to the facts nnist imiuire into 
the subtle modes of thinking whieh lie deeper than tho mere ex- 
pressions of number in the ordinary meaning of that word. 
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The Evolution of Numbers. Tlio fimilnnu'iitul iiK-ti of 
olsion if* not soiiu-tirmn tlint i-unu-s cnsily to mon, It is not an 
'n.stinpt nor is it irluti'd to im instini-t, It is ono of tlio liinhost 
|iro»Uu'ls of inti'Ili'ction, It <|itl not hicoMu- u possession of tlii' 
f<mnion pcopU* until civilijfMtlon hnd niiulc possible cortain forms 
of cotlpcrntivt' thinking, Tlu-re arc priniiliw trilu-s today which 
havo (inly tlio most nii nncr numlu-r tvrniinolopy. The peoples of 
antitpiity hail the bt'iiinninKs of a nuniher system hut their number 
ideas were crude, Tin synduds ihat they used covered up numy 
of the most important proiu-rties of nundu-r, For example, the 
lUuuan numerals arc of little use in adilition and they obstruct 
almost eomidi'tely the elVo.'t to nudtiply, 

Clear number iileas e\ dived slowly," They had to wait for full 
development until thore had been invented that mo.st important 
of intcllectu.d systems, the Arabic nund)er system. When the 
Arabic mnucrUs came into Kurope in the sixteenth centmy, there 
was no nuichinery, there was no exact science, there was vcrv 
little eonimcrco. Men could not think in larKc terms because they 
had no intellectual nu-thods for compa.<sinK larm' ideas, Witliili 
the short siiace of less than four Inuulred years Kurope haf. become 
the liome of a mechanical ci\ilization absolutely dcpendoiit for i'.s 
erection on the general itiea of precision. This idea of precision 
is not a collection of nund)er nanu-s, nor a series of adtlition com- 
binations, nor the condiinations taught in sulitraction; it is a p'Jieral 
idea rclined out of nu»ny u.^es of nundier and ultimately taki'if? iis 
place in the mintis of men as a KuitlinK principle tlonunatinK uvory 
train of tluaiKlit that a nHulcrn man Inllows, 

Number an Ever-guiding Principle of Life. The tigure of 
speech wMicli one ouf;lit to use, if tlKuri; of siu-ech is necessary, \a 
not the liffurc of a tool, that is, of .Mimt'tliiiiK that is now taken in 
the hand, now laid aside; the fi};un> of spwch which is apiiropriato 
is one which cimveys the idea that number is an cver-guidinf? prin- 
ciple uf life. OiR' assimilates food and grows into a being full of 
strength ant! maturity. One lives in the sunlight antl his vi.sion 
is tilled with new images and bis mind is slimulated to new action. 
The nundu-r system is such an cncrgi/ing principle, It has cluuu'co 
the life of nu'U. It has bt-cniiie a motic of tbinking. It pervadt'S 
every observation which modern man makes. It can no mure bo 
laid aside than can the right liand, It i,s not a tool. 

What lias been said about number can be repeated in exactly the 
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>ainr ivnwti will) ivgunl to reiuliiiK. The pupil wlio \n\9 leariKHl to 
rrad will iwwv the kiiul of intolliYtual life wliieh lie? did 

hviovv \\v {\vi\[\\\vi\ tlu» arl. Words will roiiir in a new funu into the 
niimi i)f the pupil wlu) has learneil U) read. The worhl of books 
will be a familiar world ami writion expressions will be an intimate 
jiarl of the pupil's inner experionee. 

Correct Notions about School Subjects. When the or^Anic 
worhl e\'olves a new or^au, sueh as a preben?*ile oxtreiuity or nn 
air-))reathlnK apparatus, no one ever thinks of ealliuK the hand 
or thi' hini^s tools, No one wijo has .'tudied zoiiloj^y fails to I'ccog- 
nize that an animal with a hand or with luiiHs enters on a new typo 
of life and beeuines by virtui' of tlie>e new origans a totally dilTrrent 
kind of animal from tho.^c whieh i)reeedeil it in tho evolutionary 
series. 

What I am trying to say eannot be reeoneilod with that false 
edueational psyeholof^y whieh i.*. eurrent in certain quarters where 
arithnietie is deseribeil as a mastery of so and so many ilifTeront 
luuubur combinations and a eolleetion of so and so many distinct 
assDeiations, Arithmetic is a ^jeneral mode of thinking. Through 
louK eons of human endeavor men have been moving forward 
sirp by step in the worhl of iileas, iliseovering now one now another 
of the regularities whieh nature exhibits. In the effort to com- 
prehend these discovi'ries ami to arrange them into a system of ex- 
pi*rienei' men have i;rown to the point where their uumU have 
i'Vi)lved I'ertain ^^eni'ral ideas and certain {leniM'al modes of thought. 
Nundier is one of the latest of these evolved nuxles of thought. It 
ccuild not be perleeted until a systiMM of sytnbols wns invented whieh 
cnuld express adequat(>Iy the ideas of precision and regularity. 

Precision, Order, and Arrangement. Along the road towanl the 
cuiiii)lete recognition of these ideas of precision, of order, and of 
arrangement are ilistrihuted bits of evidence showing how the 
idea was iirst fornuilatod in detail and grjulually generalized, The 
Uonian army was organized into companies of one hunth'cd and 
the oHicer in charge of each company was called a centurion, the 
Latin for one hundred being the word centum. A Jlonum mile was 
one thousand i)aees, the Latin for one thousand being ynille. The 
nanu\'* of the months of .Septend)er, C)etol)er, Novendjer, and De- 
cember are derived directly from the Latin mnnerals acplcm, octOt 
norrm, and decern. 

These examples show how the Romans were trying to arrange 
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tlirir wiirkl. In tlio rHnrt to briiiK imlor out of tlio secminR chaos 
of reality tlu'V nnployiul a kirul of uiiiviM'snl formula. All tliiiiRs 
rail hv j^ystiMnatii'ally nrraiiKcd if only om has witliln oiio's self 
the i(h*a of onh'r ai^l j<tH|U('iu'i', Onv vww not havt) the idea of order, 
hoNVrvcr, until one has symbols and some kind of an established 
sequeneo of tliougbt. 

I confess I am astonished wlii'ii I see some of the analyses whieh 
purport to he the seientilie li.vtulations on nliieh school currieulums 
an* to bi' built and (ind no lucntioii these j^eiiural idras of ordi^r 
and arranjjenient and precision, I am tola ibM- the school should 
tearh childriMi how to uu\\u' chai^ge aiul liow to muasd*-; wall paper 
and how to trll time and that seetioiis of arithmetic should \.v 
deviated to these specilie tasks, but I look in vain for any apprecia- 
tion of tlie fact that the school (night to leail pupils wlio have only 
a hazy ami unsystematic notion i f the world to see the value of 
arrangiMneiU and order in all thirking and to cultivate the general 
ideas of regularity and precision. 

I V(»nluru the prophecy that \\e are just at the point where we 
are about to leave behind the lnadi'([Uate psyehology which has in 
recent years taught that mental life is a bundle of particular iihvi.^. 
W'l' siiall hear more and more in the years to eome about general 
ide!is. We shall realize that general ideas do not arise in tiie un- 
iraineil mind but are the highest produrts of ei)nslruelive tiiiidving. 
The nund)er sy>ti*m, the niathenialieal formulas of algebra and 
gecunetry, however iiiellieienlly taught in the piist. have helped tin; 
race to organize and arrange the world in whieh we live. lie who 
Ihiidvs of the number seheuie i\> a trivial addendum to the mind'.'* 
etiuipment (hu's not know his hishiry. 

The Place of Mathematics in the School Curriculum. I am 
anxious lo array myself as emphatieidly as 1 can in opposition to 
those wlu) argue for an elimination of mathematies from the school 
eurrieulum. I am (piile prepared to join in a criticism of much of 
the teaeliing wliii'h goes on in the sehools at the present time. In- 
steail of being disei)uriige(l by th * formalism t)f present-day courses, 
I am encouraged by the agitation whieh has arisen a":unst for- 
malism. 1 am eneouragecl e\-en thuugli i see some o( the criticisms 
of formalism turned into atiaeks on the subject itself. Personally 
I si'e no reason for trying to escape tin* dilliculties whieh arithmetic 
auil algebra and gromulry enctiunler be^ai si* of inellieient teaching 
and inadeiiuate under.^'tanding of ttu'ir p>jrpose. These dillieultics 
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{<lioukl hv ivadnl by casliiin tlii^ inathnnatical st'ieiKH\s out of 
thu cuiTiuuhim. Thv niatluunatiral j<i*iiMU'os havo iliMmni.stratul 
tlu'ir ])h\vv in the inti'llrctiial world. If we do not teach them sue- 
eessfully, U't us ask ourselves what nw the reasons for our failure 
and Ut us ask ourselves whether wo have been intelligent in defining 
the true content of these sciences. 

Attitude toward the Mathematical Sciences, Tlius far my 
arjiunient has been directed a.uiainst the aeceptaneu of the view that 
number is a remote and external addition to mental life. I turn 
now to a reinforcement of my eonlentions by expounding briefly 
what I think should be thu attitude of teachers toward the mathe- 
niatiiwd sciences. 

Pervading all of one's thinking about the world should be the 
general attitude that the objects whieh come into experience can 
be arranged ami elassilied. Order achieved by human elTort as a 
substitute for the worlds natural disorder is the end and aim of 
human intelligent reaction un the world. We are to thingj? 
in scries, where like objects are together and unlike are distin- 
guisheil. Order, arrangement, dassifieation are products of the 
mind s reaction on the worhl. Whatever else the school does, it 
should help individuals to systematize then* experiences. 

Orderly arrangement is by no means easy to i)rodiice. One 
nuist discriminate and assemble ami reassemble. One nuist put 
together in the mind what has not been together before. Dr. Osier 
once made the sage remark that medicine \vill become a science 
when physicians learn to count. lie meant exactly what 1 have 
been saying in less epigrammatic form. Wlien i)liysicians learn to 
distinguish diseases and count consetjuenees and enunier.'ite methods 
of treatment and measure resuhs, medicine will be a science. 

Little eiiildren come into the school at a i)eriod of life when they 
have attained very little in the way of onlerly arrangement of 
experience. They have no notion (jf regularities and system. It 
is the business of the school to transmit to the pui)ils the intel- 
lectual methods of arrangement by whieh the coniple.:ities of the 
world may be unraveled ami a new pattern made of experience. 
The most rompreliensi\*e and llexible patterns for the rearrange- 
ment of experiences are those supi)lied by the mathematical 
sciences. 

Let nie olTer an illusiration of what I mean by referring to an 
analy>is which I recently maile of a nundjcr of sianjlard arithme- 
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ties. 1 i:otccl thill ihviv is urout variety exhibitod in the situations 
<U»soril)iHl in tlio prohlrni!*. Tor oxample, Hotnc of the prohlms 
iliscuss the finiling of thing.s: John had live marbles and found 
three. ( her examples tell about earning money; John earned 
ten cents? (h)ints this and fifteen doing that. Other examples tell 
about journey^ in whieh a man walked two miles and then four. 
Vou ean readily supply other similar types of examples. The 
interesting point in regard to all these eases, whether they be of 
linding or earning or journeying, is that they belong together 
under the inclusive notion of addition. I found that the plus sign 
taken as the symbol of the general idea of addition has in four 
standard arithmetics somewhat more than four hundred synonyms. 
There are as many synonyms of the minus sign. Tims John 
lost three marbles; John paid fifteen cents out of his earnings; 
the man has thirty miles to go but covered in one day only eighteen. 

It is further important for our purpose to note that the general 
ideas of addition and subtraction stand in a certain intellectual 
relation to each other that is not indicated on the surface of the 
problems. John earns or si)ends; the two performances carry John 
in opposite directions and the degree in which he moves in one 
direction or the other can be exactly compared through the use of 
arithmetical symbols. Thus we see that there is a higher form 
of mathematical generalization which includes the two contrasting 
operations of addition and subtraction. 

We have all observed much teaching in the schools which con- 
sisted in solving problems of earning and spending but which left 
no clear notion in the pupil's mind of the kind which I referred to 
above whvw 1 spoke of the general ideas of aihlition and sub- 
traction. How often have we all heard children in the schools 
say, ''I don't know whether to add or subtract, whether to add 
or multip)y.'' Even more eonnnon is the failure to prepare for the 
higher synthesis of addition and subtraction which is made in 
algebra. 

When we note the failure of orcUnary instruction in arithmetic 
to cultivate general id.'as, we can not wonder that S(.» many pupil.s 
fail. Teachers have not regarded arithmetic as a science made up 
of general inotles of thinking; they have thought of it as a sl•ril^•^ 
of rules. They hav j. lied it a 'Hool subject.'* They have pictured 
it as something that the child can lay asitle witlunit impairing his 
view of the world. They have hurried over the tables which show 
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how orderly and systcmatio numlu»r idoas arc btrauso somebody 
has told tlu'in that \\\v mind deals only with particular exporiencos 
anil that all knnNvhnlj.''^ is concri'te. Tlu'y have lu'cn told that Iowa 
fanulios p't on with very little use of the rules of arilhnietio. They 
have been warned against assunung thai an idea puned in one 
eonneetion ean ever l)e used in any dissimilar surroundings. 

The New Doctrine. In place of all these vagaries, it is tlio 
purpose of this paper to ailvoeate a doctrine of general ideas and 
all-pervasive modes of thought. He who is master of the number 
system has a way of thinking that the race has worked out with 
infinite laluir. lie will never again fall l)ack into the confused 
and inexact ways of viewing the world which were characteristic 
of his ehildhoocL He has grown intellectually by assimilating the 
mnnl)er system. He has a mature mind. He has strengthened his 
nund. He is a new individual. 

If I have persuaded you in any degree, you should join me 
in criticizing the superficial studies of the curriculum which are 
trying to limit the study of mathematics to tho>e problems in the 
stduiion of which people use some rule of cond)inatiiin. Vou should 
join me in resisting the tendency to l)anish mathematics from the 
programs of stuilents in the high school. Vou should join me 
in protesting against the classification of arithmetic as a ''tool 
subject." 



:matjikmati(\s ix tjie training for 
citizenship* 

Hv DAVID KUOKXK SMITH 
Tf urht rs College, Columbia Vnircrsity 

Purpose. It is the purpose of this paper to set forth certain 
faets to be kej^t in niinil in the teaehin^i of mathenmties for citi- 
zenship. It is i)roi)ose(l to consider in the limited spare available 
what there is in niatheniaties that the working man needs and what 
of this science the woman rvcjuires in directing the education of 
her children and in managing her home; how mathematics trains 
the mind and how its poetry affects human life; what potency the 
sul)ject has in the ujilift of yom* soul mul mine; how it has linked 
itself with all hmiianity in all times; nnd how we should go about 
to make all this real in oiu* everythiy teaching. 

Thus stated, the problem falls of its own weight,— for in the 
brief si)aee allowed, it is inii)ossible to treat with any adequacy 
these various toi)ics and the many questions that naturally arise 
in your mind and my own. All that can be done is to mention a 
few of the leading principles that have guided the writer in his 
own endeavors to improve the teaching of mathenuitics, and which 
he feels sure guide a large proportion of his former students in 
their work in various parts of the world. 

First Objective. First, we study mathematics because it is one 
of the small prouj) of subjects— like reading, history, and geography 
—that are linked up with a large munber of the branches of human 
knowledge. No one can be hai)i)y as a member of the human 
family who does not know something of the history of the race, 
something of the earth on which this race exists, something of 
letters, .something of the arts, and something of what we so pedanti- 
cally cull '*the quantitative side of human life." Of the necessity 
for knowing number relations there can be no question, but fifty 
years ago one might well have cried the slogan abroad from the 
housetops, "Will anyone tell me why a girl should study algebra?" 

• A(lniJ?iMl frnm nn mltlrrss dnlivt-riMl hi'foro thn faoulfy of Tp.'U'hnrB rollt-K'f^. The 
urkinal ntMri'ss was iiuhHsh<Ml In thn TrarfurA CoUrgo Hevnrd, Vol. XVIII. No 3. 

u 
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Today, a person would Badly fool liis ipnoranoo, or hor ignorance, 
if ho or she hacl to look with lack-lustcr oyos upon a sujuplc formula 
surh as may be found in Popuhir ^^cchflnic^i. Motor, the Scientific 
Awcrican, an ovory(l(\y article ci the radio or astronomy, a boy's 
manual on the airpiane» or any o.iu of hunih'cds of articles in our 
popular encyclopedias. Those iceds come not only within the 
purview of the boy; they are even more apparent in the case of 
tlie girl, slio wlio i? to have tlie direction of the education of the 
generation next to come upon the stage of action. Each must know 
the sliortliand of the formula, and the meaning of a simple graph, 
of a simple equation, and of a negative number, or else must feel 
the stigma of ignorance of tlie oommou things that the educated 
world talk. I about and roads about. 

Reach of Mathematics. And if you are skeptical as to the reach 
of mathematics in the world in which we live, consider this simple 
suggestion. Aside from the propagation of the race, the most im- 
portant thing in this world is education— which term is taken to 
inclu(h» the training of the soul as well as the training of the hand 
and brain, and thv training for the eight hours or more of daily 
leisure as well as for the eight hours or less of toil. Let us then 
take the science of education as a norm for measurement. Let us 
now imagine, if wo can, that by some mighty cataclysm there 
^hould be wiped ofT the face of the earth tonight every book on 
mathematics, every mathematical symbol of any kind, every 
written page or printed sheet upon which a trace of mathematics 
api)cars, and every machine for computing or recording numbers; 
and then let us <lo the same for every inece of printing or writing 
that has to do with the science of education. What would happen? 
*'lt is an ill wind that blows no good/' and some good would un- 
questionably come to the world were this done. For one thing, 
all wars antl rumors of wars would stop tomorrow, since shells of 
the right size could not be sent to the proper guns and the range 
finders would cense to operate. For another thing, we should 
doubtless have more attention given to real teaching because there 
would be some lessening of experiment, valuable though this may 
be in a fair percentage of cases, particularly those in which the 
approximate mea>urc of jiupils* abilities is concerned, and exceed- 
ingly valuable as we might make it if we would. The actual teach- 
ing in the schools would go along about as usual; very likely, how- 
ever, with a little less friction for a time. But how about, life 
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bcynnd (Mir ^rhohistio walls? ICvery mill in the whole world would 
slow down and ovory larj^o concern would dose until it could re- 
place its accounts, its statistical nniterial, its formulas for work, 
its measures, its tables, and its coniputin}? machinery. Kvery ship 
on the seven seas would be stricken with blindness and would 
wallow helpless, awaiting the probable starvation of its human 
burden. Not a rivet would be driven in a skyscraper in New York 
City, because the steel girders would have lo^t their numbers; 
Wall Street would close its portals; the engineering world would 
awaken tomorrow morning to a living death; the mines would shut 
down: antl trade wouhl relapse to the condition of barter as In the 
days of savagery. It is a picture that is so ridiculous that *ve 
smiU* at its very imj)ossibility. But it is a real picture, ridiculous 
though it seems. — a picture of the world sending forth the SOS 
for help, a hurry call for the return of the mathematics ihut many 
take such i)lcasure in condenming. 

Hut it will at once be said that no one denies the practical 
value of mathematics, that it is merely a question as to whether a 
knowledge of our present mathematics is a sine qua 7wn to good 
citizenship; and so to this question I return, A subject even so 
essential as this in our world economy today neiul not be mastered 
by every citizen, and surely no one would think of making any 
such assertion. What seems reasonable, however, is this: that every 
educated man or woman should know what mathematics means, 
what its greatest uses are. and something of its soul, and should 
thus be able to decide whether or not he or she cares to pursue its 
study beyond the point of ncfpiiring tnis elementary knowledge. 
Upon this I believe that all persons of fair education are agreed, 
and the only (piestion is how this intro(hiction shall be given and 
how far it shall lead, 

So much for the first j)oint — that everyone should know and 
must know what mathematics nu\'ins, at least for the reason that 
tlie world uses it so extensively and that ev(*ryone comes in contact 
with such concepts as algebraic formulas, graphs, and simple men- 
suiati(m. 

The Question of Discipline, A second reason for believing 
tliat m.athematies should enter into the making of a citizen is that 
it ha.s high value as a mental discipline. It is needless to say that 
this statement will cause apj^rehension on the part of many teachers 
and that it may cause a feeling of exult;ition on the part of these 
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who care little for the older diseipHnes; but the statement is made 
frankly, and certainly without fear. The validity of the doctrine 
of mental discipline depends lart;ely upon the defniition of the term, 
If by mental discipline we me; -; the Uieory that memorizing the 
rules of arithmetic has any potent inllucnec on our memorizing 
the Book of Job; if it means that ability in algebra produces facility 
in calculation; or if it merais that a high mark in digging out the 
roots of numerical equations correlates with a high mark in deter- 
mining whether to buy this kind of motor car or that,— then no 
thoughtful student of education has ever made such an assertion, 
and so there io no doctrine of fonnal discipline to combat. The 
time and energy that have been scpiandercd in proving statistically 
the axionnitie is one of tlie interesting jihases of modern education. 

If, however, the knowledge of how to arrange, a logical proof in 
geometry can be made of no value to us in other fields in which 
deductive logic can be applied; if the perfection of geometry does 
not give us an ideal of i)erfeetion that heljis us elsewhere in our 
intellectual life; if the succinctness of statement of a geometric 
proof does not set a norm for statements in non-mathematical lines; 
if the contact with absolute truth does not have its influence upon 
the souls of us; if the very style of reasoning does not transfer so 
as to help the jurist, the physician, the salesman, the publicist, 
and the educator; if the habit of rigorous thinking, which usually 
is first begun in demonstrative geometry, is not a valuable habit 
elsewhere; if a love for beauty cannot be cultivated in geometry 
so as to carry over to stimulate a love (or beauty in architecture.— 
then let us drop demonstrative geometry from our required courses. 
From the standpoint of actual measurement, aside from the trans- 
ferable power it gives us for indei)endent investigation, geometry 
is not, in that case, worth the time and energy it takes. 

But it may be asked if we have any jiroof that geometry has. 
or can have, this power, and tlie answer is, "Certainly,— world 
experience.'' Of course such a reply will bring at once the assertion 
that the one making it has not studied the results of psychological 
experiments. On the contrary, the assertion that there is no 
transfer of training from geometry to other lines of activity is not 
.'^o emphatically made at i)resent as it was a dozen years ago. It 
is by no means the advanced educator today who denies a dis- 
ciplinary power to geometry; it is either the educator who is slip- 
ping behind in the race, or the one who has never been in the race 
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at all. If anyoiu' says that we have statistics to show that young 
l)eoi)k» spiM)(l a yuar on a subject whose chief purpose is the logical 
proving of statements and are not thereby made more logical in 
other lines of mental activity, now or in the years to come, the 
reply may properly be that psychologists of high standing and 
scientific men generally do not believe it; and if ho shows us his 
tables, carried out to the usual Vioo of 1 P^r cent, then may we 
quite safely say to him that there are just as elaborate tables seek- 
ing to i)rove things in education, which tables have secured degrees 
for tlieir makers, and yet wliieh are so ridiculous that this writer, 
at least, is ashamed to have his Kuropean friends see them lest 
they judge all American scholars by such imscientific work* 

The Magic of the Mind. A third reason for believing in an 
introduction to the oldest of all the sciences, for the training of a 
citizen, is that every man and every woman is entitled to experi- 
enc(» what Byron called **the power of thought, the magic of the 
mind." Our schools do much for the gray practicalities of life, and 
they are to be commended therefor; they do much for idealism, 
for the poetic side of our nature, and for all this we should be 
thankfid. Now let us see to it that the poetic side of mathematics 
is recognized as well as the practical side; let us see to it that we 
show the world how to tisc its leisure as well as how to turn the 
restless wheels of industry, Voltaire remarked that "one merit of 
poetry few persons will deny; it says more in fewer words than 
prose"; and why may we not with perfect truth continue, — "one 
merit of mathematics no one can deny, — it says more in fewer 
words than any other science in the world"? If "poetry is unf alien 
speech," then geometry is undebased thought, and if "architecture 
is frozen music" then it is also the crystallized science of form. 
Do you smile at the suggestion that mathematics is poetry? So 
men may smile at the idea that the Book of Genesis is one of the 
grandest poems of all literature, — but only if they have not read 
it in the noble langtiage in which it was written in the days w^hen 
civilization was young. So men may smile at the suggestion that 
mathematics is an epic of ideas, but only because they have not 
learned to read it in its own tongue. "All men are poets at heart" 
— but most of us are like bashful children to confess it. 

**Poets arc all who love,— who feel great tniths 
And tell them,—." 

and what is the real teacher of mere algebra but this, or the one 
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who opens the door to any one of the branches of the science 
mathematical? Tlio beauty of synnnetry,— whore else is it found 
as completely as in mathematics, and where does rhythm play iS 
great a part as here? Why was music looketl upon, until recently, 
as a part of inathenu\tics, if not for the connnon elements of the 
two? Why does Nature so often arrange the leaves of plants in 
accordance with a Fibonacci series, and why does the snow crystal 
recognize tiic poetry of the complex sixth roots of unity? You do 
not recall being taught all this? Tiien the argument is against 
the pedagogue, still so often a slave as in ancient times; it is not 
against the poetry of mathematics. Of course, such an idea will 
not appeal to the educational iconoclast and may be characterizoti 
as mere food for the newspai)er paragrapher. The ftn-mcf may say 
that only a genius i.i teaching can bring out such values, and the 
latter may have iiis little pleasantry about some long-haired, im- 
practical, impecunious professor who says that a tabh- of logarithms 
is a series of sonnets; but neither need concern us particularly, 
because the rhythm of mathematics is merely a connnonplace truth 
which teachers of nmthematics generally recognize and of which 
most students arc aware, whether they conft *ss it or not. 

Eternal Verities. The fourth reason to be siigjicsted is less 
tangible,— we teach mathematics for citizenship because it is one 
of the eternal verities, just as we might lead the youth to a great 
desert or to the mountains, there to commune with his soul; to a 
solemn tropical forest. ''GoiVs Hrst temple/' there to fn^l the uplift 
of loneliness; to the black silence that surrounds the tomb of Akbar 
the (Jreat, or to the mists in the cryi)tomerias that staml guard 
beside the resting place of leyasu. ive should lead him to these 
places because they rouse his soul to a contemplation of the truths 
that endure. Did you ever think how yow might proceed to make 
an attempt to communicaie with Mars by signals? How yoti would 
place enormous searchlights to form some jncture on tlu^ plains of 
Sahara, some picture that the Martian might be certain is not a 
mere accidental arrangement, or accidental series of flashes, and yet 
something that he would understand? It could not be a represen- 
tation of a Hving thing, for if Mars has life its forms are surely 
not shaped like those of Earth. It could not be words in letters 
which have been transmitted to us throudi the ages, nor could it 
be the numerals which had their visible .sjurce ages ago in the 
royal decrees of India. No, it would he none of these; the most 
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liopoful symbol we ccmlrl give to attract the attention of a world 
much older tlian our own. and probably more refined, would be 
the figure of tlie tlieoreni of Pythajrora?^, the squares on the three 
sides of a right triangle, The reader may smile at the idea. — but 
lie eannot think of a better syndnd; and tlie reason is that here is 
one of the verities of the universe. Before Mar^• was, or the Earth, 
or tlic sun, and long after eaeli has eeased to exist, there and here 
and in the most remote regions of stellar space of tlie type we 
know, — the .^cpiare on the hypotennsi' was. and is, and ever shall be 
eciuivalent to the sum of the scjuares on the sides. All our little 
theories of life, all our eluldish speculations as to death, all our 
trivial bickerings of the schools, — all these are but vanisliing motes 
in the sunbeam compared with tlie double eternity, past and future^ 
of such a truth as this. 

Man in the Cosmos. A fifth reason for advocating the study 
of mathematics in the training of the citizen is that it makes him 
conscious, as is possible in no other way, of his position in the 
imiverse about him. To come to some realization not merely of 
the depths of known space but of the methods by which we sound 
the plummet of these depths, to know the connection of the matlie- 
matical spiral with the genesis of the solar systems, to know some- 
thing of the way in which we measure the motions of the heavenly 
bodies, to have some conception of the nietliods by wliich we weigh 
the stars, to know how we reckon time in *'light years" and the 
basis of our assertion that the light which left a certain star when 
Honier was reciting the fall of Troy is only ju.«t reaching us, — think 
of the glories which then our imi\Trse assumes in the mind of the 
impressionable youth! ^^What is man tliat Thou art mindful of 
him?" *'A thousand years in Thy sight are but as yesterday when 
it is past, and as a watch in the night." And to these words we 
may add those attributed to the greatest of all philosoidiers, '*God 
eternally geometrizes." 

Religious Bearing. And this suggests a sixth rcas(m which to 
this writer is \-ery strong — that the proper study of mathematics 
givc's humanity a religious sense that cannot be fully developed 
without it. A\'e may take all the si^leetions of little groups that 
we wish, we may show ant! sluuv a.<rain that the niathematician 
does or d(K^s not go t(i cliurrlu that he ilnes or d(H's not believe in 
priestcraft, that he has or has not faith in this kind of God or that, 
— all this lias no influence upnn this thesis, and should have none 
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bot'juiff it lias 110 liciiiiiiR wimtcvcr upon tlu- t|Ui'stion. In the 
history (if the wnrM. iiiMtluMniitics liiiij ns tji-ni'sis in the ycariiiiiB 
of tho liiiiiiim soul tn solve tin- mystci'V of tin- imivciw in which it 
is a niciT iitiiin. Mathematics did not coino into beinf? as an aid 
to (inance, lieciuise finance deN-clopcd only a few seconds api on 
the face of tlic clock of time; it seems not to have como iitto beins 
as an aid to incasin-inK land or tjranariex, \wi\ suvo in the simplest 
counting on the finjivrs. for any ntilitarian reason whatever. It 
seems rather to have had its genesis as a science in tlie minds of 
those who followed the courses of the stars, to have had its early 
applii-ations in relation to relifrious formalism, and to have had its 
first real (h-velopment in the elTort to grasp the Infinite. Ami even 
(odny, even after wo have been pushing back the s!il)U' curtains 
for so many long centuries.— even today it is the search into tho 
Intinirc that Ic. !s us on. Consider the familiar illustration of tho 
points witiiin a .'•ihcre. say of radius 1 inch. For a poitit i/. inch 
from the center, on any given line, there is one and only onc"point 
in space such tluit the product of tho disiances of these' two point.s 
from the center is otitial to 1, ami this is the point on the line 2 
inches from tho center. Likewise to a point 10 inches from the 
center, on any line, there corresponds a point Ko "f an inch from 
the center. And in gem-ral, for any point we may .select within 
this little sphere, there is one point ami only one in tho tmiverso 
to correspond to it. (MinvcrM-ly, for any jioint in the universe, of 
which tlio galaxy which we call in our vernac\ilar tho milky way is 
a small part, there is one point and only one that corresponds to it 
witldn the sphere which mic may hold in his hand. There is no 
point in the whole tmiver.M' that has not one corresponding point 
and only one in some lirain cell of each of us. In all scriousne.«*s 
we may say: "Hchold, I show you a mystery"; ami again, "The 
Kingdom of (iod is within yon." 

Human History. And finally, let us consider one more reason 
wliy all introduction to nuithciuatics is worthy the attention of the 
future citizen, namely, that the histtn-y of mathematics is tlio his- 
Uny oi the race. From the days when the worhi was emerging from 
savagery and counted slowly on its fingers, from the days of wonder 
of the childlike race as to the mystery of the nund)ers 3 and 7, 
from the period when tin- rope-slrctehers planned tin- altars of India 
and laid out tlio temples of Babylon and of Thelies the Magnifi- 
cent, from the years when Pythagoras founded the world's fir.«t 
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nniabli' uiiiviTsiiy ami suuiiltl llir ri'latiuu ui' ilir |ii»oiiu'trii' Mjliil?^ 
Ml tlu^ Mliilu>u|)liy of frum ilu» liim* whrii Plain .m'I tlu' first 
tMilraiuM' rxamiiialinii vvw iiurlal-^ ul' \\\v nvwyv o|' Aratlrmn>- - 
'*Lrt no oiM' ijiiun-ant nf mMunriry i-iitia' Iu-it/' I'roiii tho fuiiinlin^ 
of Ah'Xamlria ami uf Hamlat!, with tluMr un^al si-honls of inatlu'- 
iiiutirs-.-all ilowii llinmpli tlu* agrs. llu* hi.Mory of iiialliiMiiatirs has 
Iktu tlir liislpry of tlir rarr, 

Are We Successful? Uiii du \\v n-rimnizr all iliis in n\ir tiN'u'li- 
iUK of Ihr siiliji'rt? Ala>I \vr n-rnKiiiiCr so linlr in nor loarhinj: in 
anything. W'l- fail lu roro^Muxr adrqiiati'ly tlu* sNiry i)f Hu» ilrvrlop. 
niriil t)f till* riuhis of iln* imliviilual in uur Irarliia^^ uf ln.story; \\v 
tauiunoiily f:ol lo rrru^iiizr ilir i)ul)|(> rliaiiis of (Iri-^urv in tlio 
ifMrhinti (if Jiiiisir; \vv fail to ri*rnpiiizr tlio simoriiiis lauKua^o oi ilu* 
AlliiMiiaii aihl (hr r^al sii:iiiiii.;iiu.i' (,f \Uv iiration an tlir vvuww in 
our loarliiii^i of (In-i'k; ;omI wv fail tn \i\'i\>\) ovrrwlu'lmin^ si^^- 
nilioaiau' of rducMtiun wlicn \\v spnnl our weary hours in rrpurls, 
and ill (iui>tiojoiaii'''s. and in rr^ulatinj,^ WIU nf rla>snionis. 

Irankly. wr runnot >an('iiuii. as prrfi-rt. :oiy(hM»K that is in this 
f)oor. sinr!uMn>«»i'i| wnrhl of iiiu's, Mini >t) \\v I'aiUHi! fully sand ion 
\\\v pn'srni ii'arhinii' of niailu'ni:itii's ur uf anything vUv, Suroly 
our m)vrrnnu'nis an* lar^-ly failuivs; and snri'ly miv C'liristiaiiity, 
(uu- Judaism, our Mohannm-d-iniMn. onr Hmldliisni.-^-ihrsi' fallnj 
to ward olV ilu' ^rn-al Mow u. ..as'a^i'ry that stafi^iM'od tlir wi)rld 
in X\\v falrful yrars of 1!)1.|-1!)1S. Our ilivuiro lunu'ts, our iliil- 
drrns I'ouris. tmr hroilu'ls. our rrimr. our pow.i/- -all thrso rry 
to iu'avt-n of till' failnri* of uur .-ocial systt-m. 'riirrr exists niithin^ 
in this wurld that raunut Ik* made luiier, ami so h't it he said at 
(•nee lhat inal liemal ies is puurly tauj^ht, hu! mi nmre piiorly than 
|uMla^o«i[y; that il eoniains a nia-s ui material of (inestionai)le value 
lo yuuny; pi-uple. Imi no muiv than sueiuhi^y; that its sni)jeel 
matter eaii undonhtedly he nnieh hetier arraiij^^'d, luit no lu'fter 
than eaii that of psyi-holn^y; that iis Ijeauties are not niado ade- 
(piately maniu-i. hut the .-.-one ean l)e >aid uf imisje and l)elh'S^ 
let ires. Nu une ha-^ any hrief fur (he peileetiun uf the teaeh- 
inj^ uf matheinaties as it stands; Iml il' wv |,ad to take a brief fiir 
lhi> >ul)ji'et. ur fur pedau-u^y. ur fur praeijral ai'i>. ur fur euursi's in 
sueial Ijetlermelit. we miuht with perfeet eunlidenee take the nnithe^ 
malies, and we wuuld he ju>(ilii-d in su duin^r 1,i.(.;hi.i. ji lms a 
mure seientilie. lu^ieal l)a-i-. .and iu-eauM' it has had a far lon^^'r 
time in which its meUiud i-nnid devrlup inward perfi*e(iun. 
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Wlicn NVi» ihiiik of the ivoord of failure in the proper i)rm'iitiiti()n 
of suoh suhjiTtji us rolij^ion, and art, and podanogy, and mathe- 
jurtirs, \vi» niuy ^fi.niotinK's lose heart,— hut only for a moment, for 
we UiioNV that we are con.stantly tending toward tlic good. Some- 
one may loll us that not 0.1 per eent of pupils attain a mark of 
100 in algebra, ant' that 30 per cent fail altogetlicr; but when we 
relleet that not 0.001 per eent of luuuanity attains a \mvk of 
perfect in matrimony, and tliat many more tlian 30 per cent fail 
alloHetlier, we do not at onee be^in a crusade to aboli^jh marriage. 
Xor is tins analogy either far-fetched or ridiculous, If anyone 
says that we must lia\'e nuUrimony or else the race will perish, 
a fair reply is that this statement is not scientifiJ'ally accurate, nor 
Inis it been scientifically demonstrated that it is necessary that the 
race shoukl not perish now instead of some millions of ycari* hence, 
as it must. If anyone says that we foree a girl to take algebra, 
l)Ul that she is free to accei)t or reject matrimony as she chooses, 
then we may himestly deny the assertion, for millions more of girls 
are forced, in one way or another, to marry than are forced to take 
any particular subject beyon^l the most elementary work of the 
schools. If anyone says that we should improve the conditions thai 
make nuitrimony so often a failure, then we may reply that many 
and perhaps all are seeking to do this very thing, — the woman 
becoming the intellectual ct)mpanion of the man, the nuui ami 
Woman tending to accept the same social standards, the division 
of labor beeonung more seientilically agreed upon, and the woman 
asftiuming her share of the burtlens of the state; but in rejoicing 
in this, we may also say that our failure to progress more rapidly 
does not mean that we shonld abolish matrimony, although we 
cannot say that this will not be done some time, in the centuries 
ahead of us. Siniilarly, many of us are doing our best to inipro\'e 
the leaching of algebra, and geometry, and all the other mathe- 
matical disciplines, and our slow progress does not mean that W(» 
should advocate the closing of the doors of the subject to the youth 
of our day, although this loo nuiy come in the centuries far ahead. 

Practical Reform. But what do we teachers of mathematics 
propose? That question it is impossible to answer with any 
approach to completeness in these few pages. In general, however, 
we may say that this is the goal at which we are aiming: That 
w(» should cease merely niaiking time, mathenuitically speaking, in 
the arithmelie of cJrades 7 and 8, tla^ lirst two years of the junior 
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liiwli sflituil; tliiit \vi' >luiulil ilu-ri' iutnuluci' sonu' ilcthiito work in 
inmiliw' jj;oi)iiU'try aiiil in tin- {'1)1111111)11 usi-s of tilut-bra, just us tlio 
rest uf till' k-adiii^ cimiitrics ilo; tlmt in tlu- ninth school yenr wo 
xhoulil show thi' y,m\\^ \)vo\)\v what is nu-ant by hiaical demonstra- 
tion in jii'oiiii'try, iuid what is im-ant by an algebraic function, by 
al^'bralo sliortliaiul, ami l)y scncralizcil arithmetic, It i,j not neces- 
sary that any mathematics should thereafter be required, once the 
junior hip;b school is well established, with well trained teacliers 
who know the seicnee and can handle tliis work; but tlie oppor- 
tunity should be j^iven for any pupil to continue liis mathematics 
in each year so long as he stays witliin tlie academic walls, and 
the stroiitjer luiiuls will tend to grasp this opportunity us soon us 
we can adeijuately prepare the teachers. Hut until tlie junior high 
schools are well established, and until first-class elective courses 
are olTeved in mathematics in the senior liigh school, it would be 
disastrous lo sacrifice the courses in algebra and geometry that we 
now have, since we have notliing wortliy of tlie student's vigorous 
mental attack that can take their place, In many places, the 
present liigli school will and should endure for years to come, chang- 
ing gradually for the better in the future as it has in the past. 
Thif) plan for the junior high school would open the door of mathe- 
matics to everyone, just as it should be oi)ened in every other great 
line of intellectual progress; it would allow everyone to see as 
dearly us possible the line for which he is apparently fitted; it 
would give a basis for ju-st the guidance that teachers of mathe- 
matics, and letters, and art, and history desire; it would permit 
of a sulistantial basi.s for a series of si)ecial superstructures— com- 
mereial, industrial, scientific, and so on; it would inflict no real 
liard>l)ip ui)on any of the youth whom we lead; it would make for 
better teaching and a far clearer understanding of the great as 
well as the small things of mathematics, unfettered in the initial 
stages by any need of what is often a mechanical, soulless eraiii- 
ming for examinations. Given this, and a new light would dawn 
upon our teaching of matheniaties in this country; and with sucl- 
a curriculum we eoukl bring together the utilitarian features whi( 1 
all agree upon, and the higher life of mathematics, the oversor.i, 
which those who have givi.-u the subject the most thought sincerely 
believe to exist. 

Narrow View of Objectives. W hen, however, we simi)iy hear 
the wearisome old ery,-tlie purpo.<e of mathematics is either 
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*li its coiuiiuTcial and industrial utility, or (2) that it may produoo 
imrv matlu'niatics, then wc may well iiujuire if the sole jiurpose 
of matrimony is to make money or to produce children. Can we 
not rise above all this, important as it is, recognizing that the race 
should he i^erpetuated and that mathematics should prow, but that 
this is by no means all of the problem of life or all of the problem 
of education? Above all, can we not bring the destructionist to 
see that we cannot leave to the pujnl to determine whether or not 
he is to elect mathematics or language or science or art, until he 
kiiows what these subjects mean? In other words, we nnist rctpiire 
that the pupil take a brief introductory course in matheniaties as 
suggesteil for the nir.th school year, and tnie in language, one in 
science, anil one in each of the other great branches of human 
knowledge, since it is only in this way that we put him into a 
position to judge for himself. 

There is little doubt that what has here been said of the oversoul 
of mathenuitics will fall like seeds by the wayside, most of it to 
bear no fruit; and so let it be admitted frankly that we can not. 
for the state or for the in<lividual, justify the value of this oversoul 
by any monetary considerations that arj nieasurable by present 
standards. It nuist be recognized perfectly that the idea will be 
consith'red worthk'ss if judged by certain 'current methods of inves- 
tigation. But let it be said with e(jual frankness that, by the same 
monetary standards and by the same scales of a limited science, 
the state should have e\'ery mother in this land examined periodi- 
cally by a body of young people briefly trained in statistical 
methods, and the moment these same young people find that she 
has reached the stage when the curve of her cost of maintenanee 
rises above the cur\'e of her productive capacity to the state, then 
she should be shiughtert'd and lu'r carcass should hv sold for what 
it will fetch in the public market. It is not a pleasing thought, 
but it represents a certain type of scientific elliciency. 

The Destructionists. It is, of course, well understood that 
^ome will continue to demand th.'.t all forms of retjuired mathe- 
matics shall go, instead of lending a hand to improve its teaching; 
but this need not disturb us in the least. The pendulum must have 
its swing, and whether it is forward or back depends simply on 
our line of sight. It is perfectly evident, to everyone who gives 
the subject thought, that all that has been so loudly said against 
geometry nuiy be said with etjual enei'gy against letters, against 



SELECTED TOPICS 



23 



immv, against physics, against history, against the graphic arts, 
against every other subject in the school curricuhim. With even 
greater force can it often he said against the very courses which 
these critics give in schools of education all over this country. 
Mathematics can he justified for the citizen quite as successfully 
as most of these same courses can he justified for the teacher. If 
any reader has the slightest doubt about the truth of this assertion, 
let him write down tmiight the exact values, from the standpoint 
of practical use in teaehing. of any course in education that he 
ever attended— indeed, of any that he ever gave. He will find 
that these courses have their values, but it may he doubted if the 
list will be any more impressive than the one which he might also 
write for mathematics. 

The Outlook. Nothing is at its best, not your thoughts nor 
mine, ; ot your acts nor mine, not your lives nor the life of any 
one of us. And it is so with mathematics. ICveryone knows that 
mathen'.atics .should have a tremendous infiueiice upon the training 
of the citizen, and yet we so often use our time and energies solely 
in puttering as to the statistical results of teaching subtraction by 
this Utile metxiod or that. While giving all such matters due con- 
sideration, can we not take the larger view? Can not the general 
educator bring his experience to help us in the special fields to 
make better citizens? Can not we who love m.atliematics and 
believe in its larger possibilities bring our .«kill to hflp the general 
educator develop the great elements of life in the souls intrusted 
to our care? Can not our .schools of observation throughout the 
country recognize these larger opportunities for study in lines that 
eoncern those dominant elements that make for a nnhU-r citizen- 
ship, as well as in the mere incidents of school life that often elaini 
to be all that research has to offer? 

If such a spirit couhl develop in this country, and if a group of 
scholarly leaders with a real appreciation of learning and of culture 
could be found to sympathetically direct this new type of research, 
then coidd we, who have joyfully borne the heat " and burden of 
the years, chant our nunc dimittht, for then indeed our eyes would 
have seen the (dory, ami then indeed would inathenmtics, freed 
from the parasitic growths of ufrrs, t;d<c its proper place in the 
education of our youth. 



MATHEMATICS AS AN INTERPRETER 

OF LIFE ^ 

By W. S. SCHLAUCII 
High School oj Commerce, Xetr York City 

What Knowledge Is of Most Worth? Ever since Herbert 
Spencer, in his essay on Education^ f rst raised the important ques- 
tion ''What knowledge is of mo<i worth?'' educators have been 
continuing the discussion which he began. Ahhough they have 
used varying stamhu'ds of vahies. most of tlieui agree that the im- 
portance of a subject in the curricuhuu may be measured by its 
contribution to: 

1. Direct self-preservation. 

2. Indirect self-preservation or the earning of a living. 

3. Social efllciency and citizenship. 

4. The jdeasure of the individual. 

5. A general understanding nf, and an insight into, oconouiic, 
social and cosmic forces, and problems whose mastery is neces- 
sary for the continuing of human i)rogress. 

Any subject which can be made to function efTectively in the first 
or second divisions above takes precedence in importance over one 
mainly useful in contributing to the pleasure of the individual. 
Thus hygiene and arithmetic arc of more fundamental imiiortance 
to the great majority of American pupils than nuisic, i)ainting, or 
classical languages. It is my purpose to show by specific illustra- 
tions that while mathematics is valuable to a person in the earning 
of a living it also heli)s in the attainment of this object by inter- 
preting the economic environment into which the student will be 
placed on leaving school or college; it is of i)()Werful assistance in 
building a reliable philosophy; and to those who si)ecialize in the 
subject, it also leads to the purest and most exalted i)leasure of 
which we human beings are capable. It is, in other words, valuable 
in all five categories which we have chosen. To prove this I nmst 

• An ailiiPi»ss (IiIUntihI Ijpfore the Matlnuimti'-s CMiuVrcnco at Ti'adii»rK CoUi'Kis 
Sunimt»r SfHalua 1U27. 
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lir.st give you luy definition of a cultured man, for it is lie who is 
concerned in niy discussion. It is this: 

A cultured man it? one wlio is at home in tlie world; to whom the 
universe and its changes cause none; of the terror due to ignorance. 
In attaining this intimate familiarity with cosmic, economic, and 
social forces, laws, and changes, mathematics is the one science that 
makes possible exactness in our inferi)retations, that enables us to 
fornuilate with precision and to predict with certainty. 

How Mathematics Should be Taught. While it is true that 
mathematics as it is often taught in our high schools is an abstract 
>ystem of symbols that seem to have no relation to anvthing in the 
heavens above, or the earth beneath, or the waters umier the earth, 
this need not be the case. It is becau.se teachers are so absorbed in 
teaeliing symbols and manipulations that they ncRlect to point out 
the meaning of these symbols and their u,<e in deriving practical 
rules of great utility. 

The Interest Formula. To take a specific case, when the student 
has been taught to solve literal equations in algebra he should be 
taught to see both the value of the formula ami the imi)lications of 
his result.*. For example, given the formula for simple interest, 
i ~ prt 

If we let r = 4' ; and t =::— or 1 day, 

we have i~ ,, x — V — = ^ 

' 100 ^ 360 9000* 

This gives us the rule; 

Rule: To get one day's interest at 4^.; , divide the principal by 
'JOOO. Or as expressed by business men: To get one day's interest at 
A'/t , point ofj 3 to the left and divide by 9. 

Thus, one day's interest at 4/0 on §27,900 is $3.10. To get the 
interest on $5,860 for 123 uays at A'/c , we proceed thus: 

90 $58.60 

30 19.533 

3 1.953 

123 $80.09 

When the student has solved the formula i — prt for p, and 
has ubtaim'd another formula l> --y^, he should he taught to in- 
terpret his results in words thus: 
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Uulc: To find the principul which will i/icld a (jirvn interest in a 
yivi n time at a given rate, divide the f//Vcn interest by the interefit 
on one dollar. It is moiv important that the student know that 
rt =z I Xr X t is the inicvst on SI. 00 than that ho sh.ouhl be given 
additional nianipuhitive skill with other symbols, without bein^ 
able to interjiret I hem or knowiuf^ how to use them in the solution 
of praetieul problems of life and business. 

The Binomial Theorem. When the binomial theorem is de- 
veloi)ed. most teaehers feel that their task is aeeomplished if the 
student is able t(j expand and understand such expressions as 

ia + ~ a" + 'b + /i^^^-^^a"*- 6- + 

whih\ as a nuitter of faet. the student usually has very little interest 
in the process itself, cxeept that derivetl from his desire to be able 
to pass the examination at the end of the term. Yet all students 
in th(? hifrh sehool know about bonds, interest, and investments, and 
hear such topics discussed at home. Their interest in the binomial 
theorem would be trenu'ndously increased if the teacher were to 
introclueo it as a means of easy solution for compound interest prob- 
lems, Ia'X the teacher by usin{ arithmetic examples derive the 
fonnula for conij)ound amount, 

and then show the students that any compound amount may be 
easily calculated, jirovided w< know the value of the accumulation 
i. 'tor 

(1 +^)^ 

Lrt. the teacher then show thu diiliculty of this calculation by 
arithmetic and the facility of it by the binomial method, and the 
students are eaj^er to master the new device. Thus, the compound 
amount of §500 for 5 periods at 2'/( , the savings bank rate, is 

^ = 500 (1.02)^ 
Now (1 + i)^ = 1 4. 5i + loi- + 10^' + 5i' + r 

Substituting. 1.02^ L1040808032 
Therefore. A — $500 X 1.1040808032 ~ $r)r)2.04 

The entire process is perftirmed mentally an{h when a certain 
antount of skill is devel()i)e(l. with gK*at ease. The usc^ of the 
luniunial fornmhi such as in finding roots may also be j)ointe(l out 
to advantage. 
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The Theory of Exponents. When the theory of exponents is 
taught, most stink'uts in our Iiigh schools wonder why they shouhl 
1)0 recjuired to know that 

a-- ~ ^, and tluit x" = 1. 

It .seems to me thut if this knowlcd<^e were applied to a useful pur- 
pose, namely, the mastery of the theory of logarithms and eomputa- 
tlon by logarithms; and if then the use of the slide rule as an 
application of logarithms were given, our students would fine! the 
intermediate algebra course a fascinating one, with sidelights, 
generalization, and interpretations of what was obscmx- in arith- 
metic, instead of the abstract system of symbols it now is in the 
hands of most teachers. Logaritiims can be applied in calculations 
dealing with business, accounting, and the economic world. Amor- 
tization, sinking funds, depreciation, and bond valuation are some 
of the topics that can easily be mastered by one who has a knowl- 
edge of logarithms and of geometric jirogression. Yet we emphasize 
the abstract theory of quadratic equations, the remainder theorem, 
and the graphs of functions, without pointing out the practical 
implications and interpretative value of the most important part.s 
of algebra and geometry. 

The Use of Graphs. The same subject, which is presented to 
one stuc'ent as an alistract system of symbols, may be so presented 
to another that he regards it as a powerful in.strument for solving 
Iiroblems in which he is interested, and as an explanation of the 
phenomena by which he is s-irrcimded. Graphs, as presented in 
most convent icmal textbooks, and as taught by the majority of 
teachers in our high schools, deal with the mere plotting of func- 
tions of X and //. Yet, if the .subject is approached through statisti- 
cal graphs and graphs for calculation, the student may easily be 
taught that certain problems connected with buil.ling, railroad time- 
tables, points of maxhmuu net return, and the like, may be solvctl 
by graphic mefhotls more easily than in any other w.ay. 

As a .simple illustration, consider the following problem: A total 
of 151 M. bricks are needed for a building, and they will be used 
as follows: 4M. per day for the first 4 days, 10 M. per dav for the 
next 6 days, .-.nd 15 M. per day for the last .5 day?. \s a matter 
of economy, it is desirnd to have the delivencs made at a uniform 
rate per day. Find the maximum .-torage capacity needed to allow 
uniform deliveries over the 15-day period. 
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If is a very sinipk* matter to plot the graphs of total number used, 
and total doliveries, as ^^hown in Fip;. 1, and by mi^asuring ordinatcs 
between these graphs, find the maxinunu number of brieks stored. 
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Fig. 1 

By measurinR the ordinate differences AD and BE, we find 
that BE is the greater anrl that the maxinnun storage cajiacity 
needed is approximately 10.400 bricks. A griijih makes this clearly 
evident. The varying ordinate differences between the lino 'Total 
V<v(V' and the lino of '*Total Deliveries'' show the growth and 
disappearance day by day of the pile of .stored bricks. 

The Use of Geometry in Calculation Charts. The interest of 
students in jilane geometry is tremenflously increased when they 
find that it gives thf^m an insight into certain calculation charts 
used in business, enables them to unrlerstand instruments of pre- 
cision, and clarifies for them gru\trraphy and astronomy. Any 
normal child is blessed with natural curiosity— that heritage of the 
evolutionary struggle during which not to comprehend the environ- 
ment and its dangers meant death. Children take joy in mastering 
knowledge which they can sec^ ha.s >ome relation to the phenomena 
of their lives. It is only the mass of abstract material in a dull 
curriculum, unpedagogically prcsi-nted, that finally kills the desire 
to learn. For example, when students ha\*e learnerl to prove the 
congruence of triangles, it gives them a thrill of interest to find that 
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this kncnvlodgc enables tlioin to understand tlio principles involved 
in the construction of simple aliginnent eliarts, such as paymasters' 
w'n^c ahgnment oliarts. This faot can be seen from the following: 
In rig. 2, wo linve axes A.\, lili, and CC at riclit angles to AB, 
such that AC — CB, and the scales of numbers on AA and BB are 
so placed tliat the same length on each ha.s a unit value. If on tlu: 
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level of any two numhev.s on the outer axe?, wlio.se join is i>:^rnlleled 
to the ba?fc AB, \vc place on the C-axis the sum of these numbers, 
we have an afl(hti()n-»<uhtraetit)n ehart within the range of the num- 
bers enipkiyud. To prove thi< we u<o the theorems of the congru- 
ence of triangles. Tliu? in Fig. 2, since the join of 88-75 was num- 
bered 163 on C(\ if we join any two numbers whose sum is l(i3 the 
Hne will pass through this same point. 

Proof. Draw a line from 89 (m AA to 103 on CC anrl continue the 
line to the /^axis. in triangles Ix'ST and TVV thus formed: 

(Because tliey are right angles.) 
(If a series of parallels intere(»pt equal seg- 
ments on one transversal, they intercept 
ecjual segments on any other transversal.) 
(Hecausc vertical angles are eciual.) 
(f^ccau>(^ iwn triangles a^e congruent if two 
anultv< and the inchulerl side of one are equal 
i*f'>pr('tively to two angles and the included 
^ide of tlu^ other. i 
UV = I\S iHcj'au-f cnrrr^pfjuding sides of congruent 
triangles jire efjualj 



Z.r= Z?/ 
ST = TU 



h'ST^ruv 
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Tlioivfore tho i)roloiiffati()n will strike the point 74 on BB, Since 
only one straight lino can be drawn between two points, any line 
joining V and H must coincide with RTV, d therefore pass 
through T, 

Wage Alignment Charts. This same principle can be made 
so clear to the student that he will be able to construct a wage 
alignment chart for calculating wages due when tinie rate and over- 
time rate arc given, as illustrated by the fragment shown in Fig. 3. 



TVI>ft» WA^C^ 0VERTIAA6 

AT $44 owe at4kxw 




Fia. 3 



In Fig. 3 it is seen that if we join 44 hours of time with 17 hours 
of overtime, the wages (hie are ?o8.38, the rates being $0.84 and 
SI. 26 for ti-' e and overtime, respectively. In this chart, 3 hours of 
time occup^^ tiie same length on the time axis as 2 hours of overtime 
on the overtime axis, .^ince the rates are 2 : 3, the values repre- 
sented by equal distancf-s on the outer axes are equal; hence the 
scale of values on the center axis shows double values, as in the 
simple addition-subtraction chart. 

The Use of Geometry in Geography and Astronomy. Geom- 
etry can be made to throw light on geography and astronomy, 
giving the .student a more intimate kiuiwliMlnre of the world in which 
he lives. Consider the suuple application of geometric theorems 
to Fig. 4. 
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This figure roproscnts the position of the earth at noon on Decern- 
hvv 21 with rehition to the sun's rays \S is the earth's axis, 
EE is the eciuator. Since the sun s rays to the earth are practically 
parallel, an observer at 0 sees the sun along OS'S, and its angle of 



elevation above his horizon is h or SOK. An observer at C, 23^2° 
south of the eciuator, sees the sun at noon along OS'S or in his 
zenith, at the same instant that the observer at 0 sees it above 
his horizon. 

Now, any student of plane geometry, in the second semester, can 
prove: 

(1) That Z*S0A:=Z0AT, orthat Zh' 

(2) That if I is the latitude of observer 0, 23^ + / + = 90^ 
13) That ; = 66J° - h 

Students thus understand that an observation taken at noon, 
which will determine the angle of elevation h of the sun above the 
horizor, will enable one to find his latitude. 

The Geometry of the Sextant. The geometry of the sextant 
by which this angle is measured should then be presented, antl in 
the mathematics club a very interesting session can be devoted to 
an explanation of it. A homemade sextant has been made by the 
writer at a cost of less than a dollar for materials, and its readings 
are surprisingly accurate. An^^les can be read to the nearest quarter 
degree. Rotating mirrors for measuring horizontal angles, the plane 
table, the pantograph, und the like, give the student an insight into 
the methods by which men measuro <])[ivv relations, and help him 
to interpret the world in which he livt's. 
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Problems of Finance and Investment. If timo iH-nuidoil, I 
slioulcl like to cniisicU-i' ;i st-rii-s of pnililiMiis and calnilaiioii which 
involvo nothiiiK nuuv (liniciilt than lofrnritluiis find poonictrio pro- 
gression, but wliicli Rivotho student a ituI insight into flu- prohli-ius 
of finance and investment tliat mean so much in our economic 
environment. They wouhl constitute the suhject matter in a course 
of more vital importance to the student than tlie conventional 
mathematics of the hist years in tlie high seliool, and wouhl enable 
a student to understand the world in wiiicii lie must make his living 
much better than nine-tenths of tiie subjects now offered in tiip 
curriculum. I refer to sueii subjects as installment paymnUs with 
interest, amortization and borron^ing, xinkimj fumi calcuUitions, ami 
bond valuation It is also possible to teach a iiigii school student 
the elements of statistics, to study trends and cycles in business, In 
apply graphic metliods, and in general to open up a subject so as to 
make it fascinating and profitable. 

Sudi a cour.se is actu.ally given in tlie High School nf Commerce 
of New York City. It is a tremendous lieli) to the students in their 
work in economics and accounting and their subsequent studios in 
finance and investments. 

Value of Mathematics in a Higher Sense. Hut there is a still 
higher sense in which mathematics becomes an interpreter of life 
and the world. If it is properly t:uight. with inspiring .-jideliudits 
and comments by a live teacher, there should emerge in the mind 
of the student the conception of an ordered, lawful imivcrs.- in which 
ail phenomena yield to quantitative investigation, a universe in 
which the reign of law is ab.sohite. and in which all phenomena in 
this space-tinie world fall into order in a cau.<e and effect nexus. 
As Bertrand Kussell says: 

MathMii.i*!-!. rinhlly viVwo.l. p.,.<s.-ssrs not only truth but Mipivnic l>. ;uitv- 
a beauty cnld an-l ;ui>'. •!•.•. like tl.at«,.f .<cu!ptun.>, \Yitl)nut app-al to ;niy part 
of our wprtknr nutinv. \\itl,nnt th.- tzmvc nus ir:ippitiir.s of paintinn nr music, yet. 
stiblinifly pure, ;in(l c.ip.-il.l.. „i a ^u-vn pcrtV.-ti.m. i^nrU as ,m!v tlw iriv.'itVst 
art ran show. Tl.,- tru.- .-pirit „f -i.-li-ht. tho f-xaltatmn, th,- s.-n-.- of l..-inir 
mon- than man. which is the touch.-ton.- of th,; hinhcst . x.vllnic,.. is to he 
found in niatii-iuaii.-s .-nrcly a.s in pomry. What is l)..>t in luail.finatics 
deserves not only to he Iranit as a ta.-k. hut tn ho a.-siuiilatr ,1 as a p n-t of 
ilaily thouirht. ami hrouuht aurain and aL'ain l.i-for.. tlm nund with ever- 
n-ncwed 1 ncoutimcincnt. Real lit,, i.. t,) mosi na n. a ionir sc cond-hcst, a 
perpetual Cdmpfoiiu-.- 1,, lwe,-n ll„' id. .d at:.l the i>o.-.m1 .le ; hut the world'of 
pure rci.-on know.- no coiuimmuu'-. no practical li:uifation.<. no harrii-r to the 
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lift^T tho pi«rfi*rt from wlwvh nil ^n'at svork sprinijs. 

It is, iiioiTovcr. trup (hut iuMtln»!iiati('< in mir day has solvcil soino 
of the MyoM)M metaphysical prohlrins. ami rrvrahul \\w natiirr of 
rortlity so rniirhi.MwIy that tin* ntlrtupts of tlu' oM nu'tai)liysirians 
sroin ])>• ftiiitrast piicrili'. WhWv our philnsnjilu'rs aiv still ilisniss- 
itiR the parailnxos of infinity, solved hy Wi'icrstrass. nnlrkiinl. ami 
Crtntt)r, the luathotnaticiaiis press forward into tlio vralins of hyper- 
space and relativity. It is not ton nnudi to say that the inathe- 
matieians urc at least a half century ahead uf the i)liih)sophers in 
their interpretatiotis of the ])rol)le!us of phihwophy. Tlie prohlenis 
of the infinitesiiiud, of the infinite, and of eontinuity were solvcil 
(lelinitely by the three ^reat niatheiuatieians jnst nuntiuned. I-in- 
8tein and others are i^ressinjj; forward to !iew triinnphs. 

In many classes \u philnsnphy. for example, the puzxle of 
Achilles and the tortoi^v is still luMmj; diseossi-d. Zemi reasom^l that 
Achilles cu!i neN'i-r ealeh the tortoise bi'CaUM': '*At any definite 
instant of tinie the tortoise is in a delinite iiosiiinn, anil Aehilles is 
in n tlelinite position. Therefore tlie Juuuher of piisitii)ns oriaipieil 
by the tortoise is i'(iual to the imiuher tif positiims i)ei'\i|iiiM| by 
Aehilles, since the time eonsunied by each in tla* race is the same. 
U\it, if Aehilles were to oN'erlake the t(U'toise the positions nceupied 
by the tortoiiv wouhl he only a jmrt of these in'iaipied by Aehilles. 
Since a part can ni)t eipial the whole. AchilK's can not in reality 
overtake the tortoise." Some jihilosophers in discussing' *'t lu' ulti- 
iiKitc nature of spaiM*** are still pnx/.lin^^ their clashes with this old 
paradox of Zeiu). not knowing that the mathematieians have si)lvi'd 
the puzzle. Tlu' e\planatio!i is that sinee space and time are both 
infinitely divisibh*, the r o] posillofh^ oeeupied by Achilles and 

by the tortoise are Ixith infinite, and the axiom that "tin* wluiK* is 
{zrrater than any of its parts" is true nf liniie i)osiiive wholes but 
not true in the realm of inlinity. In infinity a part min (Ujual 
the \rholr, as Bertrand iiu>Mdl and ProlVssor Ki^iser havi shown in 
recent non-li'ehnieal e.vsays, Sn it i*«>llnw< that alrhouuh the ])nsi. 
tions oci'Upieil by the t<)i*toi>e an- only a p.\rt oi' tlio<e f)e( ui>icMl by 
Achilles, their nund)er> ai'e KjUtfL as the cqii.al limes oeeni)ied indi- 
cate, atid .\chilles //i^.v o\-erlaki' the tortoise, 

Matliematies transforms, sobers, juul I'Xalis. as wi«ll a^' glorifies 
our view of reality. Old superstitioiis and childish lu^liefs an to the 
structure of things are taken from us, hut in their place is given a 
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profound, satUfying, lawful vi?^ion, Tlie c(«ni)laiiit of the tender- 
hearted over the loss of the ntuve vision is thus voieed by P 

Seioncol true duujzhtor of Old Time thou urt, 
W ho alterest all things with thy pooring eyvs, 
Why preyGjjt thou thus upon tho poet's heart, 
Vulture, who4^o wings are dull roalitit\s? 
How should he lovu thee, or hr)w dvviu xUv svIm^ 
Who wiiuhlst not leave him in his wunilrrinu 
To siH'k for tnuisurr in the jewelcul skies. 
AUvut hf? soared with an undauir (1 winu? 
H'lst thou not draggcul Diana frr Ui^r oar, 
\nil driven the Haniailryad from the wood 
To seek a i«lu'lter in some happier star? 
H.u^t thou not torn the Naiail from her flood, 
The Khin from the green grass, and from nu* 
The summer dream beneath the tamurind-treo? 

My an.swer to Edgur Allan Poe is this; 

Science, most favored of Ohl Time thou art. 
Who seest all things witli wi'.le-opcned eyes. 
Thou thrilh^st mightily the poet's heart, 
Kagle whosi^ pinions touch the lofty skies. 
How he should love then, who hast made him wise. 
Who thrilled his heart, and tiuight his voice to sing 
Of majesty and wonder in the skies 
Whi'rein thou soare-- on undaunted wing. 
Hast thou not gathered wonders from afar, 
And lianished superstition from the woixl, 
And lifted craven fear from every star? 
Hast thou not contiuered death in fire and Hood, 
Oju-ned the hook of nature wide to me. 
And shown the Reign of Law in earth and sea? 
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THE REALITY OP MATHEMATICAL 
PROCESSED) 

Bv E. R. HEDRICK 
Vniversity of California at Los Augelra 

Purpose of the Discussion, Tlie attempt to appraise values in 
all our curricula is timely enough. Moreover, it is vital because 
it will eiirrect the faults of our system, both present and future. 
The purpos^e of this chapter is to direct attention to ])hases of mathe- 
matical values that are overlooked in nmny surveys of this field. 

The greater part of modern study of values in mathematics has 
been directed toward the discovery of precise criteria for the 
amount of application of the various mathemail al facts and skills 
in the work of the world and in the life that the student is to lead 
after his schooling. Such practical applications are indeed of 
utmost importance. I shall be the last to decry them. Let us 
by all means know which facts, which skills, are of real use. Let 
us drill on those that are api^lied, and not on others. Let us deter- 
mine such values as precisely as it is at all possible to dete'^mine 
them. Let us not stint praise to those who tlo determine such 
vahies. 

While I do not condemn, but rather Inurh the search for practical 
values of given facts and skills, I desire co turn attention for a 
little while to a closely associated but more neglected field. Are 
thi^re not other values just as real as those that, come from specific 
knowledge of isolated facts or from specific skills? Too often, 
seems to me, such values are denied or are overlooked because the 
applieatiim of facts and skills is the more obvious. 

Mathematical Processes. For lack of a better word, I have 
cliosen the word processes to cover the field I have in mind. I 
admit freely that this word has to cover a rather wide range. It is 
somewhat indefinite. It must not be vague, however; nor must this 
degenerate into nebulous discussion of a general training of the 
mind. For, aside from facts and skills, there are in mathematics 
numerous ways of thinking, ideas, concepts, methods of procedure, 
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that cannot be classed cither under (he head of factual knowledge 
or under the head of skill in a technique. 

Xunierourf examples will suggest themselves to everyone fauiiliar 
with Miathcnuitics. I shall mention several presently. While it is 
(lifllcult to give a sweeping defmition of all such processes, and 
♦.•(luully difficult to mention all cxanijiles, the type will be clear 
from a few .<ucli instances, 

Real Values in Mathematical Processes. To run ahead of an 
extremely logical procedure for the moment, assured that all know 
many examples, nuiy I ask now whether real value— value for the 
most practical side of life— does not arise from "what I am calling 
the processes of mathematics? 

Are the values less real, in the processes which occur to your 
minds, than the values that arise from knowledge of facts, or from 
teelniical skills? In each instance that I quote I shall ask you to 
weigh the value in actual life. I shall ask also if the process con- 
cerned is one that can be or is commonly acquired by people without 
training of any sort, and whether a study of mathematics in par- 
ticular is a usual or a necessary means for its acquisition. It re- 
mains to he seen whether this is true. 

It will be important to divorce the process itself from the facts 
usually associateri with the process, to generalize from particular 
cases, as is conmion otherwise in mathematics, in order to avoid 
u confusion of ideas. It is very easy to think only of individual 
cases, of special facts, of given skills. This is, indeed, the danger. 
If we allow our attention to. center on a special case, on a given 
inet, on a particular skill, we are again on the field which has been 
ihscussed most often. We shall be in danger of abandoning the 
process itself, as has been done by many bef-.re us. 

Possibility of Transfer. Before I jjroceed to examjiles, let me 
mention the i)ussil>ility of tran.sfcr of training in the field of which 
I am speaking. Are processes themselves subject to transfer? May 
a training in the use of a process enable one to ajjply that process 
in a dilTerent set of activities? It seems to me that this may be 
the true 1 oy to a great part of the theory of transfer. Can a given 
fact lie transferred? Can a jjarticular skill be api)lied in any other 
than its original setting? These transfers seem far more prob- 
lematical than is the transfer of a process. Perhaps I might even 
define u process as that part of training which is subject to transfer 
to a totally dillVrent set of ideas. If this be valid, it is through 
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iruiiiing in i)rurrs>es ihat we nuiy ho))u for tran:5fer. It may be 
thai here, rather than in facts and ^•kiils, the truest values lie. 

1. Si>i.:i;iMi.:x PuouKssKs 

Precise Statements and Precise Reading, The sin^plest and 
most sweeping of processes are precise statements and precise read- 
ing of statements. Any teacher will know that precision of state- 
ment reciuires training, experience, and repeated illustration by 
particular instance after i)articulur instance. The facility in read- 
ing a statement precisely, so that all of its meaning is apprehended, 
is one of the most vital things we teach. May I rehearse the ques- 
tions I have asked above? The answers are too obvious for state- 
ment. Is this process one that requires some training? Is it useful 
in life? In every life? Does the average incUvidual acquire it 
eonnnonly without training? There are, indeed, other subjects in 
which precision of statement and precision of reading are desirable, 
1 believe, however, that there arc few other subjects in which 
minute di (Terences of wording give rise to such errors and to such 
total misunderstandings, and there are few subjects in which care 
and direct training in precise statement and i)recise reading are 
commonly part of the regular procedure. 

Generalization, Another quite general process is the very 
one tliat I have used in my own argument. It is the process of 
(jt ncratizdfion from i)articular instances to an abstract or general 
idea. Thus, as I have remarked, the idea of what I have called 
a proei'ss is itself a generalization from numerous individu'il cases, 
Xeed I ask again the same crucial (luestions? I may at least 
luiint mit again that it is in mathematics more than in any other 
subject that (a m ndizations, aUtracliurusy arc commonly in'csented. 
As in thr ease of precisicni. so also here in the case of generaliza- 
(ii)n, t'}e po>sit)ility, nay the nuiral certainty, of useful transfer to 
other fields is unmistakably clear. 

Necessary and Sufficient Conditions. As a third specimen of 
wide aj)plication, I may cite the ideas of necessary and sufficient 
comlitions and the dilVerrnce between conditions that are necessary 
and thu^r that an* sullieient. 'J'lie resulting confusion among 
those not ])ro]H'rly trained is noKuuous, and this confusion is cer- 
tainly tran>U'rred to every field of thought, from cookery to politics. 
It is in malla-maties that tliese thought-processes are clcfmitely 
trained, and it is in mathematies that insijuiees arc given which 
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bring the young rftiulcnt to a realization of their vital character. 
That the thought-process concerned in the distinction between 
necessary and sufliciont contlitions docs transfer to other fields is 
hardly debatable. Consitlcr. for example, the oft-debated question 
of a study of mathematics by girL^. The transfer of the facts and 
skills of mathematics to the most common tasks of women is, in- 
deed, tlebatable. But consider the transfer of this thought-process. 
Have you not known women who thought flannel necessary because 
it is sullicient? Who thought lard necessary until shown that other 
fat.s were suflficiont? In many of the homeliest activitie.-?, such dis- 
tinctions, and this very thought-process, are a vital guide to swift 
and economic action. My claim would be that a stud, .it trained 
in mathematics to distinguish necessary from sufficient conditions 
would normally inquire in any situation whether a thing known 
to be sufficient were or wore not a necessity. 

II. Proces.ses of Special C'h.mucter 
Functional Thinking. In what precedes I have mentioned 
processes of 1 e widest po.ssible scope. Many of more special 
character will occur to you. In several, the mathematical character 
is so pronounced that no one would e.xpect the desirable training 
to be ae(iuiro(l in studying any other sul)jeet. One such subject 
which has received extensive attention of late years is the func- 
tional relationships between quantitie.'*. That quantities are often 
interdei)en(lent, and that the effect of changes in one quantity 
upon the values of another should be carefully considered, is a 
germane part of any .sound mathenuUical teaching. Instance after 
instance is discussed in every course f)n mathematics, and emphasis 
.-hould 1)0 laitl ui)on each of them. Not all relations between quan- 
tities are straightforward jjroportions. In few other courses are 
these uli v.s i)resentcd and insisted upon. Their transfer to Hfe 
activities is again incontestable. Lack of training i.s evident in 
per.-^ons in every walk of life, since every pcnon deals with cjuan- 
rities; and numy arc they who fail because they do not grasp the 
\'ital relations between quantities that enter in their lives. Thus 
coini)omul intcre.>it mounts higher than they imagine, if they have 
nut thought of its relations to time and rate. Costs of transporta- 
ti<»n depend on distance, but also on the number of times materials 
are handled. The habit of thinking about relations between quan- 
tities is a thought-process that transfers to all activities of Hfe 
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more readily than duos any given fact or any known technical skill. 
Effect of an Error in Measurement upon a Computed Result. 

A more speeifie instance that is really a special case of functional 
thinking is the thought-process which occurs when we estimate the 
effect of an error in a measurement upon a computed result. Thus 
an error of one inch in measuring the side of a ten-foot square 
causes a resulting error ohviously nearly two square feet in tlie 
area which is computed by the formula for (a + b}^. Such errors 
are common in everyday life; their efTects are frequently nuich 
lar{;er than the unwary sui)])ose. A little training in thought about 
the effects of errors will quite surely transfer to a great range 
of life experiences. 

Logical Proof. Certainly I should not fail to mention logical 
proof as one of the great processes vital to mathematics and taught 
mure consistently in mathematics than in any other subject. De- 
duction of facts from other presupposed facts, the axiomatic 
foundation, the insistence upon reasoning as against instinct, — such 
habits of thought once learned persist. A delightful little book. 
Thinking about Thinking by Professor Keyser, grew out of his own 
mathematical training, but it deals with the wider field of all 
thinking, and it has found a surprisingly large circulation and a 
profound degree of appreciation in wholly non-mathematical 
circles. This is the best evidence of the pos.sibility of transfer of 
such training. 

But I might mention hundreds of examples of such processes: 
Kcasoning by exclusion. Ueusoning by reduction to absurdity, 
Mathematical induction. Maxinnun and minimum. Averages. 
(Irupliic rcpresentatitjn. iiate of change. Tables of numerical val- 
ues. Precise definition of terms. These and many more are strictly 
mathematical processes of constant occurrence and of wide ap])lica- 
tion in life activities. 

Idealization. One final instance that I would emphasize is that 
of idealization. We deal with idealized concepts frequently. A 
niaterial straight line does not exist; it is an idealization from 
realities. Points themselves are ideal. Circles, surfaces, all the 
thousand and one concepts of geometry recjuire the mind to conjure 
uv .M pure ideal from the crassncss of reality. This is a process 
that i iust be learned. We idealize many concepts in the world of 
life, idealizations run all the way from that of the curve called 
parabfda to that of the color called pink, from that of horsepower 
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to that of heaven, Some are distinctly mathematical, as is horse- 
power. Others, les^.-* so, are the easier to grasp and to hold for one 
who often idealizes— to whom the process of idealization has be- 
come habitual. 

Summary, May I then state conclusions which seem valid to 
me? There are, it seems to me, a great many processes in mathe- 
matics wliich, quite aside from any faets with which they are 
commonly associated, quite aside from any definite technical skill, 
are very real and very important. Some of these are shared by 
mathematics with other subjects, but those that I have mentioned 
are, and of a riglit ought to be, emphasized and illustrated in 
mathematics more than in any other subject. These are not hazy 
generalities, however. I have not talked in vague terms of a gen- 
eral training of the mind as a whole. 

All those that I have mentioned, and many more, occur promi- 
nently in the life of the world about us, in the life activities of all 
our students. Such processes, lar more than single facts and given 
s^kills, find true application in far wider and more vital fields of 
human living and of human thinking. 

It is for this reason that transfer of training seems to me to be 
more possible with respect to i)rocesses than with respect to facts 
and skills. In certain instances, as I have pointed out, transfer is 
actually inevitable and wholly incontestable. 

That this is true seems to have been overlook^^d by many who 
sought values alone in facts learned and in skills acquired. A 
recognition of the truth of my contentions— if truth they be— will 
necessitate almost complete revaluation of topics in arithmetic, 
algebra, geometry, since values have l^een assigned largely on the 
basis of facts and skills, and on the possibility of transfer of facts 
and skills. Is it not possible that the true explanation of the fact 
that the transfer of mathematical training is ndw known to be more 
certain than was suijposed only a lew years ago, may be that 
transfer occurs in what I have called proceastti/ 

A tale of my student days in Paris recurs to me. Then I knew 
well many French students. They had just passed through what 
was to all Frenchmen a most harrowing i)eriod of public stress 
caused by the famous Dreyfus trial. I heard it discussed many 
times. One phase which interested me and fellow students of 
mathematics centered on letters admittedly written by Dreyfus. 
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These were said by his enemies to contain cipher messages, the 
a:<.sertion being based on the fact that the letters of the alphabet 
did not occur in them in the proportions in which they are known 
to occur in average French prose. Among the defenders of Dreyfus 
was Henri Poincare, the greatest mathematician of France. He 
tried in his humble professorial style to convince stubborn and 
hostile lawyers that the most probable proportion of the letters 
would be highly improbable. Can you hnagine with what sarcasms 
the hostile opponents flayed this professor in his unworldlinesa? 
But for that flaying, justice returned and triumphed. The scholarly 
world of Paris revolted at the slight placed upon scholarship, and 
at the lack of reverence shuwn to Poincare. Another, more accus- 
tomed to debate, familiar with the world of lawyers and courts, 
then only a professor indeed, Painleve, since Premier of France, 
made even hostile lawyers see that the most probable proportion 
was highly improbable in a given case. **Give me the works of 
Racine/' le thundered, "and I will show you that he, too, by your 
foolish tests is, a traitor, for the works of Racine, like the letters 
of Dreyfus, do not show the most probable distribution." 

Such is our case. I spoke at first, in our accustomed way, of 
the ^'practical'* applications of mathematics,— of the facts learned, 
of the skills acquired. These we call by habit the practical things. 
Thought-processes, ways of thinking, procedures— these we put to 
one side when we are speaking of the ''practical" appHcrtions. 
May it be that the most practical things are those which are not 
practical? Is this a contraction of terms? Let me recall that the 
mo.st probable distribution of letters is very inij)robable. 

Have we missed the most practical of all things in our strenuous 
search for the i)raetical? What can apply more directly to life? 
What can transfer more frequently or to a wider field of activities? 
Is this, then, not practical? 

Shall we abandon processes and ways of thinking in favor of 
fact-learning and skill-aniuisition because these latter seem on the 
surface the more practical? What if the fact, the skill, does not 
apply to life? What if it does not transfer? May not the process, 
the way of thinking, transfer to Hfe when the fact, the skill, does 
not? Which, then, is the more practical— the '*i)racticar' one? 
May not the impractical prove the more practical? 

What shall it profit a man if he learn every fact, and ac(}uire 
every skill of mathematics, — if he loses the soul of the subject? 
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J)EVELOPIXG FUNCTIONAL THINKING IN 
SKC^ONDARY SCHOOL MATHEMATICS 

By E. It. BRESLICH 
School of Education, University of Chicago 

Emphasis on the Function Concept, The importance of using 
the study of mathematics as a means of training in functional 
thinking is being recognized more and more. It has long been 
emphasized by leading mathematicians and has been widely dis- 
cuifsed in mathematical journals, teachers' conferences, and com- 
mittee reports. The suggestion has been offered that in the 
reorganization of secondary mathematics the function concept be 
made the unifying principle. Professor Klein, of Germany, refers 
to it as the ^'souT' of mathematical instruction. Indeed, without 
functional thinking there can be no real understanding and appre- 
ciation of mathematics. 

An Analysis of Current Texts. Curiously enough, although 
the demand for emphasis on functional thinking has been advocated 
for a long time, authors and teachers as yet pay little attention to it. 
Objective evidence for this statement is not difficult to find. An 
analy.<i8 of several widely used algebras and geometries revealed 
tliat although on almojst every page opportunities for training in 
functional thinking are offered no systematic use of them is made. 
Four texts were examined in this study. Two of them, which will 
be (Iciiignated by A and B, are of the traditional algebra type. 
According to the authors' preface, a special attempt is made in 
text B to bring out functional relationships. Texts C and D are of 
the conventional plane geometry type. Since the books used in this 
{Study give typical presentations of algebra and geometry, the find- 
higs indicate what is general practice. 

The algebraic problem material that lends itself ei>i)ecially to 
training; in functional thinking was classified according to tiie fol- 
lowing types: 

1. Verbal problems that are solved by means of equations and 
algebraic relationships not of typos 2 to 4 listed below. 
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2. Problems of phjisics dealing with the hiw? of uniform motion, 
falling bodies, levers, and the like. 

3. Problems involving business applications and leading to for- 
mulas of percentage, interest, and tlie like. 

4. Problems expressing number relations and calling for tlie value 
of one of them. This includes the so-called puzzle problems found 
in algebra texts. 

6. The total of types 1 to 4» 

6. Problems in sj)atial relations employing formulas of geometry 
such as areas, volumes, and perimeters. 

7. Graphs. 

Similarly, the geometric material was classified untler several 
headings: 

1. Congruence of figures. 4. Changes in formulas. 

2. Inequalities. 5. Proportional magnitudes. 

3. Changes in figures. 6. Mensuration, 

7. Trigonometric functions. 

The results of the study are sunimarized in tlie accompanying 
table. The percentages express the ratio of tlie number of cases 
in which attention is called to functional relationships to the number 

21 

of opportunities actually offered. Thus, the ratio means that 

out of 1,048 opportunities the author made use of 21. 

Text A practically disregards opportunities for training in func- 
tional thinking excei)t where they are offered in connection with 
the teaching of graphs. The author seems to associate tlie function 
concept almost entirely with graphic representation. Text B like- 
wise gives emphasis to the function in the teaching of graphs, but 
also calls attention to functional relationships in tlie study of 
formulas. Thus, even when authors express the intention of stress- 
ing functional thinking in alpebrn. they fail to make use of at least 
1 out of 9 of the opportunities ofTen^l. This is due partly to failure 
to plan the work carefully. 

In geometry the situation is even less satisfactory than in algebra. 
Although by far the greatest part of plane geometry deals with 
relationships, one of the two textbooks examined disregards the 
function concept entirely while in the other it is associated with the 
changes taking place in the formula corresponding to changes in 
geometric figures. 
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Opportunity for Studying Functional Relationships. In the 

foHowinn pathos it will be shown that functional relationships may 
be studii'd in all the niathenuitical subjects taught in the secondary 
school from arithmetic through trigonometry. As long as we re- 
strict the teaching of functional relations to certain topics, such as 
graphs, changes in geometric figures, ratio, proportion, and varia- 
tion, we cannot expect satisfactory results. No opjiortunity should 
be missed to call the pupil's attention to relationships wherever 
they occur, if functional thinking is to be truly cultivated. 

A critical examination of the instructional materials of secondary 
school algebra reveals the topics that are expected to deal with 
quantitative relationships, and in which attention could and should 
be called to such relationships. A brief discussion of these topics 
follows. 

Relationships Stated in Words. In the verbal problems of 
algebra the xipil is frequently expected to formulate the mathe- 
matical law which expresses the relationship involved. This is 
C(mim(m in applied problems of which the following illustrations 
are typical examples: If a train travels at a uniform rate, the 
distance traveled depends upon the time; the perimeter of an 
equilateral triangle depends upon the length of the side; the interest 
on a sum of money cU^pends upon the time; the weight of an iron 
rod depends upon its length; the cost of sugar depends upon its 
\\v.ight. 

Statements like those above offer opportunity for functional 
thinking by discussions of the factors involved in the problems and 
of the nature of the relations between them. Teachers, however, 
are likely to ignore the relation aspect in verbal problems and to 
pass directly from the statement to the mathematical law and then 
to the solution of the equation. The pupil is thereby deprived of 
training in functional thinking. 

Relationships in Tabular Representations o£ Numerical 
Facts. Numerical facts arc commonly presi^ited in the form of 
tables. It is then necessary for the reader to interpret the facts 
presented in the tables to appreciate their meaning. Some tables 
contain facts that are related to each ether by jirecise mathematical 
laws. In others relations exi.st wliich cannot be expressed precisely. 
In still others there exists correspondence, but no relationship. In 
all cases there are opportunities for studying the facts from the 
standpoint of functional relationslup, that is. of dependence and 
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corrospondcncc, When a relation in Ptafccl in words tlie pupil mny 
luivc to constnict his own table to make the relationship clear to 
himself. Vunous types of tables are described below. 

1. Tables in which the corresponding facts are not related by 
preci.se matheniatioal laws. An illustration of this type is the table 
showing various items for wliieh taxes are spent. The facts are 
u.<uully arranged as follows: 

For Librarj' $ 1.25 

For Parka lO.OO 

For Pensions 2.00 

At first glance the facts in the table seem to be entirely unre- 
lated. However the table is an example of tlie general princii)le 
on which all tables are constructed, that is. tlie arrangement of 
two series of facts placed so that the facts in the same row always 
correspond to cadi other. Furthermore, to appreciate the meaning 
of the tabic the pupil may rearrange the numbers in increasing 
order, or he may make compari.xons between any two itenis by 
finding their ratio. Ho may reela.^sify the items under such head'- 
ings as expenditures for education, amu.^ement, improvements, and 
the like, and then by means of ratios work out relations between 
these chi-'ises. 

Other familiar examples of this type of table are thoi^e giving 
the time of day and correspontling temperature; certain dates aiid 
the corresponding population of a country; the price of wheat for 
various iiioniiis; and the amount of liglit used by the average family 
for each month of the year. All of them clearly exhiliit corre- 
spondence, but the teacher may easily use them to teach functional 
relations by calling attention to changes, fluctuations, and de- 
pendence. 

2. Tables in which precise relations exist but are not stated. To 
this ola.«s belong the tables u.<etl for computational purposes; for 
example, the tables of roots, jiowers, logarithms, and trigonometric 
ratio.*. When they are used simply as lal)or-saving devices without 
attention to the relations that are involved, the pupil may have 
but a linuted conception of what such tables mean. He mny l:-n)w 
that the facts in the same row of a trigonometric table corresjiond 
to each other, but he may go no further. On the other hand, if his 
attention is called to tlie way the numbers in the table change, he 
will observe that the sine of an angle changes contimionslv from 
0 to 1 as the angle changes from 0° to 90°. An understanding of 
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tlii'so I'lianp's li'ivrs hini a mwh l)i'ttor nnuH'plion of tlu? tul)le and 
aids hiiu in usinu it. 'I^hh, Iiaviu^ oljsrnrd that tho sine of an 
allele chaiiKi's rapidly hrtwiuMi O'' and 4")^ than l)et\Vr(»n 45° 
and 90*^ hv is i\h\v to hx'ate in i\\v iuhh any ^ivun vahio of tho 
t^ine fiua^tion nioir (luii'kly than ono who has g\\vn no thought to 
tho niatlor, 

3. Tal)h^s I'outaininK faots drtcnnincd from sriontilic studies. 
WVll known i'xanii)h»s of (his typi? aiv ihv taljli'S nivinf? cost of liio 
insurance and a^c of iiiiplioant, licinhts of children and t'orrospond- 
iuK agos, WfiKhts of boys and .drls for fiiven years, and so on, A 
study of the ehan.ues of the nunihers contained in the tahlos rais(?s 
and answH'rs many iuteresiinj: (juestions, and olTers opportunities 
for training in functional thinking, 

4. Tables eonstructi-d l)y the jiupil from precise nnithematieal 
laws. Here sliould he mentioned time-tal)les, tables of longitude 
and oorrespomling local time, tables containing distances traveled 
in given y 'ds of time, and interest tables. 

5. Tabj made by the pujul for the purpose of discovering laws. 
Illustrations of such tables are tl\^ tabidation of corresponiling 
diameters and cireumferences which leads to tho discovery of tho 
circumference formula, and the tabulation of the successive terms 
of a progression for the purpose of finding a formula that will give 
any required term of the progression, 

6. Tables giving a seric^s of values of polynomials corresponding 
to given values of the independent variable. If the pupil arranges 
in tal)ular form a series of values of the variable and the corre- 
sponding values of the polynomiah a study of the tal)le will give 
him a clear jiicture of the behavior of tho polynomial. In most 
of the so-called evaluation exercises of algebra ti e functional aspect 
is completely lost sight of liecause the exercises call only for vahies 
of tho function corresponding to isolated values of the variable. 

7. Tables used in graphic representation. In n-prcsenting nu- 
merical facts grai)!.>ally the making of .a tal)le of corresponding 
facts is usually the first step, A study of tho data of the table 
reveals the range of tho variables, the size of tho unit to be used in 
making the graph, and other imjiortant facts, and results in a clear 
picture of the behavior of the function even before the graph is 
made. 

The discussion nl)ove has shown that talmlar repre.«ontation is 
widely used in the* study nf mathe!uatics and that, without emphasis 
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on the rc'lutitjiisliips involved in the tables, the pupil may be de- 
prived of niueh valuable training in functional thinking. Indeed, 
he may fail to appreciate the full meaning of tabular facts. 

Using the Formula to Represent Numerical Facts, In solv- 
ing problem;? the formula is frequently taught as an "abbreviated 
rule" of a verbal statement. As such it simply states a procedure 
to be followed. Thus the formula A = bh directs the pupil to 
multiply the base by the altitude when he wishes to find the area 
of a given rectangle. He is likely to follow the direction without 
any knowledge of the fact that the fornuila expresses dependence 
or relationship between the variables .4, b, and h. Indeed, some 
textbooks give three formulas, one for finding .4, another for finding 
b, and a third for finding h. Accordingly, the pupil must learn 
three formulas as three distinct "cases," but he gives no thought 
to the way they are related to each other unless tlie teacher calls 
attention to the relationship. The "case method" tends to obscure 
relationships. Tests given by the wri show that best results 
are obtained if the pupil in solving problem, about area, interest, cir- 
cumference, percentage, and so on. thinks of one relation only in 

eadi case, as seen in A = bh, c =: 2.ir, and i = pt. If he under- 

stamls that relation thoroughly, then, in the solution of a problem, 
he will always go back to it and solve it for the required number 
rather than choose the "case" which fits a particular problem. 

Evaluation Exercises with Formulas, Evaluation exercises 
with formulas offer further opportunity for functional thinking. 
Howevrr, this opportunity may be entirely lost wlien the mind of 
the pupil is centered wholly on this sort of work, because the formula 
is thus looked upon as a basis for computation only. A study of 
the changes produced in the formula by changes of the values of 
the variable should go hand in hand with the calculation of the 
values. Dependence and coiresi)ondence should always be made 
to stand out clearly, 

Fornnilas dealing with laws of physics, such as uniform motion, 
falling bodies, and the lever, are naturally taught with some em- 
phasis on relationship. But even here, the solutions of applied 
problems may amount to little more than substitutions in the 
formulas followed by solutions of the resulting equations, and the 
pupil may be entirely ignorant of the relation expressed by the 
formula. 
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To help him acquire a real prasp of the algebraic formula both 
aspects must bo brought out in tcachinp, the relationship being 
fully as hnportant as, or even more important than, the nunaerical 
calculation. 

Functional Thinking through the Study of the Equation. 

As in the formula, several aspects of the equation are to be empha- 
sized if real understanding is to be attained. Some equations are 
statements of mathematical laws, others equate two expressions 
denoting the same number, and still others are symbolic transla- 
tions of verbal statements. The pupil may think of the equation 
simply as a question asking for the value of an unknown number. 
For example, to find the angles of a triangle if the first is one-half 
as large as the second and the third four times as large as the 
first, he may solve the resulting equation, Mi^ -f x -f 2x rr 180. 
without giving any thought to the relation involved. On the other 
hand, he may think of the statement a -f + r = 180 as a rela- 
tion between the three angles of any triangle. As soon as the sizes 
of two are known, that of the third is fixed. Such considerations 
call attention to the functional aspect of the equation. In the same 
manner all equations may be considered as expressing relations, 
For example, in the equations 5x — IQ — 0, — 5x -f 1 = 0, the 
left members are more than polynomials whose fixed values are 
zero. They are variables having an infinite number of values, 
although in this case interest happens to be centered upon the 
particular value, zero. 

The Study of Algebraic Polynomials. As has been pointed 
out in connection with the equation, complete understanding and 
appreciation of the polynomial is possible only when its functional 
character is understood. By overemphasis on manipulation, this is 
easily lost sight of. The variable x and tlie functi(m ox'^ — 2x + A 
in which x occurs are to be thought of as variables rather than as 
numbers having but one or several fixed values. It is common 
experience that in analytic geometry two very important concepts, 
the variability of x and y as coordinates of a moving point and the 
conception of the equation of a curve as a relation between x and y 
are exceedingly (iiliicult to the learner if in his previous training 
he has always considered x and // as unknowns having fixed values. 

Functionality in Ratio, Proportion, and Variation. On ac- 
count of the overemphasis on \\w logical organization of mathe- 
matical materials we frequently overlook the functional relations 
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in topics tliat ait- entirely relational in character. We have broken 
up ^'proportion" into the study of such isolated principles as alter- 
nation, conijiosition, division, and inverse variation. It is cus- 
tomary to give tlu'se matters topical treatment, to study them 
inten^iely for a brief time, and then to drop them. Thus tlie pupil 
learns in geometry that the area of an equilateral triangle is found 

by means of the formula A = ^Vs but remains ignorant of the 

fact that the area varies directly as the square of the side. The 
result is that he has not so broad an understanding of this formula 
as the pupil who knows that it expresses a relation between the side 
and the area of an equilateral triangle. Similarly, the relation be- 
tween variation and projiortion should be brought out clearly. It 
furni.«hes excellent opportunities for training in functional thinking. 

The Graph Is a Means of Developing Functional Thinking. 
In the teaching of graphs, we often overlook the fact that making 
the graph is not an end in it.«*elf, that it is equally important 
that the pupil learn to "think graphically" of relationships. Many 
textbooks still present the graph as a .separate topic and fail to 
make use of representation later in connection with other topics, 
even in cases where it might be a real help. Hence, graphic repre- 
sentation does not become a method which the pupil employs as 
effectively in dealing with quantitative relations as he does other 
mathematical methods. 

From the beginning and throughout the course in mathematics 
the pupil should be taught to (hink graphically about numerical 
facts. His first experience will probably be the representation of 
numerical facts which do not involve any relation.ships. Such facts 
are usually represented by "bar graphs." One of the values of the 
bar graph is that it introduces the method of graphic representation 
in a simple manner. The rclatinn.ehii)s in bar graphs may be 
brought out by comparing the lengths of the various bars. Ex- 
amples suitable for this type of graph are tables containing 
statistics about populations, areas of various countries, different 
crops of one country, exports and imports, and the like. 

From the bar graph to the line %va\)h is but a simple step. The 
line graph is especially helpful where changes are involved, as in 
records of temperature, growth, and population. Not only the 
making of the graph but the "interpretation" of the grai)h and the 
study of the relations involved are the emu- to be attained. 
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Moreover, all precise mathematical laws that are stated as 
formulas and equations may be studied profitably by means of 
the graph. Thus the graph explains why the solution of a system 
uf simultaneous equations is a pair of numbers, why a quadratic 
equation has two solutions, and ^hy a cubic equation has three. 
From the graj^h of a 'f;onometric function the student sees at a 
glance all of its most important properties. Thus the graph shows 
that the sine function varies continuously from -f- 1 to — 1; that 
the sign is plus in the first two quadrants and minus in the third 
and fourth; that sin (180 - x) = sin a:; and that after 360° all the 
values of sin x for x^O"" to 360° are repeated. Indeed, trigono- 
metric functions must be studied graphically if complete under- 
standing is to be attained. Yet, in some textbooks on trigonometry, 
the graph is still inserted as a sejiarate topic or chajUer, somewhere 
near the end of the course with the inijilication that it may easily 
be omitted. Without the graph, the i)upil will probably understand 
only one aspect of the trigonometric function, that is, the ratio 
aspect. He may miss the function idea entirely. 

The algebraic procedure in solving sinmltaneou.s equations is 
highly abstract to the student and it introduces several elements 
that are puzzling to him. For example, the fact that a pair of 
e(iuations, one of which is linear and the other quadratic, or two 
quadratic equations may have one or seve^-al solutions has but 
little meaning to the learner unless the various steps taken in 
solving are made concrete by a graphic presentation. If the graphic 
solution is tauglit first, the pupil will have lirtle dimculty with 
the algebraic solution when it follows. 

Demonstrative Geometry and Functional Thinking. In 
geometry so much attention is given to logical demonstrations that 
the study of functional relations is being greatly noglected. This 
is particularly unfortunate because most of the learning units of 
geometry deal with relationships. In the following it will be shown 
how functional thinking may i)lay a larger part in the study of 
geometry. 

The usual definitions of the concepts of geometry are only vaguely 
understood. Thus, when an angle is defined as a "{igun) formed 
by two intersecting lines,'* the learner sees only one asi)ect of the 
angle, in mechanics and astronomy angles are thought of as 
cliangeable figures, depending upon the amount of rotation of a 
line from one position to another. This is essential to a clear 
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undonstanding of what is meant by the size of an angle. For it is 
natural for the pupil to ai^suine that longer sides make larger angles. 
The right angle, the straight angle, and the angle of 360° are merely 
positions of prominence as the angle changes from 0^ to 360^. In 
all other positions of the rotating line the angles are acute, or 
obtuse, or reflex. 

In many cases the relationship involved in a definition can be 
expressed in algebraic symbols. A few illustrations will suffice: 

'^Perpendicularity" means equal adjacent angles. It is expressed 
by means of the equation a = b, whe»*o a and b are the numerical 
measures of the two adjacent angles formed by two intersecting 
lines» 

**Isosceles'' means equality of sides, or a= 6. 

'^Bisection'' means equality of angles, or m = 7n\ 

''Complementary angles" means that the sum of two angles is 
eciual to 90*^, The relation between the angles is a + 6 = 90°. 

For ''supplementary angles" the relation is a 6 = 180°. 

^'Congruence" means equality of corresponding angles and sides. 

'•Similarity" means equality of angles and proportionality of 
sides. 

For practical purposes the symbolic way of stating definitions 
is nmch more helpful to the pupil than the verbal definition. Thus, 
when a line is drawn bisi.ting th(? vertex angle of an isosceles tri- 
angle, the equahty of the two parts may be used to establish the 
congruence of the two triangles formed. If the angles are marked 
rn and m', thi.s will suggest the equality m = 7?i\ and the pupil 
will easily see that it is one of the facts to be used in proving the 
triangles congruent. 

Relationships may be Shown by Making Changes in Figures. 
A number of theorems may sometimes be grouped togt'ther to illus- 
trate the same general principle. Examples of this type arc 
theorems dealing with measurement of angles by arcs, the theorem 
of Pythagoras, and its generahzations. th<'orems of proportionality 
of segments of chords and .recants, and theorems .stating propor- 
tionaUty of segments of transversals cut off by parallel lines. 

In the first example the "gem-rid problem" is the measurement 
of an angle formed by two intersectin;^ Whq^ means of the inter- 
cepted arcs of a circle which they touch or intersect. By changing 
the i)ositions of the lines so that the point of intersection Hes within, 
or on, or outsiile the circle, and by turning the sides of the angle 
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so that they beoume tangents ur secants, tlie relationship between 
the specific theorems and the fj;eneral principle is easily recognized. 
The pupil not only studies the separate cases but masters the 
general princijile. 

In the case of the theorem of Pythagoras the general problem is 
to show the relation between the sides of a triangle, or to express 
one side of a triangle in terms of the other two. By keeping two 
sides of the triangle fixed and changing the included angle from 
an acute angle to a right angle, and to an obtuse angle, the square 
on the side opposite the changing angle is at first less than, then 
eciual to, and finally greater than the sum of the sciuares on the 
other two sides. Thus, what at first seem to be three distinct 
theorems are actually only si)ecilic cases of a gen* /al principle. In 
every caj^e the teacher ought to empluisize this L.ct. 

Relationships in Areas. Areas of triangles nmy be found by 
rules or formulas without calling attention to any functional rela- 
tionships. However, the pupil will have a much broader view of 
the i)rol)lcm if he is made aware of the relations involved. Thus, 
some of the formulas show how the area dei)ends on the base and 
altitude, or on two sides ami the included angle, or on the three 
sides. Other formulas show that the area is a function of the radius 
of the inscribed circle or of the circumscribed circle. Which fonnula 
is to be selected for computing the area depends upon which parts 
are known or can be fouuiUby measurement. Furthermore, since 
the side of a regular inscribed polygon is a function of the radius 
of the circle, it follows that the area depends upon the radius. The 
study of areas of figures offers nuiny opportunities for training in 
functional thinking. 

From what has been said it is seen that nmch of the content of 
geouictry involves dependence and correspondence. In fact, prac- 
tically every unit of geometry tleals witli relationships. In parallel 
and perpendicular lines we liave relations between angles and rela- 
tions between the segments formed; in the circle relations exist 
between arcs, diameters, secants and chords; and in regular j)oly- 
gonii we have tlie relations between perimeters, areas, anJ. sides. 
Most of the topics that have not been mentioned, such as loci, 
concurrent lines, inequalities, are greatly shni)lified and clarified 
when the pupils attention is called to the relations tliat are in- 
volved. If the teacher pays systematic attention to functional 
relations in all courses in mathematics the truth of Kleins state- 
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miuit that tlie f\inction is tlie soul of mathematics will take on 
greater significiincc. 

What Teachers Think. Many iviichova are skeptical about 
tcacliing tlie function concept in secondary school mathematics. 
Indeed, some insist that the topic bclong.s entirely to the higher 
courses. Thuy underestimate the extent of experiences and abili- 
ties of their pupils. The ideas of correspondence, dependence, and 
relationship are very simple. They are encountered constantly in 
everyday life and fall witliin the experiences of every pupil. They 
can be understood witliout Uiliieulty, especially if grapiiic repre- 
sentation lias been taught. 

Others agree as to tlie importance and desirability of developing 
functional tliinking, but misunderstand the method of attaining it. 
It is not advisable to teacli relationship as a "topic" of algebra or 
geometry. As in tlie case of all new concepts the idea of relation- 
ship is bes< developed when it grows out of the pupil's numerous 
concrete experiences with numerical relationships, and when such 
experiences arc in*ovided throughout the eom'se. beginning in simple 
forms and as early as possible. Wherever relationships of quantity 
appear attention is to be drawn to them, and ultimately functional 
thinking becomes a method with the pupil. No definite place in 
the course can be named when the pupil should attain the ability 
to aj^preciate reIationslii])S whenever they occur. Ability to do 
funotiunul thinking will he attained by individuals within time 
periods of varying length, but until it l.as been ac(iuire(l the true 
I)urpose of mathematics has not been aecomplished. Objective evi- 
dence will not be lacking when a pupil has grasjHnl the idea of 
functionality. A few illustrations of such eviden(*e will be sufficient. 

Illustrations of the Adaptation of Functional Thinking, In 
studying the relation between the inscribed angle and the inter- 
cepted arc of a circle, a teacher was explaining to his class that as 
the angle changes from 0"" to 180'' the intercepted are changes from 
O"* to 360''. At this point one of the pujiiLs asked: **AVliaL is this 
relation like if rei)resented graphically ?" Later he himself made 
a graph picturing the relation. Kvideiitly be had reached the stage 
whcK' he was cajiable of funcnnnal tliinking. 

A diflicuh puzzle problem had been submitted for solution to the 
students of the University of Clii('ag(j High School and various 
solutions had been r^'ceived.^ U was found that a seventh grade 

^ Stun*', lUiurloM A., "t'cm-laiidn of Mathftmit Icul SiiljJfctH iJi-voloim Muthoniuticnl 
I'owtT/* Mathvynaiira Tvavhir, Vol. XVI, onii ii) (lie:;). 
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pupil had obtained a correct solution by means of the graph. The 
pupil had not gone far enough in the course to attack problems 
by algebraic methods, but he had already reached the stage where 
he could vijr^ualize the facts of the problem sufficiently to represent 
them graphically. Ability to do functional thinking had come to 
him very early. 

A third pupil was spending his vacation as a clerk in a hardware 
store. It was cui^toniary in this .store to count out certain articles 
that were sold in large quantities. For example, large bolts that 
farmers bought were sold at a certain price for each. After a few 
experiences of counting, he began to think about the relationship 
between the number of articles and the price they sold for. It 
then occurred to him to weigh the bolts and to construct a graph 
that could be used to determine the price of any required number 
by weighing, which was quicker and easier than by counting. This 
pupil had mastered the function idea to the point that he was able 
to apply it as a method in his daily work. 

Evidence of functional thinking is often found when a new topic 
is taken up for the first time. For example, in the beginning of 
trigonometry the pupils themselves frequently suggest the graphic 
representation of sin x as a method of representing the functional 
relationship between x and sin x and of studying the beha/ior of 
this new function. Thus the graph concretely illustrates that sin x 
is always positive in the first two quadrants and negative in the 
other two, that sin x can never exceed + 1 and can never be less 
than — 1, that an increase in x causes a corresponding increase in 
sin X but a decrease in cos 

Summary. The following points summarize this discussion: 

1. It has been shown that the function concept does not receive 
the deserved emphasis in secondary school mathematics. This may 
be accounted for in several ways: 

a. Training in functional thmking is too often associated with 
algebra only; for exuh.plo, with such topics as the formula or the 
graph, although most ol the units in geometry deal with relation- 
ships. 

b. Attempts to develop functional tiiinking by means of isolated 
chapters, or topics, are not successful. 

c. There is a feeling among some that functional thinking is 
beyond the ability of the ordinary iiigh school pupil. 

2. A systematic study of the content of secondary school mathe- 
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matics reveals an nbundanee of opportunities for giving attention 
to functional relationships. 

3. I'h'idence is ubtalned to i>liu\v that high school pupiU do ac(iuire 
a grasp of the idea of functionality if it is taught throughout the 
course whenever relationships occur. 
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hy marie gugle 

An-slslunt Sujxrintoidcnt uj Schools, Columbus, Ohio 

Relation between Mathematics and Art. At first thouglit, 
tliore seems to be little relation bet'vcen niatliematics and art. 
The one deals witli abstract tliinking whicli is mostly symbolic; 
tlie other portrays beauty and makes an emotional appeal. Never- 
tlieloss, tlie recent rediscovery of the geometric bases of classic 
art of the fiftli and sixth centuries b.c. and their subtle proportions 
may be used effectively by teacliers of mathematics to give now 
meaning and new significance to such topics as square root, surds, 
reciprocals, and tlie golden section, topics usually treated in a for- 
mal way. It is the ] pose of this chajiter to discu.ss some of these 
hiiportant rolationship.s. 

Static and Dynamic Symmetry. Since the days of classic art, 
artists have used what is called static symmetry. The dimensions of 
its designs are connnensurable. Their lengths and widths have defi- 
nite arithmetic measures. The geometrv of static design consists of 
regular geometric figures, perhaps superpo.sed at different angles, as 
two squares put one on the other at an angle of 45". The art of the 
classic periods in Egypt and Greece used a more subtle proportion, 
as was recently rediscovered by the late Jay Hambidge of Vale 
rni\-ersity. He gave it the name of dynamic synmiotry. In de- 
signs of this proportion, the dimensions are incommensurable. The 
most conunon ratios are 1 : VJ, and 1 ; Vli^ and 1 : VE. Dynamic 
designs are evolved by the use of areas rather than by line meas- 
urements. They are based on root rectangles which have the 
foregoing ratios. 

Problem I 

To Draw Root Rectangles 

(aj Draw a square and its diagonal. Use the side of the square 
and its diagonal as the dimensions of a rectangle. The result is a 
root-two rectangle. 
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lb) Use the side of the square and the diagonal of tlie root-two 
rectangle as dimensions of a roo^-three rectangle. 

(c) Continue the process to produce a root-four rectangle (which 
is a double square) and a root-five reclangle. 

In dynamic symmetry there are two other basic figures. One 
is the reciprocal rectangle and the other is the whirling square. We 
shall now consider the former. 

Problem 11 
To Draw a Reciprocal Rectangle 

(a) Draw a root-two rectangle and its diagonal From one of 
the opposite vertices draw a line perpendicular to the diagonal and 
produce it to meet the opposite side. The new rectangle is a recip- 
rocal root-two rectangle. Its area is 

;;;^ = iV2 = i of 1.414 = 0.707 

(b) In a similar manner draw a reciprocal root-three rectangle. 

4= = = of 1.732 = 0.577 
v3 3 3 

ic) In a similar manner draw a reciprocal root-five rectangle, 

= v>/5 = \ of 2.236 = 0.447 

Problem III 
To Draw Root-Rectangles in a Quadrant 

la) Draw a square ABCD and the diagonal AC. 

(b) With /I as a center and AB as a radius draw the quadrant 
DB cutting AC at E. 

iv) Tlirough E draw the line FG parallel to AB. Then ABGF is 
a root-two rcctanple in the square AC. 

id) Draw the diagonal AG, cutting the quadrant at H. 

(e) Through // draw the line IK parallel to AB. Then ABKI is 
a root-three rectangle in the square AC. 

{{) By cominuing the drawing of diagonals and parallels, root- 
four and root-five rectangles may be constructed. 
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Problem IV 

To Draw Design Patterns from Root-Two RoetanRles 

(a) Draw a square ABCD and a root-two rectangle on the 
side AB, 

(b) In like manner draw a root-two rectangle on DC; on AD; 
on SC. 

(c) These overlapping lOot-two rectangles divide the square into 
five smaller squares and four root-two rectangles. 

By drawing various diagonals in the smaller parts an almost 
infinite variety of design units can be evolved. Different designs 
may be worked out in patterns for silks or book covers, 

Sjrmmetry in Nature, Even more interesting than their use 
in design is the use of root rectangles, diagonals, and reciprocals 
in nature. Dynamic symmetry is the key to the maple leaf; the 
plan of the dragon fly is based on the root-three rectangle. While 
we do not see much resen^jlance between the dragon fly and the 
iris, yet both are made on the same geometric pattern. The side 
view of the iris fits into the dynamic root-three pattern. Such a 
view shows the growing plant, and the word dynamic means growth 
or power. It is interesting to note that when the flciwer comes to 
fruition, the top view fits into a regular equilateral triangle with 
a smaller one within, which, of course, is a static symraetry pattern. 
The construction of this static pattern is made, not !)y drawing two 
triangles but by drawing the root-three rectang its diagonals 
and perpendiculars, extending them to make the side? of the outer 
triangle, and (Connecting the two polos and the nnd-j)()int of the 
base to form the inner triangle. Static symmetry, thc-refore, is the 
outgrowth and completion of the dynamic symmetry, just as the 
bloom is the completion of the growing plant. 

Problem V 

"'o Draw a Root-Five Rectangle in a Square 

(a) Draw u c^^uare ABCD. 

(b) Within the square, draw a semicircle on the side ABj whose 
mid-point is 0. 

(c) Draw 01) and 0(\ i.e., the diagonal of half cif the square. 
These lines cut the semicircle at E and I\ 

(d) Through E and F draw GIL 
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Co) ABIIG is a root-five rectangle. 

(f) If the IIB is unity, then AB is or 2.236 and EF as 
well as E'F\ its projection on AB, is equal to 1. 

Then, AF/ =: F'B = J (2.236 -1) = 0.618 
A..,:, AF' - E'B - 1.618. 

In the root-five rectangle the figure AF or E'U is a whirling 
>quare. its ratio is 1.618, whicli is the reciprocal of 0.618; for 
1/0.618 = 1.618. This ratio, 0.618, will be recognized as that result- 
ing from dividing a unit in extreme and mean ratio, or the golden 
section of the Greeks. A line is divided in extreme and mean ratio 
if the whole line is to the longer segment as the longer is to the 
shorter segment. This is a theonMu which should be familiar to 
every high school teaclier of geometry. 

Problem VI 
To Draw a Whirling Square 

(a) Draw a scjuare ABCD, 

(b) From 0, the mid-point of AB, draw OC, 

(c) With 0 as a center and OC as a radius, draw the arc CE, 
meeting AB produced at E, 

(d) On AD and AE complete the rectangle AEFD, which is a 
whirling square rectangle, whose width is 1 and whose length is 
1.618. 

Problem VII 

To Draw a Root-Five Rectangle from a Whirhng Square 

(a) Use the figure of Problem VI. 

(b) From 0, draw the are DO and complete the rectangle on the 
opposite end in a similar manner. Then the whole figure GEFII is 
a root-five rectangle. For, 

AB = 1.000 
GA - 0.618 
BE = 0.618 
Therefore, GE = 2.236 = 

Because the root-five and whirling square rectangles are so inti- 
mately related, these two types may be combined in the same 
design. 
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Problem VUl 

To Show the Uciu^on for the Njiiuo Whirliiifj Square Ruotansle 

(a) Draw a square ABCD mnl on it cu)nstruot the whirling 
g^quare rectangle AKFD 

(b) Draw the cliaRonal AI\ winvh cuts liC at G. 

(c) Through G, draw Gil parallel to UK. 
id) Then BKIIG is a square. 

(e) Within the reetanglc //(', ilraw on IIF the square HFIJ. 

(f) Continue to draw sfjuares on the end of each remaining 
rectangle. These squares form a series uf squares which wliirl 
around a point or pole on the diagonal. 

(g) This jiroeess may be reversed tluis: Start with a small whirl- 
ing square; then draw an ext'Tnal stjuare on the length of the 
original whirling square, and then another sqe.are on the length of 
the new rectangle. Kaeh new square makes an enh rged whirling 
square rectangle out of the whole figure. 

Problem IX 

To Draw a Recijirocal Whirling Square Rectangle 

(a) Draw any whirling square rectangle and its diagonal. 

(b) From one of the other vertices draw a perpendicular to the 
diagonal, produce it to meet the opposite side, and complete the 
rectangle. The new one is the reciprocal of the original. The 
intersection of the diagonal and perpendicular is an eye of the 
whirling sciuare. 

Since each of the two diagonals may have two perpendiculars, 
there are four possible eyes in a whirling square rectangle. By 
drawing parallels through these eyes, we get a pattern which offers 
the possibility of an almost infinite number of variable designs. 

Of these variations of the whirling sriuare, only one can be 
described, that of the 1.382 .^hape, whic'-, it is found, was nuich used 
in both Egyptian and Greek art. 

Problem X 

To Con.Mruct a 1.382 Shape in a Whirling Square 
(a) Draw a whirling stiuare AliCI), 

lb) Draw its two diagonals, and, from the oi^posite vertices, draw 
two perpendiculars to each diagonal. 
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(c) Through each pair of eyes, draw two lines GE and FK, which 
are puralle) to the lines AD and BC, 

id) Letter the two upper eyes i and //, respectively. Draw the 
line IH. 

(Q) In OH, draw a square on GI, leaving a whirling square. 

EH = a square = 1 
CJ GH — a reciprocal S + WS 

^ 1 + 1.618 ~ 2:618'^ 

nn EF^nEH+ □ gh 

— 1 + 0.382 

Therefore, EF = 1.382 

The shape discussed above is fundamental in many Greek vases. 

Uses of Symmetry* In his book The Greek Vase^ Mr. Hambidge 
has analyzed over two hundred Greek vases and fitted each into 
its own dynamic symmetry pattern. The pattern of the Nolan 
amphora from the Fogg Museum of Boston is based on a 1.7071 
shape, which is a quare and a reciprocal root-two rectangle. The 
beautiful Kantharos of the fifth century B.C., now in the Boston 
Museum of Fine Arts, has a dynamic symmetry pattern bUvsed on 
a compound shape derived from a root-five rectangle. 

There is a unique connection between the whirling square and the 
plan of leaf-distribution in plant growth. This distribution is based 
on the Fibonnaci or summation series, whose ratios approach 1.618, 
the ratio of the whirling square. Another fascinating phase of this 
study is found in connection with the pentagon, which is closely 
related to the leaf, to the summation series ratio, and to the whirl- 
ing square. 

Eg>-ptian has reliefs have been analyzed into their dynamic sym- 
metry patterns. The Greeks used these subtle ratios in the archi- 
tecture of their temples as well as in the designs of their vases. 
For example, the long side of the Temple ol Apollo ui Bassoe, in 
Arcadia, has a ratio to the end of four times 0.618. To lay out 
such a temple is an interesting feat. First an orientating line, as 
AB^ is defined, probably by sighting along a stick. The main 
axis of this building is from north to smith, an unusual orientation 
for a Greek temple. On AB as the long side, a double square, 
ABCD, is constructed, determined by the prescribed width of the 
temple as a side. A man standing at A would hold one nd of a 
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rope, the other end of which would be carried to C by another. The 
man at C would walk to in line with AB drive a stake and 
return to (\ Then from A, the first man would \ Ik to (7, in line 
with CD, and drive a f^take. Then the rectangle, L "''?//, is rasily 
completed. This rectangle, the outer one of the teni^^lc i four 
times 0.618, shown as follows: 

AF — //r zzr root-o rectangle 
IIB-AE- V5 = 2.230 
HA — BE = 2.236 -2 = 0.236 
HE = HB + BE 

= 2.236 + 0.236 

= 2.472 

= 4 X 0.618 

The temple has two inner courts, each determined by intersections 
of lines. The second court, the n.'io.<, has two 1,618 areas; that is, 
each is a whirling stjuare. The innio.< court, the ceila, has an area 
similar to the outer rectangle; that is, it has four times a 0.618 area. 

We find that dynamic symmetry was used by the ancient Greeks 
and Egyi)tians. and then in the Middle Ages artists dropped back 
to static synnuetry. The Creator himself used dynamic symmetry 
in his creation of plants and animals, for the butterfly fits into a 
root-five and whirling square design. Even the human skeleton 
has been found to have the proportions of dynamic symmetry. The 
Greeks probably discovered their ratios through a ^tudy of nature 
and then applied them to tlu'ir own temples and vasfs. The Greeks, 
overcoming their 1 ck of instruments, could use the proportions of 
dynamic symmetry because they are commensurable by areas. 

What Modern Artists Have Done. Within the last few years 
modern artists, as the late George Bellows, Howard Giles, and Leon 
FroU. have revived these ratios by using them in their drawings 
and paintings. Kvery modern art school is teaching this symmetry. 
No doubt, through a study of Hambidge s rediscovery of the prin- 
ciples unrlerlying the subtle betaity and satisfying; proportions of 
Greek art, modern artists, including painters, sculptors, potters, and 
architects, will help to create a new era in art. It is hoped that the 
jazz art of today will soon hv replaerrl by a real art, whose 
lasting beauty depends upon the subtile u.-c of number. 

Some i)eople fear that such inathematieal precision may hamper 
the arti>t. According to Miss (ii>t'la A. M. Kichter of the Metro- 
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politan MuMniin, thi^ is not the vii>i\ Conrernins tht' (Wvvk vases 
as analyzed by HanibidKo and others, she says: 

Each of thrso works nf art forms a composition, in which the varioiis details 
rt'pcat tho primary thonio. thus producing' a unified harnionv. That is, the 
rectanfrlos niadc^ by thr hp. the nock, tho body, thn foot, and tho handles, 
rospoctivcly, b(>ar a dcfinitd niathoniatical relation to tho roctanple which 
contains tho vaso as a whole. 

Wd have an interplay of areas compiirahle to the sequence of phrases in a 
miL^ical composition. It no nioro impodns the artist than harmony ob-tructs 
tho composer or a metric i^y,stom the poet. It merely supplies tho law and 
ordor, which we know to bo one* of th(» dominant characteristics of Greek art. 

Place of Symmetry in Teaching Mathematics. Teachers of 
mathematics will find a fascinating study in Hambidges .sym- 
metry. Without elaborate illustrations, we are able hnv to give 
only a suggestion of a few of its many phases, interesting in them- 
selves and as valuable applications of square root and otiier topics in 
mathematics. It has been found that eighth grade pupils not only 
understand root-rectangles but are eager to make the drawings 
which vitalize their work in square root. For j^cnior high pupils the 
study of the pentagon, surds, and extreme and mean ratio will take 
on an entirely new significance through Hambidges di.^covery. 
Furthermore, dynamic synunetry marvelously increases for both 
teacher and pupils appreciation of matnematics and its power. 
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INTRODUCTORY CALCULUS AS A 
HIGH SCHOOL SUBJECT 

Bv M. A. XORDGAARD 
St, Olaf College, Northficld, Miyinvsota 

I. Introduction 

Significant Sidelights from the History of Mathematics, In 

the kingdom of knowledge it is youth that inherits the land. The 
third crntury B.C. reached in Euclid s Elements the high-water mark 
in (rreek matliematics. Tliis fountain of learning, from which 
drank tlie coming centuries, was lor philosophers and scbolurs, 
sages and savants, and iiot for tlie young men of Athens, Alex- 
andria, Syracuse, and Samos. Yet now for two hundred years 
young people in their middle teens have had their wits stimulated 
and their logic straightened by this same Euclid. The trigonometry 
of Aristarchus and Hippurclms was once appreciated only by the 
Theons and the Ptolemyrt, tlie Peurbachs and the Keplers; but 
long since has it ceased being the monopoly of astronomers scan- 
ning the heavens, and is now to be found in the secondary schools 
of all countries. The Hindu method of extracting square and cube 
roots developed in the sixth and seventh centuriei3, the Hindu- 
Arabic notation introchiced into lOurope in the tenth century, the 
method of long divij^'ion evolved in the fourteenth century have 
been tauglit successively in the universities, the secondary schools, 
and now in the elementary schools. Loganthms, that handmaid 
of science invented three hundred years ago, was for decades con- 
sidered suitable only for college and university students; yet it, 
too, was taken up by the secondary schools, and today we see 
even youngsters in their early teens calculating with logarithm 
tables and manipulating the slide rule. 

And so nearly all the important mathematical inventions and 
discoveries of tiie race havp found their way from academy 
porticoes and university halls ij the classrotmis nf tlie schools. The 
subject matter has been achipted to the new audiences, some portions 
of it have been omitted and others enlarged upcm, new methods 
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of attack and new avenues of approach may have been found 
advisable; but almost every mathematical field studied by the 
race has been found valuable in the elementary and secondary 
schools as equipment for practical life or for stimulating energy 
and giving intellectual pleasure. 

Analytic Geometry and the Calculus. Strangely enough, the 
two most important mathematical contributions of the seventeenth 
century have been very slow in coming down to the secondary 
schools. They seem to have held out against the general law like 
strongholds in a belated feudalism. At least tliis is true in the 
United States. I refer to analytic geometry and the infinitesimal 
calculus. The first of these citadels has now fallen. Not as the 
analytic geometry of our college course do we find this subject 
given; but in most high school algebras now in use, and in many 
arithmetics, we find the function concept employed and graphic 
methods applied to problems. This transformation has taken plane 
nearly altogether in the twentieth century. The graph, the formula, 
and the algebraic equation functionally interpreted are a schoolbook 
product of our day. 

The calculus still holds out. Not in France, Germany, Austria, 
England, Russia, Italy, Spain, Norway, Sweden, Denmark, Hol- 
land, and Belgium, where it has been incorporated into the sec- 
ondary school program for some years, — but in the United States. 
Yet the castle has been stormed, — some of the outer bulwarks are 
even down. Mentors of American youth have begun to see the 
value of the calculus in a liberal education and mathematics 
teachers pre beginning to have crvijtallized views as to its place 
in the high school program. A great step was taken in American 
mathematical pedagogy when the National Committee on Mathe- 
matical Requirements in their cpoclial Report on the Reorganiza- 
tion of Mathematics in Secondary Education came out with the 
recommendation that ''elementary calculus'* be offered as an elec- 
tive in qualified senior high schools. 

A few schools and individual teachers had already taught the 
calculus to high school classes before the report appeared and other 
schools have since taken it up. A beginning has been made. It 
is safe to say that as the Euclid of the third century b.c, as the 
Hindu-Arabic notation and the Arabic algorism of the Middle 
Ages, as the algebra developed during the Renaissance have long 
been taken up by the lower schools, and as the logarithms and 
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roOnlinute geomutry of the scvcMiteenth century have in our own 
duy found a place in the hi^h school algebras, so will the infini- 
tesinuil calculu??. the crowning niatheniatical achievement of the 
seventeenth century, he adopted as a high school subject. 

Purpose of This Chapter. We shall first try to analyze the 
nuithenuitical situation and the peihigogic temper that has at this 
time led to a call for teaching the elenicntary calculus in the high 
schools of our country. Next, we shall trace the stages by which this 
subject has found its way into the curricula of the secondary schools 
in the leatUng countries of Europe, We shall then give a descrip- 
tion of the experiments that have been carried on in this field 
in the United States in recent years. And lastly, we shall offer 
a few specific suggestions as to how to open up the subject in a 
pre-college course, 

IL Ax Earlier Place for the CALct'Lus in the Curriculum 

Tendency of Subjects to Move Downward. All mathematical 
disciplines have sht)wn a tendency to move downward as they 
have become more widely known. 

While a new field of mathematics is still in the process of de- 
velopment, most people can have little or no part in it. New 
facts and new theories are contributed by a select few. Then there 
comes a time when one or niore master minds will build this pro- 
miscuous knowledge into a body of truth which the scientific world 
will evaluate and utilize. As the new science forms more con- 
tacts with life, it enters deeper into people's thoughts, and an 
acquaintance with it will be considered part of a liberal education. 
As the general level of education is raised, the younger strata of 
population becouie capable of receiving benefit from this study. 
Youth will want his heritage, and the subject will be taught in the 
secondary, perhaps in the elementary, schools. That has been 
the history of arithnictic, geometry, trigonometry, algebra, and 
analytics. 

The Calculus, \n its origin the calculus was a study of func- 
tions invented by, suited for, and utilized by men who did research 
in mechanics, optics, and advanced mathenuUics. This science, 
invented indepeiidently by Newton and Leibniz in the latter half 
of the seventeenth century, neeilud a hundred and fifty years of 
am])lifying. systematizing, and refining by such men as Taylor, 
Muclaurni, Euler, Lagrange, and Cauchy before it could be em- 
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ployed with east- ;uk1 cfTcctivcness by scholars not specializing in 
niathcniatics. In Kui-opp it was first taught only in the universities. 
In America it has bcon confininl to institutions of college grade. 
^Vh(•ll Harvard first found a place for it, she placed it in the upper 
classes, and this j^hin was followed by other colleges that offered 
the course. But it has gradually worked its way downward. For 
this the engineering colleges have been largely responsible, the 
calculus being used mainly as a ftmndation for the technical courses. 
For years its place was stabilized in the sopliomore year. But 
re.'intly many colleges have \)hivvd the simpler portions of the cal- 
culus in the freshman yvnr, freciuently as part of a unified course. 
As to the wistlom of this latter arrangement there is at present 
no agreement. Some colleges have discontinued the plan, but more 
are taking it up. There is no mistaking, however, which way the 
wind bK)Ws. The calculus is moving downward. 

Two Main Reasons for the Change. The most patent, though 
not the most fundamental, reason for the change is the age in which 
we live. Thanks to our generous system of high schools and 
inotlern nu-ans of conununication the intellectual interests of the 
rank ami file have never been so numerous nor has their partici- 
pation in the conduct of the world's affairs ever been so active as 
at the present time. Ours is a scientific age, and science speaks 
through mathematics, notably through the calculus. Not only do 
physics, mechanics, and engineering depend on the calculus— 
everyone knt)ws that— but radio-acf ivity, medicine, and actuarial 
science frequently fitiite the results of their latest researches in 
calculus form. Even insurance, statistics, heredity, and education 
speak the language of the calculus. A recent elenientary textbook 
en wireless telegraphy uses some calculus. In these days of ocean 
flights the aviafitm journals frequently contain articles that cannot 
be understot)d without at least ^ome knowledge of this subject. To 
know some calculus has l)ecome a necessity U)r an educated person. 

While teaching at Columbia University the writer had in his 
class a student working as assistant at the Rockefeller Institute. 
In his wovk this student ran across graphs and e(iuations dealing 
with the healing oi wounds and the growth of tissues, where the 
calculus and other mathematics were means of expres.^'ion as well 
as t(U)ls of work. This student had a fair degree of education; 
yet these oiierations wviv mcaiiiuglos lo him. lb? Uwk courses in 
mathematics in nrdw to get entnigh knowledge of it to appreciate 
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what he saw dmv h\ liis working environment. But that is uphill 
work for a man working full time. I mention this incident in 
order to leml point to the foUowiuK quotation from the Report of 
the National Committee ()n Matiieuiutieul Requirements (page 34); 

U the >iu(li*nt who uinit.< the mathematical courses has need of them later, 
it is ahnost invariahly niuro difficult, and it is frequently imposs^ible, for him 
\{) t)htain thr training in which he is deficient. In the case of a considerable 
number of .subjects a prupor amount of reading in spare hours at a mature 
will ordinarily furni>h him tho approximate equivalent to that which he 
would havo obtaini'ii in tho way of informatiun in a high school course in tho 
.sinu» siibjcet. It is nut, howe\i'r. ])o.-sibl(? to make up dcficieneios in nmthe- 
MiaMcal training in so .^^imph* a fashion. It requires systematic work under a 
fuuipi'tent teacher to ruastur jiroperly the technique of tho subject, and any 
l)re:ik in the eontiuuity of the work is a haiuiieap for which increased 
inaturity rarely eumponsates. Moreover, when the individual liiscovers his 
ivrd (jf further mathematical training it is usually liillicult for him to take 
I 111* tinu' from his other activities for systematic wurk in elementary mathe- 
matics. 

In e(hieutionaI eireles the ealeulus was, until reeently, thought 
i)f only as a ju'ofessional course in schools of teehnology or as a 
(liscii)linary subject in liberal arts colleges. Its cultural value in 
interpreting our environment and its direct usefulness in practical 
work have not been appreciated until the last few years. It is 
this ehan.uing attitude on the part of educated people that brings 
up the (piestion of putting the calculus into the high school 
curriculum. 

The second reason for the on-coming change is a mathematical- 
peihigogical one, ami is certainly the most fundamental. Whatever 
<itlier reasons there may be for including the calculus in the high 
s(diool program they would not sufHciently justify the step unless 
they were in harmony with the central iik'a of mathematical cur- 
riculum making that has been crystallizing for (he last fifty years 
anil has come ilir'ctly to the fore during the hast three decades. 
The last twenty-five years have \mn\ a period of storm and stress 
in the guihl of teachers of mathematics. Kxternal conditions have 
Inrn full of eliangcs. an unpr-cedcnteil number of people have 
>-nught. a higlu^r education, the secondary sidiools have almost 
Ixu-ome "connnon schools,'* and these larger groups (damor to taste 
of tho knnwledge that was formerly r(\<crvt*d for the few. Conse- 
(luently existing forms of sci'ondary education are l)eing examined 
anil recast in the light of nioch^rn psy(dii)li)gy and in onler to meet 



ERLC 



70 



THE THIRD YEARBOOK 



tiie new demands. Now principles of instruction have been enunci- 
ated, new iiiethodji devised, and now content inserted into the 
curriculum. 

The Function Concept. Tlie essence of nunlern reform is tiiat 
the function concept shall be the central itlea in all mutliematical 
teaching. And for this there are two reasons. First, the student 
will learn more actual mathematics. By organizing the course 
about a fundamental principle like the function concept there is 
prevented much waste of time and ofi'ort in dealing with unrelated 
themes and the student will therefore get further into mathematics. 
The hnportant princijiles and topics also will be kept working con- 
timiuu.-ly, thus making for thuroughness. S'.-cond, the student will 
be in a better position to apjily his mathematics to his environment 
and to his future studies. Learning to look for connections that 
exist between related quantities will enable him to think of quan- 
tities with which he will have to deal in real life whether he takes 
any more mathematics or not. For in the material world about 
him the actual e.\i.stcnce of one variable quantity depending on 
another is a commonplace in the student's experience. 

America, with her wide spreatl of territory and local direction 
of schools, has been vrry slow in adopting this reform. But in 
Europe the new practice is well established. In France and Ger- 
many functional thinking is inculcated in the early years by means 
of a number of concrete instances. In the sixth and seventh years 
the idea of ab.<tract relationship is brought oui by graphs and 
fornuilas. The children thus learn to recognize va -iable quantities 
and by concrete examples k-arn to think of x and y not only as 
unknown (juantities to Ik- determined but as changing (juantities 
whose variation is to be studied. That is, the principles, but not 
the nu-ehanism, of analytic gu)metry are intruducctl early in the' 
pupil's career and are not left to be stiidied as a special topic at 
the end of the course or deferred till he takes up higher mathematics. 

In the tk-cade from 1880 to 1890, many of the secontlary schools 
in Continental Europe took up the study of functions as a part of 
their program. From analytic geometry they adopted the graph 
for their work in algebra. Mt)st schools have since adopted 
graphic algebra, whether they teach tlu- function conct-pt or not. 
In the United .States graphic algebra has been quite general 
since 1910. 

Until the creation of the National Comniittee on Mathematical 
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Kequirenient.s in 1916 tlic function concept Imd a very small place 
in tlio s-dionie of American education, ArithmuUc texts had 
formulas and algebra texts provided work witli graplis. But the 
itlea of dependence was not stre^:sed, and tlio teadiers tliemselves 
did not utilize even the meager material furnished by the text. Not 
until they took up trigonometry and analytics, if tliey got that far, 
did students get sy.^tematic training in functional thinking. Tlie 
influence of the Mathematical Association of America, whicli luis 
always taken a keen interest in secondary scliool matliemutics, and 
the aggressive work of tlie National Conmiittee liave done mudi to 
nuike known the functional idea among teacliers of matliematics. 

Misuse of Graphs. Tlie grapli is a pictorial representation of 
an algebraic law. llie main purpose of tlie graph in algebra is 
to teach in a simple manner tlie idea of functionality. By it con- 
tinuity and irregularity are nuide very plain. It lends itself 
esi)ecially to work with fornudas. But in its early stages it was 
deflected from this useful course before very long, due to the very 
close connection between algebra taken up tliis way and analytic 
geometry. B.ith now tlealt witli functions and, before we were 
aware, algebra concernetl itself chiefly with the curve itself, in tlie 
manner of analytic geometry, instead of with what tlie curve stood 
for, — with the i)rc)perties of the curve instead of with the quantita- 
tive relationshii)s, with the static elements of analytics instead of 
with the dynamic element of tliu algebraic problem. The function 
concept itself was lost sight of luul much graphical druilgery, such 
as we see in many Amerit'an algebras of today, took the time from 
more valuable pursuits. And so this latter-day attemj)t at enridi- 
ing the elementary mathematics by materials and ideas from the 
higher mathematics was nearly frustrated. 

Fortunately this futile work in graphs was abandoned. Pressure 
was brought upon those who were responsible for the mathematics 
of the secondary school to justify its presence in the curriculum. 
This caused the teachers of mathematics to examine their tenets 
in the light of experience. As a residt a new type of graphic prob- 
lems ha^ found its way into algebra, especially in the early part 
of the cotirse. Problems from science, statistics, and everyday life 
are studied, both those that have mathematical formulas and those 
that do not, and the functional aspects are emphasized. The 
Sunday paper sui)i)lenient, the scientific journal, the jjopular maga* 
zine, and the advertising circulars testify to what large extent the 
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graph and it? companions, the formula iind the equation, have 
become a part of our daily lives. The reading world is becoming 
functionally-minded. 

An itlcu uannot have a flourij^hing growth unless it has symbols 
of expression and tools to work with. It is doubtful if Newton 
and Leibniz would have gotten far into the infinitesimal calcuhis 
without Descartes' coordinate geometry. That vivid portrayal of 
functional relations gave wings to the calculus. And so it has been 
among humbler folk than Newton and Leibniz, It is the popular- 
ization of the graph that in these last years has made us function- 
ally-minded, so that even in some railroad offices charts will tell 
exactly where a certain train is to be at any given instant. 

At fu'^t tl e algebras and arithmetics discussed only the general 
relation between the variables exhibited by the graph. In some 
instances the method of interpolating values was taken \\\). But the 
graph was seen easily to bring out other truths, such as maximum 
and minimum values. area>^, and rates, both average and instan- 
taneous. This latter especially necessitated the notion of limits, 
a notion not hitherto included in the algebras. That led up to the 
threshold of the calculus, and the very suggestion threw open a vast 
field of unused possibilities. 

It is these unused possibilities, so convincingly set forth by 
Professors Klein of (lermany, Perry of Knghnnl. an<l 1), K, Smith of 
the United States, that have led to the adoption of the calculus in 
the secondary schools of Kun)i)e and have stimulate<l the movement 
to offer it in American liigli schools. 

III. PiiACTiCAL Questions to hk CoNsmnuKn 

Calculus in the High School. Let the nui'stion of teaching 
the calculus in the high school be raised, and in the mind of some 
teacher is conjured up a picture of the calculus class in the sopho- 
more or perhaps the junior year of college, wiiere a learned pro- 
fessor exi)ounded to th(* intellectual elite <if the college the Mean 
Value Theorem, singular points, or moment of inertia. Such a 
teacher looks at the seventeen-year-old boys and girls of his high 
school and cannot imagine these youngsters taking the calculus. 
But if he will also remember the ellipses and hyperbolas in his own 
study of analytic geometry, and then glance at the sul)ject matter 
in the high school algrbra which le teaihes. he will become more 
receptive to this other suggestion. 
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For tluiso who urge this innovation do not nilvocatc taking up 
thi* jnore clitficuh parts ut* the oahnihis. Thoy roconuuend that onI>' 
such topics and methods hv considered as are within the compre- 
hension of the .students and which are fertile in ilhistrating the 
principal ctnicepts of the caleiilus. As the most fitting topic for 
such a purpose the National Connnittee recommends the alge- 
braic polynomial. Quoting from the Report: 

The caIcuhK< uf llie algebraic i>oIyaui.nal is so siujpie that u boy ur girl 
whu is capable of gra>i>ing the idfa uf liuiit. uf ;;Iopo, and uf velocity, njay 
in u brief time gain an uutluok upon the fiehi of nu'chanic:^ and uthc? exact 
sfiHU'es, and acquire a fair df^nv uf facility in usin^ one of the ujost power- 
ful tools uf mathematics, togclhe .vitlj the capacity fur solving a nuuibtT 
of interesting problems. Mureuver. the fundamental ideas iavulvcd. quite 
a?^ide from their technical ai)i;Iieatiuns, will provide vahiabh; training in 
mjderstanding and analyzing quantitative relatiuns^and such training is of 
value to everyone. 

Some authorities hold that the manipulative work should not he 
onerous, that computaiional dexterity is not the purpose of the 
course, that discussion should he adetjuate, but not necessarily 
ecmiplete. One says, 'V^tate nothing l)ut the truth, but mit neces- 
sarily all the truth." Still others will maintain that in the hegin- 
ning, mathematical intuition sluuhl he alloweil U) do its wi)rk; 
too fine rigor is not in place till later. Says an Knglish schoolman 
on this point: ' "For more than a hundred years after the formal 
ilevelopment of the calculus the most eminent mathematicians of 
Kuroiie ignored these diliiculties with whieh tlie rig{)rist wants to 
jierph^x l)eginners. ^^e, as teachers, are just learning that you 
eannot teaeh people to gencraliz-j by throwing ready-made general- 
izations at them--that a grip on the concrete facts must precede 
a critical analysis of them.'* 

The Practical Schoolman's View. But other points beside?^ 
eontent and method need to Ijo cmisidercMh To the practical school- 
man, who is responsiljle for t:ie (U'ganization of the school and 
the coordination of courses, four (juestions es])ecially present them- 
selves: (I) Must essential and vital parts of the general curricu- 
luin be sacrificed in order to make room for this new cour>e? (2) 
Dues the teaching fmre. as regards numbi-r and academic prepara- 
tion, permit it? (3) Will it oeea>inn .-i re-arrangement of tli^ 
present mathematical curriculum? i4) Ha- a high school junior 

U*. S. .latk^nii III -Th*' raltMilij< ju ari Itnn in .<fh.>.ii Maihi'iuaUrs.** Tho 
Muthi-mntivnl (,'n::rit*\ Vul. VI 1. p. 107. 
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or jjunior thu nifnlality and exjHTionoc to profit by Mieh a ojurse? 
Other (}Ucstions may he askod but theso four are vituL 

Vahil ([uestions all. aiul necessary. As to the first two: The 
National Couuuittec has reeonuueialed that elementary calculus 
be offered as an elective in the senior high school. The mathematics 
in the eleventh and twelfth grades has boon elective for years, 
>o no change is contemplated in this respect. With the rapid growth 
of the junior high school, there will eventually be a three-year 
re(piire(i uuirse consisting of the mathematics that in the niind.s 
of schuolnien should be known by every educated person. The 
niathpniotw;:- :n the senior high school will be elective; it \nu already 
bei'U eiei tive for years in the last two years of the four-year higli 
school. Ik'ing elective, it will not crowd out any of the non- 
mathematical part.'S of the curriculum, as far as the .students are 
et)ncerned. Hut it will give the student with mathematical interest 
an opportunity to take up this intere.sting branch. And this is 
especially valuable to the person who will not go to college. As to 
the instruction, nothing could be more disastrous to a new course 
than to have it conducted by incomjietent teachers. However, 
luost M'honls now have teachers who have taken the calculus in 
college, and these can safely undci'take to teach the elements of 
it to high sehool pupils. Nor should teachers out of sympathy 
with the new course be pressed to give it, no matter how thorougli 
their ethieation. If the teaching staff is small, it may be inadvis- 
able to give the course. Vet often in such cases a course in the 
elrmetitary calculus may be given as part of the higlier algebra 
course, or it may alii*rnate by years with some other elective 
mathematics. 

As to the third ])oint: With sullicient teai'hing force it will not 
be necessary to disturb the existing m.atliem.atieal courses; one may 
simply add this extra course loy high school juniors or .seniors. 
Hut since wc are now in the midst of a country-wide reorganization 
of our secdiidary sehool mathematics anyway, it will he well to 
h.ave the calculus course in mind in th.at reorganization. In fact, 
thr liemand for a liigli school course in the calculus has sprung 
from the >.ame movement that ju'ompted this reorganization. 

The usmd c{)ur>e in ni;ithematies will i'i»rtainly contima* to be 
elective in the la<t two of si'uior high sehool yi\ars as it has 
b'rn in the traditional high school. The feeling is gaining ground 
th.at with tlu* improved course in the junior high school so much 
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(leiunnstrativo giMM^u^try has uln'ady hvvu vovvvvd that an oxtra 
yvixY in t\\v senior hi^h school shouhl sutlici* for both phine and solitl 
Keonu»try. That h'aws two y(»ars in whit^h students with mathe- 
matical interests may seU'et from one to four semester subjeets. 
Thus far these have been higher alp:ebra, solid geometry, tri^o- 
nometry, and, in a few sehools. an extra semester of algebra. 
Other studies that have b(»en advocatcMl are elementary statisticj^, 
mathematics of finance, surveying:, and shop m.ahematics. Ono 
may safely predict that tripcmometry and higher algebra will con- 
tinue to appeal to high school students. Hut there is still time for 
at least one semester of elementary calculus. 

One cannot help feeling, however, that parcelling out a semester 
to each of these is a very arbitrary arrangment. A semester of 
trigonometry five times a week takes a high school student further 
into the subject than the trigonometry work given by colleges, and 
certainly further than the educational environment of a high .school 
student warrants. In the higher algebra courses so nuich material 
has been introduced from the theory of e(iuations and the function 
theory that frequently the course passes beyond the intellectual 
neeils of even the abler students and they find the subject dull and 
uninteresting. It would harmonize better with the student's 
capacity, adapt itself better to his experience, and form i\ lietter 
basis for his courses in science or later work in mathematics if. 
instead of going so far into higher algebrn and trigonometry at this 
time, we let him use part of the year in learning the fundamental 
notions of the calculus. 

In regard to tlie fourth ciuestimi. h;is a high school junior ov 
.-enior the cajiacity ae.d experience tn profit by such a course? 
In the first place, we want to dispel the idea that an introductory 
course in the calculus is harder than many topics now given in the 
high .^diool course. There is no part of the contemphited work in 
eh'mentary calntktt*^ .<o diHicult as DcMoivre s theorem, the roots of 
unity, Horner s method, anil series. 

What do we find in other countries? In Austria, (lermany, 
France. Hungary, and Sweden, certain schotils inlnuhico analytic 
geometry in the eleventh year, and in certain of the Rcahr^huicn 
of Austria and the Dbcrrcdlsrhidrn of (Jermany the method of the 
<lifTerential calculus is developed and applied to physics in that year. 
In the twelfth year the schools of Dennuark. (Sermany, Aust»'ia. 
Belgium, Sweden, v^witzerland. Rumania. France, and Russia, anti 
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some of the sc1h)o1> in England. oHV-r the (liftciTntial an.l intfuml 
calculu!!. 

Xo one scrioiK^ly believes that the mind of American vouth can- 
mit niea.<ure up to that of his Kuropean cousin. His school year 
may he sh.u-ter and his currieuluni ])oorly planned. His teachers 
tot), may he less well e(iuipped. But he certainly ha.< the mental 
power to do in the eleventh and twelfth years what the European 
youth d(vs in those same years. True enough, thanks to better 
framed teachers and a well planned curriculum the European 
student m his twelfth year is on a par with the American college 
sophomore in respect to scholastic attainments, but that docs not 
affect lus native capacity. And it should be a challenge to Ameri- 
can sch<H)ls to improve their teaching staffs and reorganize their 
courses m all departments so that the American high school student 
may have an even chance. In this nwirmcnt, the mathematics 
tcachcr.< shonhl hv in the ran! At the present time they are mt 
taking advantage of tlu-ir opp.ortunities. 

Som-one may say that students in Kuroiiean secondary schools 
are highl\ selected, whereas with us the high schools arc a cross 
section of the general popidation However, the calculus given in 
French atid (ierman schools is retiuireti of all pupils in the .schools. 
The eal^'ulus oours. we suggest i< r-ltn-tive. and anyone who has 
taught elective courses in advaneetl mathematics in high school 
kn(nv> that they attract a supi-rinr class of students. Xo group of 
European secondary school students will be more select, at lea<t as 
far ;!< mathematics is concerned. 

I\. His-i -iiicvL: 7'hk iNTuonrcTiuN ok ^KeoND.^Rv School 

(.".KLCTJLVS 

In France. We may ("-t sonu- light on the movement which we 
arr >p(in<..ring by kuoW ,^ soiufthing of its inception and early 
di'velopment. 

In France the secondary .•schools have bei-n giving work in the 
caiculus for over a humlrcd and fifty years under algcbrc and 
(iniilii.^(\ France has long oeen comnutted to the plan of bifurcating 
the '-ourscs— that is. giving a cia>>ical and a seientilic course— in 
the upper years of her secondary >cii(.ols, and slie has encourugctl 
a degree^ of spi cialization in the twelftli year i philosophy or mathe- 
nuities form) th.at in most countries is permitted on. in tlic \mi- 
versity. I'he very ex.u'ting mathematical retnurenients for entrance 
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tt) the ('roll pnli/ti chnftpir ;iiul the ^cicntifio ilopartineut n{ tho 
I'roh fntrnndi hiwr li:ul a pott'Ut inlluciKH' in ^iviii^ (lircrtinn ti) 
tlu* inatlii'iuatii'al work (if the siH'ondary schools. Since the time 
of Xapoloon. school authority lias been highly centralized and is 
directi-d trtmi Paris. That possibly accounts for France bcin^ 
the first country in the world to include work in the calculu'^ a> a 
repuhir and fC(iuired part of the curricuhun in her secondary 
jichools. 

Thv niodt-rn French secondar\ schools date from 1802 when 
thirty hjrt'ts wrre substituteil for the then i'xistin^ central schools. 
By a decree of that year Napolecui directed that the subjects of 
the new lijcu' curriiuihuu should be esser.tially Latin and nuU he- 
matics. At the end of the regular program there wa> an additional 
two-year course in mathematics, known as ,'nathcmatique trans- 
n nfl(intf\ in the fu'st year of which the application of the difTeren- 
tial cahailiis to mechanics and the theory of fluids was discussed. 
This extra course was the precursor of the advanced mathematics 
cla-->e< that we find in the secondary schools of France today. We 
in Anu-rica should know more about what the F'reuch have done. 

A definite bifurcati(m of the course into the classical an(i the 
scientific wings took place in 1852. There has been considerable 
nmdification of contents and time scluMlule since then, notably in 
1902 and lOOo, but the principle of bifurcatiim and specialization 
has been retained. 

In the last (piarter of the ninetceiuh cent m*y there grew a move- 
nuau that in due tinu* should result in the calculus beimr taken up 
by all siud'-nts in the A lively interest in the pedagogy of 

niathem.-itics. stinudated by psychological study and resj^onsiveness 
to the actualities of jirai'ticiU life, began to assert itself at this time. 
Correlation of mathematics with the sciences, the unification of 
the ditYerent branch(»s mathematics, and a psvchological rjither 
than a l^^ical approai'h to the dift'ereut topics were being agitated. 

.\bovc all the function c(mccpt was to he r.uule the core and 
centi'r in mathematical instruction, h is from this latter idea 
that tile ([Ue^ticui of taking up the calculus by the non-specializing. 
non-preprofes<ional seccMidary school had its beginning, in France 
a- Well :is in tlu* other countries. Havim: a (H'ntral idea like the 
luiu'tion etMicept gnim: tluouuh the entire course wi)uld strip 
ni.athematies of the mnnennis uncssentials that had been grafted 
on to it. take the pupils further int(^ mathematical theory, and give 
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more opportunity for continual applications. In 1898 Laisant 
wrote: ^ 

\Vh('n tho oIcMucnts of urithniotic, of ulnrbra, and of pooinotr>' ^•hall have 
hovxi friH'd from the inultitiulc of parasitic propositions and mluccd to the 
exposition of diriTtivc ideas and oss^ntial nu'thods. not only will valuablo 
tinio havt' born iiainivl. but also irroatcr cU'arnt'ss of idras imparted. This 
will porniit the introduction of the rlcnients of analytic gcoinetr>- and of 
ca Indus. 

It was fortunate fnr France that j^reprofessional reciuiremcnts 
and the special mat hematic?^ forms had demonstrated that the 
calculus cr ^ : 'le mastered by students of secondary school age and 
attainments. 

The discussion of the introduction of tlicse advanced branches in 
the general course of study continued, linked up with the questions 
of the function concept, correlation, and method. In scientific and 
pedagogic matters the French have been a clear-thinking people, 
and ideas soon began to take form. To their leaders it seemed that 
the logical corollary to the adoption of the function concept was 
the introduction of the calculus. In 1902 the new French curricu- 
lunu effective througliout all France, extende<! the mininmm of 
matheniatios reciuired of all students in the lyciis to include 
analytic geometry anil the calculus. 

Since French schools teach all their mathematics as a unified 
course, they found an immediate use for the new study especially 
in their work with algebra, and their work on the calculus is now 
incorporated in the algebra texts. Kven in branches that do mt 
seem to have a close union with the calculus, as solid geometry, 
they found it useful. Thus J, Tannery in an article in the licvuc 
Prdagogique for July. 1903/"* urges that the equivalence of the 
volumes of oblique and right pri.<ms be proved by integral calculus. 
To quote: 

Integral calculus! In tht^ socon<l:iry srho.^l!! Ytv. I mn not jnkinp. Tho 
effort npoded to lo.irn what a dfrivativt* is. an imciiral. an<l how by moans 
of these udinirablc tooU surfaces and volunits can be evaluated, is certainly 
h^S'^ than the effort luTcto demanded of a child to establish the equivalence 
of obhtiue and ri^ht pnsnis. of two pyraiui.ls (thf stairca.^e figure, yen know, 
that is so hard to mak(0, then the insupptjrtable v<ilunios of revolution. 

As reflecting tlk- current of thought that brought about this and 
other improvements in the French schools, we again cjuote from 

\fnth,'mittiijur, p. -yn. S.v also \ ..unc. J, W. A., Thr Tnirhina nf Mnthc^ 
mtttif/t, p. !is. 

• So<» Vounif. p. OS. 
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J. Tannery, where he speaks about general methods, in his Xotions 
(It Mathimatitiui (Paris. IDOIii: * 

Onv not fvcn h <liuht of what muthcmiitirs is, ono dors not suspect 
its o\tr:i()nlin:iry scm))h», tli(» natiiro of the probU'iiis that it proposes and 
until on** liUDWs wliit w function is, how a >:ivcn function is studied, 
liow its v:iri;itii)ns wxv fnllnwiul, hnw it is re]^rrsentc(i hy a curve, how algebra 
and geometry aid ciu-li otlnT nnitually. how number and space illustrate one 
anothrr. how tannents, an*as. volumes are di^terniined. how we are led to 
crrafe ni*w funetiuns. new eur\es. auii to study tluMr properties. Precisely 
tl)«>r notioi)> and mftliods an* n^rded to H'ad Teeluiieal hooks in which 
niathfmalies is applied. Thi-y an* indi>]>t'nsal)li' to wliofver wishes to 
umlerstand tin* ra}>id seii-utifie niovi-miMit. tljo manifohi scientilic applications 
of our times which day l)y day tmd to modify more profoundly our fashion 
of thinking and of living. 

In Germany. No sueli luihesitatiny; and methodical proecduro 
obtained in adojuinp; the ealeuhis as a secondary scliool subject in 
(lenuany and Kngland. For one thing the central power has less 
authority in these eouutries; and some will say that the Clallic mind 
is more logical than the Nordic. 

As far baek as 1816 the Prussian Lchrplan for seeondary schools 
included ^'analytic geometry, maxima, and the calculus." It re- 
nuiined a dead letter, however; for the entrance requirements to 
the university were much lower than the advanced courses provided 
for in the Lchrplan, The universities were hostile to the teaching 
of the calculus in the secondary schools and instruction in it was 
actually forbiciden. In 1843 Sehellbaeli. then a school teacher in 
Berlin, wrote a text mi conies and in it he used the methods of the 
calculus, but a\'(Utled the ccniventional notation and presentation 
so as n{)t to ofTend against the regulations of the Prussian minis- 
try of educati{»n. In 18(i5 another schoolmaster. HaltztT, taught 
analyses and the calculus to a special class in a scluud in Dresden. 
In bis DIr Klrwtntr th r Matin nxftik he introduced the fmiction 
idea but gave n(^ graphic rcprosentaticui. 

It is intere>ting t(^ know that at a uiceting of sclu^ol teachers in 
Hanover in 1S(>4 it was proposed to limit the course to constant 
quantities. In the discussions we learn that Bertram was at this 
time teacdiing analytics ancl the calculus in a Modern school {lical- 
schult ) in Berlin. The h'mlsrhuh emphasizing nuithenuitics and 
the sciences, had met with eimsistvnt (Opposition from university 
circles and state officials. After ISm, lunvever, these schools were 

♦ S»»i* Yoim>r. p. ISI. 
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accDnhul nioiv rnnsidfratinn by tho tuiuistry uf oducation. ami 
fullowiim tho Kramu)-]^-us<ian War thoy givw in import mucc, and 
with tlu'iu thu niatlu'inatical braiu'hos. 

AdvaiiciMl in:itlu'iuati('< \\i\< not j^ivcn in the !/}nnnsium. In 
1873. (lallonkanip. tho headmaster in a hirge Moch^rn school in 
Berlin, ph'aded with the ministry of edueation that an.alyties and 
the eah'uhis he tanjiht in the upper (dashes o{ the ( hfmvdsiutfh. 
Hut no aetion foUownh In the O n rn alsrhulr tht*' advan(a>d 
eourscs fared better. In the Prussian LihvpUm of 1880 it was 
piwmitted to teaeh eouies analytieally and thr differential eoetrndent 
was at least mentioned, while analytics and the ealeulus were 
reeojinized as admissible, though not essential, disciplines for the 
Oln rn alscfndr. 

It was about this time that the discussion of the functiini concept 
as the centralizini!; notion of in>truction began to be vital. In 
Baltzers Die Klnnniti fhr Matin m<itik ( ISiioi we lind tlu* function 
concejit employed, but there is no jjiraphie representation of func- 
tions. Hnwcver, in Bardey's texts, written in 1881. the function 
idea and graphic representation of rel.ations have a large place. 
These tcxt:> were the most pojmlar nialliematicai s(duud books of 
the day. But the function iilea was slow in niakirig its w;iy. After 
two years* discussion by representative sehtuilmen. the Prussian 
syllabus of 1882 permitted teachers **io introduce the boys in the 
ui)per classes to the especially imjiortant idea of coiirdinatcs. and 
to cxi)l:un to them in the simplest nuimicr some of the fundamental 
in-o])ertics of coni'*s.'' 

And so Avas opened a way for introclucing the function idea, 
thou.uh no reference to it was made by any mie. The funi'tion 
idea was to be taught in the upper cla>si's. acconlinti; to the syllabus. 
Ihu it gradually worked its way to the hnver ida>ses. as is evidenced 
by the .syllabus of 1[H)1. 

It was at this time that l'*elix Kh-in began Xo take a leading roh' 
in the reform of inatheniaiical teaehiuL^ in (lermany and in the 
worhl This noted (iiittingen jirofes-i.,- was eiiuall\ distinguished 
as a scholar in pure nnithematies and as a leader in the pedagogy 
(^f mathematics. In both of the<e capacities he exerted a wide 
intlucnee on American mathematie< through the many American 
eollege and university teachers who did liraduate W(»rk at (Wlttin^en. 
In 1908 he was <diosen president of tlu' International (\)nuni>^iou 
on the Teaching of Mathematics. 
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The Pru.^sian Lthrplan oi 18S0 pinvitti'l the calculus Ki be 
tauKht. and that only in the Oln rn (ilschulr. At a school ccuilVrcnco 
in Berlin in 1900, Dr. Klein and (Uhcrs urj^cd that clouienTary 
calculu;5 bccnino n ar j^art the eurrieuluni, at least in the 
Modern schools. The jih a was disrefiarded. 

In (icrniany the function eoncejit had now become a practical 
question that pressed for a solution. In 1902 ap[ieared the first 
mathematical school bonk featuring the function idea, though it 
was not admitted into the schools till 1906. At a meeting of the 
.SuMCty of Natural Scientists in Hreslau in 1904 Dr. Klein claimed 
that ''the function idea graphically reju'esenieil should form tlie 
central ntition of inathematieal teachings, and. as a n;'tural rnn- 
sequence, the elements of the calculus should hv included in the 
curriculum of all 9-class schools." That is. in the (iumnasim, 
licalgyuindiiirn, and Ohrrrt alsrhult n. Such a ccnu'se. 'le noted, was 
being given in French schools. Those present at the meeting re- 
acted favorably to the suggestions an<l chose a eonunitice to draw 
up reform proposals. The connnittee's projiosals. the nnw historic 
Mcrancr Lchrplan, were ac^ipted at the Society's meeting at Meran 
the following year (1905). It was the meeting at Meran that 
coined the expression funktiofialcs Dcnkin (functional thinking), 
so frequently used in recent <liscussions. 

One result of the Meran meeting was that the Prussian ministry 
of e(hu'ation gave permissinii to live 9-class schools to experiment 
in the direction indicated. Later tlu^ jdan was taken up by other 
schools. In answer to a circular letter of 1908 it was fnund that 
of the twenty-six 9-class schools that rcturnccl an answer (there 
were thirty-eight in all) thirteen ha<l introchiced the function idi'a 
and the calculus. 

The Meran projiosals exerted a large infhiencc nu the other 
(Icrnian states and on Austria. The late>t syllabi show that intro- 
ductory calculus is now incorjiorated in the soc<mchny scIkuiI system 
tlnxuiglunit (iernumy and Austria. 

In England. In Kngland the calculu< had been given in the 
scccnidary schools hmg before the modern movement iov reformiui: 
tlu' mathematical curriculum started. In the stronger Public 
Schools of England there wrre -^lu'cial cla.-.-'?- in matlieniaties in 
the uj^per forms for hoys ranginL: from scviMiteen to niui'teiMi years 
of age ant! with some mathematical ability. Tln'se boys were 
planning either t(^ compete in due time f(»r the univer>ity scholar- 
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ships or to take the army entrance examination, or were preparing 
to take up engineering. The courses were much like what is or- 
dinarily given in the sophomore year of American colleges; 
Todhunter was a commonly used text. 

But the later movement for intro(hicing the calculus, which rose 
Trom centering mathematical instructicm around the function con- 
cept and making school nuithematics apply in practical life, began 
in the nineteenth century. On this latter phase the well known 
engineer, mathematician, and educationist. John Perry, spoke and 
wrote. In his momentous address on the teaching of mathematics 
delivt'red at (Glasgow before the British Association in 1901, he 
said: * 

As f'xaniplcs of niPthods no(»o.<.s-iry vvvn in the most rlpmrntar>' study of 
natun' I mention : the uso of loparithms in computation; knowledge of 'and 
}M)\vrr to manipulate matbeniat ieal fnnnulae; the u.-^e of squared paper; the 
niffhn.ls r,f the calculus. Dexterity in all of thoe is eu<ily learned by yoimg 
hoys. 

The Kngli.^h seccnidary schools were considering so many reform? 
at that time. m)tably the teaching of goometry, and their relation 
to the Kxaminations. that the question of the calculu^ as a regular 
school subject did not become vital for some years. In 1908 the 
Fourth International Congress of Mathematicians meeting in Rome 
created the International Conunission on the Teaching of Mathe- 
matics, The ( onunission was to study the mathematical teaching 
in (lifTerent countries and report at the next meeting of the Con- 
gress, to be hold in Cambridge in 1912. Felix Klein was chosen 
president of the Conunission. The intt*rvening four years were 
considerably occupiefl with (luestionnaires. reports, and discussions 
in teaching circles, conventions, and (-(hicational journals. In both 
Kngland and America the reports of the Conunission were very in- 
fluential in analyzing and coordinating the methods and contents 
of their very heterogeneous school sy>tems and in accjuainting them 
with the better sclu^ol organization and the nu)re advanced pe(hi- 
gogie theory of France and Clermany. 

In this period tlu' caK-ulus (juestion came up. A new angle, 
typically Hriti>h. and one with which Anu^rican echicationists have 
a g()(ul (k-il of sympathy, ontered into the discussion. It foumi 
its note in the exprrsM(.n. "Calculus for the average l)oy;' Knglish 
schoohnen were not unfamiliar with the value of such a course 
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for tho<e who wished to siK»ciaIize in mathematics at the uni- 
\'er.sity or who wishetl to take up certain profesjuions Hke engineer- 
ing or the army, a reason that in France hatl weighed powerfully 
long before the eurrieulum of 1902. As we have seen, certain 
English schools, too, had given such courses. Xor were they in- 
hospitable to the idea of the (lerman reformers who ^aw the 
calculus as the fitting climax to a noble mathematical ^^tructure 
pedagogieally planned: for the function concept, correlation, and 
unified courses were recognized values at this time in all countries. 
What apj)ealed to them in this jirojected course was what may be 
called its cultural-practical value: the value of the calculus in 
integrated life. This was intimated alreatly in the sj)eech of Perry 
referred to above. 

In February, 1911, C. S. Jackson read a paper to the London 
Branch of .he Mathematical Association entitled "The Calculus 
as an Item in School Mathematics.*' The calculus that has hitherto 
been taught in the English schools, he said, has met with opposition 
from two directions: first, from the rigorists, who complain of 
the unguarded geieralities {lurmitted by the instructor or the text; 
and second, from the engineers and jihysicists wlio comiilain that 
the students are able to maniinilate but do not know the under- 
lying principles, and that the applications are too academic, dealing 
n\ostly with higher plane curves. They demanded that the calculus 
be taught more widely and at an earlier agt» aiul that it deal from 
the outset with the immediate ai)plicati(uis to mechanics and 
elementar/ physics. Jackson contended that this can be done and 
that the ca'culus can be made a part of the normal eciuipment of 
a boy sixteen or seventeen years old. To do this he said he would 
bring the subject to the studi'Ut in somewhat the sanu* way as the 
human race has aequired a knowledge of it. He concluded with a 
suggestive syMab.us for intro(hicing the calculus. This l/»*gins with a 
problem of linite ditTeri'nces. After some more jireliminary work, 
problems and slopes are taken up, 

*'The Democratization of Mathematical Education" was the 
title of the address of the presiding ofiicer. Professor E. \V. Hobson, 
at the meeting of the Mathematical Association on January 10, 
1912. He advocati'd that tlie time s:ived hy imiirovement in 
methods and liy elimination of m.aterial hitherto considered essen- 
ti:. tiould l)e employed in introthu-iag the impils to a considerably 
greater range of matlu-niatieal thinking than has hitherto been 
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ur^ual " lie ^u.tigi'siril ''{hv possibility ai making a rudinu^ntary 
tri'aiUH'Ut oi [\\v iiK»iis ami pnuussi-s oi tlu' calculus part of the 
normal course of nuitla-niatics in tlu» higher classes of schools." 
The invsiui'ut suggested tluii the AssHU'iatiou take up the question 
for study. 

At the same meeting a paper on an earlier plaee for the cak'ulus 
was n-ad hy C\ V. DurelL He emphasizi'd more tlian most of the 
Knulish si'hoolmrn tlu' fum-tion cmicept and iu< culmination in 
thf calrulu^. hut \\v al>u enhirued on the I'ultural-praetieal values 
of the ia)ur>e and tlu* incentive it ixiw^ the student to know, only 
tlu' ('aK'ulu> can toll him. what all I is mathematics can do. 

A paper oti the work of the International Connnission was road 
at (hi> meeting by (\ (iodirey. From this report we learn that 
only icw si-hools h-d i:ivon iutrodm-tory calculus a serious trial. 
'I'he Work of one sueh : ehooh the Naval College at Dartmouth, was 
il -crihed in detail. Here the boys were about sixteen years old. 
Mercers ('(ilndu.^ for Bujifimrs was u>ed. At the outset they used 
eonerete illu>trations such as .s' iit'\ A clear coneept was para- 
nuumt. Therefore they felt that in this t'oursi* nunu-rieal work 
should not be onerous. Hate, slope, maxima and minima, and areas 
Were ri'eonnneniha! as .^-uitablc topics. 

The pap<"r t-voketl a lively exchange of opinions by those present, 
Many of the part ifipants in the discussion had themselves g'ven 
the calculus a M'ial in their respi-ctive <ehools. 

In August of that same year. 1912, the Inti'rnat ioual C^)ngress 
m*'i in C\md)ridge. Introductory calculus was again on the agt'uda 
and in Britain the interest in it as a general school subject was 
growing. 

•H*;deulus for th.e aver.agt' h(>y" nu'ant to the lOnglish schoolmen 
ju-t that. Onee convim-ed of ibe v;duf of tlu' calculus to ytamger 
>tudcnts they did not couliue its in>truction to those who wH)uld 
go to the univer>itie> or take up teiluutlotiieal courses in higher 
in>titutii»n-. N(>i- did they limit tlii- wcrk to tlicwe traitnng in the 
cniivrutional M-condary >clioul. A> >tatr(l by Perry and runtiing 
Mu'tMigh all the suh-etiuent ;m*itati(tn. .( was cnntendi'd that the 
nntion< and the nu'tliuds of the ealculu- -hould reach all tiiose who 
con'mut d their schooling boyond elementary W(»rk. 

An illu-t !-:ition in point i- the work done by the Technical Dav 
Schou; of tlie Hnrough Polytechnic In>iitute. In a jiapcr read be- 
f.Ji e the Matheniata-al A.-so<-iat \m in I )eceniber. 1U13, Mr. \V. 
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KiuiwK's, oi that srhodl, tells u> that tlu' iiKijority ul his stiulunts 
ciiiuo from tho ck'nu-ntary schools, only a ivw from the secondary 
schools. They were boys with a mechanical or constructive bias, 
liiMierally entered when they were thirteen, and >pent three years 
in the school. Then they went to the engineering shops. 

The first part of the course dealt with constructive plane and 
solid geometry. Then they toolv up the eijuation of a straight line, 
the solution of simple ecjuations, and the use of nuitliematical 
tables, and while doing so they were given an introduction to the 
calculus. The thinl year they studieii the parabohi, the cubical 
curve, the sine curve, and tlu' logarithmic curve; simple calculus 
was consitlered in connection with the>^.' curves, with a bias on the 
graphical side. The slopes of these curves were studied in thice 
ways: ili numerically, by finite differences; (2) grai)hically, by 
tangents; i3i in general terms, that is, algebraically. Integration 
was looked upon as the reverse of diiTerentiation, Areas were 
found by counting scjuares and by iSimpsuns Rule. 

After 1912 the new program began to take shape. In the general 
mathematical syllabus for pupils of the Public Schools not special- 
izing in mathematics, drawn u{) in iyi3 by the Pi jlic Schools 
Special Conunittee and ai)proved by the General Co.amittee of the 
Mathematical Association, the work was di\'ided into two classes. 
The iirst class included the work that all pupils took, namely, 
arithmetic, geometry, algebra, and trigonometry; the second class 
contained courses thai were alternati\'e. The alternatives recom- 
mended wi-re: (I) mechanics; (2) further work in algebra; 
the calculus; analytic geometry; ^oj further work in trigo- 
nometry; [^) further work in pure geometr}*. I'or the very weak 
.-tiuK'Uts the committee suggested nu'chanics as the easiest, and the 
calculus was p^hu'cd next in liiiliculty. As to the work in these 
courses, it was said that ''this is intended neither to be specialists' 
work nor to demand great mathematical ability." It was meant 
for boys of sixteen to i»ightcen years of age. They statcii further: 
•Tt is desirable that such boys shuuld w()rk at fresh subjei'ts in- 
volving new ideas." The corresj)onding L'ouunittee of Other Sec- 
ondary Schools ohose not included undrr Public Schools) stated 
in their rrport : "It is desirable that boys of ordinary ability 
who attend a Secondary School to the age of sixteen should not 
h-avr without sonu' introdurtiuu to tho principh*s on which the 
calculus is based/' 
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A pn»liiniiiary report to thv AssotMution. published in January, 
1914. ami baseil on tho roplit»s to a qut'stionnairc by Suhcoiumittoe 
A of tho International C'onunissicm, fornioil tho basis for their 
report at Paris in April, 1914. and stated these facts: The Exam- 
ination, whieh at first was an t)l)staele to introducing the new 
course, had become a help in its ileveloi)nient. — Several schools in 
1914 were giving inf. dueti»ry calculus. The slope, velocity, small 
increments, maxinui and mininui. i nd simple integrals were stuilicd. 
The polynomud wiis used princip dly. — The teaching was not ex- 
haustive, nor exceedingly rigorou<. but correct, "State nothing 
but the truth, but not necessarily all the truth" was the motto. — 
The integral calculus was interlaced with the dilTerential. — The 
most conunon texts were Mercer. tJibson. and Edwards. — The 
movement received general supp^irt. the nmst powerful support 
coming from the engineers and scientists. As eviilence it was said 
that **{)hysicists have lung ])ressi.*d iov a modii-um of calculus, and 
prefer to take it without too nnu-h mathematical rigiir.'* Further 
it was held that "whatever oppo.-ition there has been has come 
from those who fear that a diminished emphasis m nuini])ulation 
and the formal side of algebra ^vill have a bad ctYect." 

In this movement there has hee:i m luu'kward turn. The num- 
ber of schools taking ui) the calculus is griuving. liut in Britain 
there is no bureaucratic mini^try of education to bring about a 
reform like this; it nmst run the gauntlet of popular and profes- 
sional discussion. It is. huwi ver. now lu'coniing (juite general in 
both England and Scotland. Au>tralia also gives the new course 
in certain schools. Kvt'U sunn' Canadian si'luuils otTer the calculus, 
though they are governed much by the allitu<le of the sclmols in 
the rnited States. 

In the United States. In the Tnited Slatt's the leaching of 
the elementary calculus did tot lu'conu* a live question until within 
the last decade. And yet the subject was brtiaehed to American 
teachers oi nnitlienuitics exactly a ([uarter of a century ago. In hisi 
jiresidcntial adilres.s'* on he Fnumlalions o{ Mathematics" de- 
livered bvfore the American Ma.licmatical Soi»iety in Xt'w York, 
December 29, 191)2. Profes.-tjr K. II. Mdiu'c. of the University of 
t'liii'ago. said: 

A> a juirc niathrniiiln-iaii 1 "lohl :i nuist inipurt.'int .'^iiUKt's^tion of the 
Kn^;li-h iii<)\riufnt \hv .Mi^:^ri\M inu nf Perry *>. juM imIihI, ih:ii hy euiphiusizing 
^Hullttin of (he AnuTii-tin Mtith^'m'itiral S*,rirtiJ iip. 4iv*j 424. 
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stfiulily tho }ir;u»tieal .siih»s of mathematics, that is. arithmetic computations, 
m(»ch:uufal ih'Hwinu'. and graphical inrthodf* jjenerally. in continuous relation 
with prohhuns uf physirs and chomisitry ami en«imvrinK. it wouhl be possible 
to give vfr>- younj: students a ^rrat body of the essential notions of trigo- 
nometry, analytic puniu'try, and the calculus. 

In (liseujjsing the laboratory method in the j^eoondury school, he 
said: 

In a^'reemrnt with Prrry it would ^rvin possible that the student might be 
brought into vital ndation with tin* fundamental eleinent.s of trigonometry, 
analytic geometry, and the ealculus. on rnnilition that the whole treatment 
in its t)ri«in is and in its de\ i iopi.ient remains clo^^ely associated with thor- 
oughly familiar phemnnena. With the momontum of such practical educa- 
tion in the methods of n*sfarch in the scciuular>* school, the college students 
wi.uld be n«ady to pruei'rd rapidly and ileeply in any direction in which their 
pri-sonal ini»Me<ts might lead them. 

With almost prophetic suir.uestivem'ss Moure discussed the prob- 
lems of priiiiary. secondary, and hi^lior education, offering solution.s 
twenty-live years ago that have l)eeome realities today,— such as 
correlation of subjects, unified courses, laboratory methods, junior 
colleges, teacher trainin.^. But his suggestion to teach in the sec- 
ondary schools the ach-anced branches of trigonometry, analytic 
geometry, and the calciiius met with less response — the calculus, no 
response. Y^^ars were to pass before any serious attempt was made 
to introduce analytics and tlie cdculus into the high school cur- 
riculum. Tliese were t'.ic years when Klein in (Icrmany and Perry 
in (Ireat Britain were awakening their eo-lal)orers to new jiossi,- 
l)ilitics in the field of soeondary school mathematics, liut u huge 
democracy makes its changes slowly. 

Vet there was le.avening work going on. making ready even fi)r 
this innovation. The many mathei-iatical organizatiiuis tliat sprang 
up after 1902 ilisplaycd in their conventions and in their journals 
constructive activity. Tlie work and reports of the International 
(*onnni.<sion had a m.irked etYeet on the teaching of mathematics 
in the Tnited States. These reports, which liegan to appear in 
1911, helped to make known the educational practices in the ilif- 
ferent parts of our country. This has ludped bring aliout an oriiMita- 
tion in pedagogic tluory ;uul a stan(lardi/:it inn of curriculum and 
(U'ganization that h.'?.(l bithertn been hu'king. Tliesi* r<'ports also 
nnule known t .-Vnn'riean i*(lucator> tlie W()rk dnnc in other coun- 
tries aiul gave them opportunity to learn of their deticieneies-- and 
al>o of their I'Xcelleru'ii's. The national C'oinmiilee on Mathemati- 
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cal Htuiuireiufnts was creattnl in 1916. This committee labored 
from 191G to 1923 and {HTfonncd a must monumental work. 

As a result of these various agencies the graph and geometrical 
curvfj? from analytic geometry have been introduced into American 
liigh t^chool algebraij—iargely since 1910; and improved problem 
material selected from phyfisics. mechanics, and everyday life has 
supplanted many of the ^'disciplinary'' problems of the old books. 
The movement to make the function concept actually and con- 
ficiou^ly (and not just theoretically) the central principle of the 
mathematics course, with American teachers and textbooks, has 
been largely due to the work of the National Conmiittee. 

The CDunnittee reeonunended that elementary calculus be offered 
as an elective in the senior high school. It made i)lain "that this 
is not intended for all schools nor for all teachers or all pupils in 
any school." Moreover, they pointed out that it is not to connect 
in any direct way with college ent^'anee requirements. *'Thc future 
college student will have ample opportunity for the calculus later. 
The cai)able boy or girl who is not to have the college work ought 
not on that .u count to be prevented from learning something of the 
use of this powerful tool.*' 

The C\)uunittee jusMfied its inelusiun of this "eollege study" in 
the high school curriculum by noting the character of the stutly. 
'iiy the calculus we mean for the present purpose a study of rates 
of charujc. In nature all things change. How nuich do they change 
in a given time? How fast do they change? Do they increase or 
decrease? V.'hen tk)es a changing tpiantity become largost or 
smallest? Ih)W can rates of change be compared?— These are some 
of the (juestions which lead us to study the elementary calculus. 
NVithout its essential principles these (piestions cannot be an^swered 
with deliniti Tiess." 

This projected course in elenn-ntary calculus, according to the 
Natiunal Comniittee, should include: 

la) The general notion of a derivative as a limit indispensable 
for the accurate expression of such fundamental (plant ities as 
Velocity of a moving body or slope of a t'urve. 

ib) Applications of derivatives to ea>y problems in rates and in 
maxima and minima. 

UM Simple ea>es of inverse problems; fur example, linding dis- 
tance from velocity. 
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ul) AppruxiuKite mctliocU of suinruution Kuiding uj) to iutogra- 
tiuu as« a iJowcrful nu'thod of sununation. 

iv) Applicutiuns to cases of luution, urua, volume, and 

Tliuugh this rcconiUK'ndation startled the general run of luathe- 
uuities teachers who had not followed developments in European 
sehools. the eouunittee only gave voiee to forces already at work, 
of which we shall mention two. 

One factor that has for years been influential in hringing out tlie 
pi'(jau:ogic possibilities of the calculus is the practice that sr^nie 
( ^lleice and university departments of niatheinaiics have of incl:;d- 
ing the calculus in their freshman courses. Amoni]; the first to give 
such work to freshmen were Professors K. S. WmnU and F. H. 
Hailey of the Massachusetts Institute of Technology, and Professors 
A. S. Gale and C\ W. Watueys of the University of Uuchester. This 
was about 1907. Other collegesi took \\\) the idea i\ml since 1916 
such courses have been given in several institutions. 

(iiving the calculus to freshmen in the colleges necessitated a 
change in the customary mode of presentation, which had become 
very "scientific'* and very fon.ial. That was a pedagogic contribu- 
tion that gave nuich prouii>e. and herein lay the chief value of these 
college exjicriments for high school uiatheiuatics, esjuTially when 
the methods of iu-esentatii)n became available to other teachers 
iln'ough textbooks written for such courses. It was a revelatiiui 
to nuuiy of us as to how atlaptable to younger minds the calculus 
Cf)uld be ma(k\ and how nuich easier nuich of the work in the 
calculus is than some of the Work in college algebra and analytics. 
*J*hus, we soon began to consider its value in the high school. 

Another, and a very direct, force enumatcd from Teachers Ccd- 
lege, Cohuubia University. iSccondary school calculus had for some 
time interested the nuithcmatics dci)artment at Teachers College 
and the experimental schools connected with tlmt institution. Pro- 
fessor Daviil Kugene Smith hail been the chairman of the American 
eouunittee of the Intematiouai Conuui.<sion and had for yeiirs 
watched with interest the work done in this field in the schools 
of France and {Jernumy. In his courses in the teaching of nuit he- 
matics he (Uscussed the merits of the calculus as a high school study 
ami spoke for its inelu>ion in the currieulum as an elective. At 
the time when the Report was being drawn iij) the experimental 
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^^»lu^ulH i)( TiMohors Collide* wm nlitMuly Bivitig the new couMO to 
t\mv stuiionts. Tiii'ir work will tloMiibcil in dutuil Inter. 

In tiiu lUptnt ranic nut in it^i cumplctt? form, Since then 
X\mv has \)m\ n giowini^ inti^rcst in clrntentury cniculos ns cvi- 
ikwvil Uy iiitiolus in tnatheniatit^al JournalH, ili8cU)$dion» nt convcn- 
thais, puhlicatious of tv'Xts. and now and i\\en another Bchool try- 
\\\^ out tlio ^fu^^o^«tion. hut there k evident n hick of knowledge 
of the hij^tariial and iiuihiKOKieul background of tlio question that 
provuntH it from bein^ diHeu^.HHl and judged discerningly and eon« 
}«truclively. It is one purpu.su of tld^ eiiapter to give tiie reader at 
Icust thiij backgroundi 

V. Description of Typu al Couhsf^ Ciivbw in IIioii Schools 

Two Plans, In the few scliools tluit luive taken up tliis work 
two diHerent phuiK luive been folio wcd« One plan incorporates the 
eulculuH notion ami metluKh in the work of i^ome other oour^e, gen- 
eriiily algebra, in much the same way as had previously been done 
with the eoiirdinate system of analytic geonjctry, ThiH ha» long 
hvvu the method followed in France and is in tine with the present 
movement for unifying mathematical instruction. As a modified 
fiu'm of this plan a year of unified or at least strongly correlated 
work in algebrai trigonometry, and the calculus is given in some 
.sehiiijls, This first plan 8cems to be followed by schools that arc 
dellnitely connnitted to elementary calculus. The second plan is 
to give it as separate work. It may be for a semester, or for a few 
weeks of the l)loek of the schedule given over to algebra, solid 
geometry, trigonometry, and elementary calculus. For giving a new 
subject a place and for t'Nploring its possibilities wlule it is still in 
tho experimental stage, tlie second plan has some advantages over 
Ihp lirst. 

Textbooks. The matter of textbooks is an important question. 
Thr instructors who have thus far given these courses are men and 
women who are competent to carry on the work cither with poor 
textbook or with no text at all. liut that will not be the case with 
tliL^ g(^neral run of schools. If this work is to make headway in 
th(^ tnulitioiuil high school, there nuist bo suitaltle textbooks. The 
coiiVi'ntujiwil college text will never do. There are a few British 
te\tl)ooks tlidt are ([iiite usable, but they look unfamiliar to Ameri- 
cfin i\ves. Fortunately some very good texts for college freshnum 
have nuide their appearauee, and are easily adapted to high school 
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oh«jirM. \Vc wouiti mcntlnn tho folUnvinRi in ^rdcr of puhlicntinn; 
%Smith ami (Irauvilioi Ktmcnhrij Annlym (lOlOK iWm & (Ni.; 
iinte nnrl WatkcyH, Klmcnttirif FmwthM mul AfifiUvatwm (1020), 
Ilcnry Holt ik Co.; (trifliin Introfiwfwn to Mnthmntml Annlum 
11021), Houtthtan Miilliu Co.; MulHu^ ami SinUhifriWimoH Mnth^ 
nidtifs (1U27), Ciitm & Co. 

In t!ic foliowinR paragraphs will bo firHorihed briefly tlio work 
^lken up in mmn of the ^chnab giving tlic calculus^ a^ it ban conu? 
to tbo knowlcil^o of the writur througli private kUm and public 
reports. 

The Horace Mann School for QirU* Plnnm work in this floUl 
wan done by tlic Horare Mann Sehnol tor (iirU, the Horace Mann 
School for lioy^ii and the Lincoln Sehuol of Teaeherif College. 

In 1921 "Sim Vevia Hlair taught for the ilrst time a nhort course 
in the difTereutial calcuhiH to a cIush in the tenth grade. The w*ork 
in the calculus wai^ part of a general matheniatirs course dei^igned 
especially for a selected group of pupih. Her aim w*a!4 to construct 
n course which should give to pupilp, girls especially, the sort of 
;natbematic<4 best adapted to their ages, interests, and intellectual 
cndowMuents. 

The group was a college preparatory class. After a year in this 
general mathe^natics, %vhieh included some analytics, a great deal 
of trigonometry, and a fair amount of algebra, the class finished up 
plane geometry and algebra and passed off their college entrance 
examinations at the end of the eleventh year. For three periods a 
WTck Miss HIair and her girls together worked out a eour?o in 
differential and integral calculus. No text was used, but material 
was drawn from several texts, 

This course, with much the same syllabus, has been given as a 
senior cl(»ctive every year since then, and covers tin? difTerentiatioii 

of the functions /(X) = u'S fix) = ut^, fix) r:=p f{x) = sinx, 

f(x) j=:coFX, with problems on rates and nmxinia and miniina. 
In intewil calculus they take up probliMus of area, volume, work, 
and water pressure. In differentiation the extent of the difliculty 
is to be found in the development of the formula 

j=inx = a:-| + |f-i"; + . . . ; 

and in integration the limit of diflicultj may be found in calculating 
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tlio vutuinu «f n I'lUi* madi» by thu dvrlo or^ + \ii — 7)' = 0 in re- 
vcilviiiK ulunit thi» A*-axl?$, tlio intcarnl «f m t^a n TiJ*^ Mns given. 

This yviw ( 1027-28 1, MisK Hluir is trying tlu» iNpoiimcnt of touclw 
iui; thr satni* luiuiso to n class of wMorteil juniors, Tho onurso it) 
aivon as a tliinonstratiun m\m in Toaohrrs (?olli«Kc ami is o)u*n to 
t^tndrnts in tlio nuithiunatius dupartnicnt of IVaeliors Collrin?. 

The Lincoln School of Teachers College. Pionror work in 
this field was nUo done by tlio Lincoln Sehoul of Ti acinars ('ollofjc 
in 1021. To brgin with, the cNpcrinient wad conditetcd witinn tho 
srhudulc allotted to niathematics in the regular mirse, namely, in 
thy period given in the eleventh year to trigonometry nml the third 
semester of algebra. Coneerning this beginning Dr. Vera Sanford, 
who then inr^tructed the group, reports: 

Wo first took up tho work in 1021-22, \m\ for throo years carried on with 
a group of clovonth itrndiMf^, t(MU*hih(t thoui to dilTorimtiuto AlKc^hraic func- 
tionst cHpociully thotjo involved in pi'ohtotu^ doalina with niA\itnA nnd minima. 
In tho samo year wo ntmllrd intrruuMliaU* nlMrlmi and tri^ononiotry. ClaK8<m 
of al)o\it flftron studrntH about 8i\to(Mi to novontccn yoara ohi. Tho entire 
group of that yrar ntudyiuK mathotuutics-^both W(*ak and ^ood-*-wai in tho 
ohiss. The wmk was not idrctivG, but wwa needed for collcito entrance, lus 
th(' algrl)ra tutitn had tn bo con)ph«lrd for moi^t colU*gc'H. Tho whole group 
wa8 going to colh'go— and got thi^o! TfNt— Young and Morgan at flr^t, then 
Oalo and Watkcys. N»'ilhi'r was witisfartory for tho groups, StudoutH took, 
and pai^iii'd, (*p. 3 of thr (.'nllfgt* KntruniM* Kxauduation Hoard. 

The praetioality of the now course being now dotnonstratnd in 
territory borrowed, as it were, from alftebra and trigonometry, it 
was (hH'idocl to Rive it spaee 'Mid jihiee of its own, fc?o the work in 
the eah'uhis was moved up to the twelfth year and was made a part 
of an eleotive year eourso, The eleventh year work was reorganized 
so as to include the work necessary for eolleyo entrance. Hut it was 
also orRanized so as to make a complete course in itself if the 
stiuleui should not elect any more nuitheiuatics, and to form a good 
propaulcutie co\irse for the twelfth year work if ho should con- 
tinue. Tlui first two-thirds of the yearV work is occupied larpely 
with tlic linear and quadratic functions and computational trigo- 
nometry. The rcnuiindcr of the year is niven to a unit hi solici 
geometry. Here nuitiy of tho theorems call for the sumiuation of 
small elcnu^nts and lie limit of a sum and thus the student is 
informally iiitroduce.; to the notion of the calculus without using its 
formal technique. 

The actual work in the calculus begins with the twelfth year and 



SKMCCTMD TOPICS 



03 



fovoM rciURhly the fir**! #*i»iiu»stor, Tho key Mm U tlu* uNtonj^lon 
of the fuHctinn concept to that of the rate of change of h vnriat)to 
quantity. ThU kmU fluwtly to tho iutrofhietlon of the derivative 
and itH applications to vchu'itics and amdoration^. Tito indcfinito 
Inti'gral as tlic inverse of the derivative i!< MKcd for Hnding arean* 
volutnos, momentum, force, and work. Tlie Ux^i j*enu^8ter Riven 
over to Advanced idgobra and further work in trigonometry; but 
the technique acquired in ttio calculus is used wlienover poHsible. 
Tho subject matter of the courno is to bo found in Grifiin's Intra- 
dwtion to Afathematical Amlym^ Chapters III and IV, ami in (iaie 
and Watkeys' Elmcntary Fmvtiom nnd ApplicatioMp Cliapteri) 
VI and VII. 

Mr. Gordon Mirick, who has had charge of these group. , and 
Dr. Vera Sanford, of ttic Lincoln School, liavc descrilied the course 
in detail in Th^ Mathmatm Tvuvhvr, Vol. XIX, No. 4. 

Wadleigh High School, New York. Mr. John Swenson of the 
Watllcigh High School of Now York \m fur some years tried tho 
experiment of combiniiiK tlic calcuhis with advanced algebrai 
trigonometry, and solid ^oomrlry. DinVrentiation and integration 
of algebraic polynomiaN arc introduced in the advanced algebra 
given tho latter half of the eleventh year. The derivative is used 
to find maxima and minima in problems, to obtain the equations 
of tangents and nonnaLs to conies, and to determine the points of 
inflection in curves, Areas are obtained l)y integration. In the 
twelfth year tho treatment of trigonometric functions is taken up in 
connection with the formal study of trigonometry, and trigommietrle 
sul)stitution is used to integrate algebraic expressions. While taking 
up the formal study of solid geometry, they integrate to find vol- 
umes and surfaces. This work is (h^seribed more fidly in the 
National (*ommittee*s lievised Report. 

It semis, from tho Report, that advanced algei)ra, trigonometry, 
and solid geometry have their usual portion of the program, and 
that tho calculus goes thrcmgli it all, tho great unifier. As one of 
our number says of the ralculuH: ' **lt unifies all mathematics, it 
brings together the loose ends and gives the teacher or student 
unified or grouped wholiss, and in doing so merely repeats human 
experience." 

The University High School, Oakland, Calif, ^ince the fall 
'M' lJ)2o the UniviTsity Higli School of tlic Tniversity of California 

'Bypou CoHby, lu The MathvmativH VVnr/jiT, VoK XVI, p. 
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\m Klvon ta twelfth year iitudpnts n coumo In the calculus rom« 
hinnl with KoiUi Reumctiy* The pinii af thu iMirrlruhim follu\V8« 

The tenth year's work includes all of plane Rconwtry and five 
weeks' work in stolid geonietry^^niphasis in the latter being shifted 
frani denuniDtratinn to eumputatinn, Tlii seems a hichly desirable 
plan ^ince the large majority of the pupils take no nu)ro mathr- 
nuities. It affords also extra time for the mathematically capable 
who elect full four years of mathematics, The third year's work 
includes algebraic theory, trigonometry) and some work in the 
natural sciences. In the fall term of tlie senior year they take up 
elementary calculus and thu more demonstraMve parts of solid 
geometry, About ten weeks' time is given over to the ealeulusi 
8hiee considerable solid geometry has been studied in the tenth 
year, Following tlie recommendation of the National Committeci 
the treatment of the mensuration theorems of solid neometry is 
fsimplifled by applying Cavalieri's and Simpson's theorems and the 
methods of the calculus* Analytic geometry is oftered the second 
semester of the senior year. 

Miss Kthel Durst has selected and planned the work in the 
ealeulusi and Miss Gertrude T. Allen has done the same for analytic 
geometry. We quote from a letter describing the work: *'We do 
not offer college courses but emphasise the concrete approach and 
the interci^tiiig ami obvious applications. We have good sets of 
practical problems gleaned from all the sourres we could find, and 
I think it is this phase of the work that makes a special appeal." 

The course is fully descrihod by Miss Durst in the Vnivmity 
High Svhool Jourmd^ Jmie, 1926. Miss Hurst's excellent syllabus 
is included in fulL From the introduction we quote, as pertinent 
to our topic: 

Aini'rira luis (Ifmandoil un equality of opportunity in education, and the 
^*l'luu)lN nrv oonfrontorl with a confcriuont inoqunUty of ability. ... In tho 
intnvsts of thr avurutfo wv hiivi* ultomptrd a iwycholoKicul approach to mo 
lo^irul 11 subject us jjpoinulry, and hiivn eliminated most of tho abstractions 
from so iibstrart u subjrrt as aUrbra. Hut has caroful provision boon mado 
fnr !hr child? In luathcmatirs, at loast, may there not bo sonio justifi- 

cation for psyrhol(,jjists' aw*nrtion that "thp superior children are our most 
shumofully noizlretnl rhildrrn,'^ that "tho {greatest retardation and educational 
wastr c'xistxS among the brightest pupils"? 

The University High School of the University of Iowa« A 

vory recent school to introduco the caleuhi.^ is tho University High 
School, uf lowu City, In September, 1027, a cIush of eleven was 
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cnroll(»il— bovg and five girln. Tho way in which the m\m 
vtii^ inaugiiratcit qb the innnuer in which it h comiuetiHi 

probably rcprc'^ieutgt how ^ucti ecmrf^c^ will bo inaugurated and ton* 
ducted when they i^lmll beemno more Keneial. Fnr here there wan 
no (mrtleular trepUlatian about aiTerinis thh euurse: the p^'daguptiu 
value and general foa^ilbility of mvU a enur^^e mMied U) thuHO in 
eharpe pretty well rNtabliHluul, It was a f|uestinn of fitting it \n 
with t\m partientar ^elumlV needs and resuurees. Here wan a 
f^elect group— ^eleetcd, not by the sohuol, but by their own intere^^tP 
and abilities and future plans— who wanted an atlvanee<l course in 
nnitheinaticB. The course could have no bearing on college entrance, 
for they had already had three f^emesters of algebra; and provision 
had been made for solid goonietry. They wished to have a courHr 
that would be of value to them if they did not take up college work, 
and which should help them in their work in mathematics, in 
science or in engineering in case they went to college. The school 
had formerly given a fourth semester of algebra, and it was this 
time decided to try a court^c in elementary calcuhis and related 
material. 

The man in charge of the mathematics work had much other work 
to do and, besides, had bad no eNpericnce in teaching this particular 
course. So it was deoided to use a basic tcNtbook ((iritlln) and 
to follow it quite definitely to the same extent as is done in other 
high school subjects. They i^lan to cover in five days a week for 
a semester a little less than what college freshmen using that text 
cover in four days a week. The text is so well known that there is 
no need of describing tho contents of tho course. Supplementary 
material from other texts is used, but tho order of the text is 
followed. 

The instructor, Mr. Frank Au.stin, reports that the students show 
keen interest and arc much impressed by the power of the ^*new 
mathematics.*' They are especially struck by the easo with which 
they now can work the problen).s in their physics cour.<u. The 
writer read over the students* replies to a questionnaire on the 
difficulties of tho course and their reactions tr» A)q future and imme- 
diate uses of the subject. From these rej^Iies and from other reports 
it seems to be the consensus of opinion that this is ''the most useful 
and helpful mathematics'* that they have ever had. 

The New Britain (Conn.) High School. The senior high 
school in New Britain, Conn., begun giving a cour.^e in elementary 
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fiilfulus ai* u m\\tn' clcptive in 1022-1023, ftillnwiim ol(»si'ly tlu» 
ivonminoiulations iif (lu> Niitiunui C-i)iiunittiH>. T\m M\m\ wwh 
i\w tabitrntory iiiotltnd ir \U iimtiiontntipul instructioit. and tlih 
plan wjiK also {\m\ in tl.c pmIpuIuh cnum\ Mr. \{n\wr\ H. (lolV, 
who lins had chai'Ro of tlio work, writes: "Thcro won? no niarkn 
anil no nsj'iKiuiU'Ut>». Wo worki-tl informally after the hihorattiry 
iiu'tliod, A point, liowcvpi', whli-h I wisli to Piuphasizi' is that tin* 
Mmlonts woro actlvo and fairly surt-i'ssful, hoth hi atta^'kinp the 
prohicaj and in ltn soliiti(»n. Thi-y wore hy no means ovorwhi-lnu-d 
by the al'<tractncss of tho suhjoct." 

The mmm is an cK-ctivi' f(»r Heniors who ean meet ocrtahi ro- 
quirements la tltch' jiniit>r aiathematicti, and the work has hitherto 
boen done outside of stduiol hours. In the several yeare since 
1022-1023 the vnrollnicnt \m varied from 10 to 17. In New Britain 
the calculus has been given ns an indcpenilent ctnn'se, that Is, it 
luts not been given in eonneetlon with alKel)rft or any other hit;h 
school subject. The thrco main ttJpics tiiken up in the course are 
variable rates of motij»n, maxinia and minima, and areas and 
volumes. About twcnty-flve interestini? problems are collected for 
each group, Knougli theory anil e.\ercl.scs are then given to prepare 
fur the problems. 

Mv. (lofY \msi prepari'il his own text, Twenty Lcmnn in CaU'ubti^, 
jnimeographed by the New Britain High Sv-hool. lM)r the benefit 
of those interested in this little text I quote the chapter heatlings; 
1. First Principles. 2. Finding f/j/. 3. The Derivative. 4. Rate of 
Motion. 5. Maxima and Minima. 0. The i^n-md Derivative. 
7. Integials. 8. Distance, Area, and Volume. 

Other Schools Teaching the Calculus. The work in tlicxe six 
.schools is (lescribctl somewhat in detail so that the reader may 
SCO some typical varieties of content, arrangement of subject 
matter, and method of presentation employed in giving this new 
high school subject. Other schools have given the eleinentnry cal- 
culus, but those (liscussctl above are at least types of experiments 
that arc being tried in Aincricu. 

VI. CONCLU.SION 

A Suggestion. The writer holds that with the possible exception 
of numerical trigonometry there is no branch of mathematics which 
can be given to people of high scIh)o1 age that will appeal to them 
so strongly as elementary calculus. No other high school mathc- 



SELKCTKD TOPICS 



matic.^ will tnkc them s^o intlmutoly into their inatnial onvimnment, 
The caleuliw \\m hm\ called the tni\theinatiei« of nat\ire, Nature 
IS clyiianiie—trnt t^tatie. "In nature all thln«s ehaURo*'' Vw Mmly- 
ing thr^e idinnK^j^ t|uaiuitatively the ealeulu8 usei^ a nutation ami a 
tcehnique mare eeoaniuioal ami beautiful than thusr \\m\ in move 
elenu»ut(uy luumehes. ^^ueh quantitative ehan^jes the student will 
meet on every hand, anil if he has the knowledjie he will often wish 
to 8(dve them. Take Hueh problems as these; 

1. A nmii ImviiiK' 3i) of wiw urtHnc wisiu>s to inako with il u rluokra 
(MU'loMirr, rniianautar in fornu If \\v mw of ihu burn widl Utv one mh)^ 

tliwmxsUms will isivt' ihi> laruM'.^t i>m*l(Hnri*? 

2. A tmmb was dropiuMl from uii (urpluno 2,0U0 fi. bi^h. did it 
Htrikr thr ground and with what spci^d? 

3. T^'iad lotui prrsHuro on \\\v rnd of a eyiiudricnl boilor of tMrn 4 ft., 
|d:u:(*il hnrienntallvi nnd half full of wulrr. 

4. Tlio ImsrSall "diaiiiomr* is a squan^ fM) ft. u\\ oarh side. A hall was 
\y,MU\\ nlon^ (lio IliiriUhat'n \\w \\\\\\ a sim'ihI uf 100 ft. \)vt mmmiiuI, How 
fa^t was its distatin' from lirst hasp chaimiu^ v^'m s(«o, after start iaiE? 

Furthermore, no other niathenu\ties brings out so elearly the idea 
of funetionality and its \ipes. 1 have before me a St uvul Coum^ in 
Algt'hra, published as reeently as 1920. Like mos al^ehrn texts 
that have appeared since 1023 it stre."<scs the funetion eoneept and 
the utilization of the formula and the grapli. It has some very 
interostiuK ]u*obleni muteviid. ineludiuf; statistieal data. Thesu 
latter aufl the al^ebraie polyuomiul show the uses of tlie uraph in 
lindioR maxima and minima and interpolatcMl values of funetions. 
The zero values of polynomials and the intersections of ge(i- 
metrie curves arc also fmmd graphically. And with that ends the 
primarily functional study of the text and, lU'esumably, the stu- 
dcnt'wS trainiiiR in functional tliinkinn, unles.* he continues his mathe- 
matics in college. ^ 

What a pity to stop here! What lack of economy! Every stu- 
dent of higher mathematics knows that the function ciuiecpt reaches 
its fruition in the infinitesinud calculus; that not until the stuih^nt 
has looked into that won<h»rland of tlii^ mind do(s lie experience* the 
kecne.'^t pleasure in studyinK mathematics; that not until ho has 
teen introduced to the notion of limit and has seen the d(M*ivative 
give ratOvS alul slopi^s and the integral wive areas aiul N'oliunes and 
pres.^ure, does lie appreciate the full signilicance of function and 
the real purpose of the graph 

A word about the graph. How profligate we teachers— and our 
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tcxtbookB— are with the stutlent'a timet The inopimnlcHl work 
involved in eonstructlng a Rraph is consitlcruble, im\ once tiwjt 
Rrnpli is completed wo should make the KM'ntest use nf it. But 
whnt do wo Rencrally fmd? Most of the HtudentV time in tnken up 
in dull drudgery cnlculating for points and plottinu them. .Scarcely 
uny time is devoted to studying the graph. The vaos of the grapii 
are not 8tros.«»ed. The «ero value of polynumials, the intertsection 
pnintH of geomctrie eurve.«j, interpolated valucss, and n>axnna and 
minima arc the applications usually reprewnted. An«l, let it be 
fai<l, they are valuable additions to the student's knowledge. But 
how much more satisfaction, how much greater mental stimulus, 
how nuich keener appreciation of the usefulness of the graph would 
come to him if he saw rates, areas, volumes, water pressure, func- 
tions he meets with every day of his life— unless ho is sick in bed— 
computed from those same curves I 

And this can bo done with only a little extra time if the notions 
of the calculus arc introduced. Schools that cannot give a separate 
course in the calculus can do some of this work with graphic diflfer- 
entiatinji and integration in conneriion with the work in algebra. 
This is the practice followed in French schools. In three weeks' 
time one can take up problems in rate.?, areas, and vohunos— enough 
for a student to catch a new vision of the powers of mathematics, 
and enough to help him actually to solve prtjblems in hh trade or 
in his business, should be study no further. If the reader will but 
examine the first chapter in F. L. OrifTm's Introthtction to Mathc- 
mntical Analysis, bo will be struck by the VHricty of problems in 
graphic calculus comprised in the first fourteen lessons. Ami they 
are all within the reach of many high school st.idents. 

As in algebra, so in the calculus, the graph i.s but the introduc- 
tion. The main purpose is to give clearness to the notions of 
function and of limit. For greater effectiveness, analytical proc- 
esses must be studied. The stutiont will ler.rn, however, that there 
are types of problems both in algebra and in the calculus that can 
best bf; worked grjiphically. 

The ajmlytieni methods .«hoii!d begin with the algebraic poly- 
nomial. The ability to find the rate of u falling body from the 
law s—^gf and the height to whieh a projectile rises from the 
formula h = Vot — i gt'^ invariably gives u feeling of pleasure and 
ncwly-^)und power. So does his aiiility to do the Norman window 
probitm, the ladder problem, th. gutter problem, the boat-auto- 
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courier problcnn and the prublein of the i\mt economical salmon 
can. 

The fcHv Auieriran st^honb that Kivo the enlcuhis confmc them* 
sulvi*i9 hirgely to the algebraic polynomial, i^ln x and cos but the 
Dchooi8 of France and Britain quite frequently difTerentlato and 
inteerate i'^, tan and cot x. 

There arc teachers who rccogniec the value of high school calcu- 
and who yet can find no place for it in their schedule. Solid 
geometry and luRher algebra are given as eiectives and that is all 
they find time to teach. To ihese the writer would suggest a plan 
born of \m own cNperienee. It consists mainly in making a better 
us!;e of tlie semester allotted to higher algebra. By a rearrangement 
of topics and by affording such motivation to algebraic technique as 
only the calculus can give, the greater portion of the conventional 
algebra te\t can he covered and considerable calculus besides. 

A Plan. The writer has tried this rearrangement for three years 
with classes of college freshmen who entered with two semesters of 
algebra. The sit iation is not exactly parallel, of course. Tlieoreti- 
eally at least, college frcshuu'n are a more select group than high 
M«lu)ol seniors; ami they arc ordinarily one or two years older. Yet 
the case is not as different as it seems to be at first sight. For fully 
half of these students have avoided mathematics as much as possible 
in the higli school and take it in college only to satisfy the require- 
ment of one year of science or mathematics, and choose mathc-* 
matics as the lesser of two evils. Those mathematically interested 
have generally taken three semesters of algebra in high school and 
are enrolled in a different course of freshman mathenmtics. 

Three years ago, instead of giving the above group only higher 
algebra the entire first semester as had been previously done, we 
planned to spend over one-third of the semester on graphical work 
ami the ealculus. We worked out a plan which has been followed 
since. 

Kaeh member of the class buys two texts, Hawkcs, Luby, and 
Touton's Second Course in Algeb.a and driffhi's Introduction. Wo 
spend about eight weeks on tlie algebra taking up the topics most 
essential for advancod work — factoring, fractions, linear equations, 
exponents, square roots, and radic.ils — at the ordinary pace. Then, 
Instead of continuing there with the chapters on functions and 
grnphs, we turn to Griflin for four weeks and consider these topici^, 
bringing out the graphic application to riUes, slopes, areas, volumes, 
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»lij<tum'i'. wuter pivsMirt', wtnk, uml Hwmentum. The next two 
weeks nit' tnken up witlj the notion of limit and the derivative of 
V A'.v«, while n is a positive integer, and opplicntlons of this 
I'oiniula to rates. hUjjiu, and niaNiiim and niiniina. Then wo ogain 
vetuin to the algebi-a text, usirg it for the i-emnlning three weeks. 
The aeeelerated enei'jjy in acquirinR alucbralc technique and tlio 
increased interest in alBobraic theory are quite noticeable as the 
elftss beKins tlie seeoial Installinent of topies in algebra. For their 
work ill the caleulus \\m shown them what they can do with their 
niatlieinaties; in the meantime they have also had occasion to 
realiae ilieir tielicieneies in factoring, fractions, and expansion of 
biiuHiiinls. aiul these operations now take on now values. 

Omitting the topics in the algebra te.\t that have been taken up 
in (iiilfin by this time, the remaining three weeks are given over to 
iiiiiigiiisiries. the biiuMnlal theorem, the theory of quadratic equa- 
tions, tmd simultaneous quadratic equations. The only topics 
(imitteil in the eonventit)nal text arc ratio and proportion, progres- 
sions, logarithms, and symmetric systems of quadratic equations. 
.Some topics have to be omitteil, of course; and we have concluded 
that the substitution of the work in the calculus for these latter 
to])ii's is a profitable one. 

We think the plan in modified form is worth trying by instructors 
tcftclung higher algebra. Tor the benefit ot explorers in this field 
wo give the following references with tijiic used in covering each; 
Ilawkes, Luby, ami Touton, pp. 1-128 (8 weeks); Orifiin, pp. 1-98 
(0 weeks) ; Ilawkes, Lul)y, and Touton, pp. 144-147, 227-234, 163- 
183, 188-193 (3 weeks), As Was stateil before, the situations are 
not exactly parallel. And yvl, as between the mathematical inter- 
ests and attainments of a class in high school electing the third 
semester of algi-bra and of a group of college freshmen of whom at 
least half take it as an alternative re(iuirement, it is not the high 
school class that will suffer by comparison. 

Summary. Fmu'iit)ii(ility is exliibited by graphs atul etpiations 
giving a gi-iu-ral idi-a of llio ri'liition existing between variable quan- 
tities. Hut one iuis not an intimate uiultTstanding of the function 
until 111! Ims somi- means ot" etnnpariiig the rates of eliangu in the 
(|U!mtities. To give a eli-ar .'uul compact nietiuui of doing this and 
to utilize this melliod and its invt-rst- opi-ration is the valuable adili- 
tiiiii eontrilnitt'd l)y tin- infinitesimal 'vileulus to the mathematical 
cun-irulum. If tin- fund ion concept is to bu the central notion in all 
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our luuthciuulU'al l^m-liiiiK, tlii'U tlu* .omso in «HMH»lar.v cchuul 
iiiutliuiuaiics is iHit toumti'tl olV until, tn tii(> vliMucntury (iuhjccts of 
nlgobin .Mul i;vuua>tiy, wv tuld tliu fuiuUuuiiiital notigtts of tlio 
culcuhis. 
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SELECTED TOPICS IN CALCULUS FOR THE 

HIGH SCHOOL 

liv JOHN A. SWKNSON 
Wadkigh High School, New York City 

I. Kkcent MoveMSNTs 

Th« International Commission on the Tei^ching of Mathe- 
matics. At the opening of the present century, interest in matho- 
mtitios was stinuilnted by a number of internntionul matliematicai 
congresses. The first of these to concern itself with the teaching 
of mntheniatics was the Fourth International Congress of Matlie- 
nmtioians Ijeld in Rome, In April, 1908. Tina congress was attended 
by five liundred and tl»irty-five members representing twenty-two 
different couiitrie.-?, and led to the creation of The International 
Commission on the Teaching of Mathematics. Tlie American 
commissioners consisted of Professors D. E. Smith of Tcaeliers 
College, Columbia University, W. F. Osgood of Harvard University, 
and J. W. A. Young of University of Chicago. 

The International Conunission published a number of reports 
sliowing tl>e nature of the work done in mathematics in schools 
throughout the world. One of the most interesting of these as far 
as secondary teachers are concerned is the report by J. C. Brown 
describing the Curricula in Matlienmtlcs in tlie countries repre- 
sented in the International Conunission. 

Those reports were published by the United States Bureau of 
Education in the years 1911-1918 and their effect on the teaciiing 
body of this country is described by Professor D. E. Smith (in tlie 
report already referred toj as follows: 

They siTwd to show to our sdiools the runne of our system of instruction 
in miithi'tnatics uud thu koultuI purpoi-us in viow in the various typos of school. 
I't'rhiips the chiof viUue to our country, however, was the comparison which 
WHS thus mudc possible hctwoon the work done here and that done in the 
other loadinK countries of the world. This showed that we were distinctly 
behind olhi-r countries, as to subject nmttcr, piirticuhirly after Grade IV, 
.ilthough we niiidit properl> eliiiui to bo at least etjuai to tliem in the spirit 
uf the work done in our schools. Ii raised the question, however, as to 
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whoihor a iiiit)it (Spirit coulil cDtupoui^titp for poor work, Anti it cauiod ft Urge 
aracnmt nt iliseu^^ion in bo\\m xti U rnhm (hrouishout Urn coimUyi The pait 
li^n yeur^i have Klinwn rnwxo (iruiifyint; tamlts of this discussion. 

National Committee on Mathematical Requirement!. The 

inlhionccs dcsnibed above ^ot t)ic Amcricnn mnthcinaticians and 
teachers to woik. The Mutheinatical Association of America was 
formed in 1010. It was Ui^i^oeiation which sponsored the 
National Committee on MatluMuutical Uequirenicnts and its presi-* 
tient» Professor U. Iledrick, appointed the original members of 
this committee. The eominitteo'ii report, '*TI)e Reorganization of 
MsUheniaties in Seeondary Kducation/' appeared in ll)22i A re- 
vi^sfion of tlie report has been published by Ilouijhton Miillin Co, 

Thid report was clearly influenced by the earlier reports and 
makes recommendations which when adopted will bring us into 
closer agreement with the mntbcmatical curricula of the European 
countries already referred to. In the words of Professor D, E. 

It. M t forth V(.*ry clivirly the tiiins of iu:ithonuiticul instruction in the sovoral 
years nf (lie junior lii^h ^uhuol, thn .si-uior hi^h school, and tho older typo of 
fuur-yt*jir hijrh j^chool. It prmnUoil (he model courses for tho«c several types 
nf jitchool and luado HUjruorttions for curryinR out the work. It considered tlio 
tlMcstion of folln^jo oulrunco icquircnicnls, the l)i\.<ftl propositions of geometry, 
ili(> lull' of the lunuiion concept, and the tcrni^ and .symbols which might 
jiruperly havu ))lae(» in the ^;chool^^, It fo-stcrcd vi\riou.*3 other investigations, 
ineluilinji the phMMit ^t!llu.s of tlie theory of disciplinury values, the theory 
of coiTelatiiJU applieil lu yehool ^jnidea, u comparison of our curricula wilii 
ihoso in u<e ulnuiad, experimental courses in mathematics, standardised tests, 
anil traiuinjj of leaehers. 
t It is not too much to say that tho advance in the teachmi^ of mathematics 
in our .M'conihu'y schools in ilm last docado has been duo in large part to the 
Wink 01 lhi.s cunuiiittee. 

The XiitionHl Committee has recommended four plans which moy 
be suji^estivo and heli)fiil to teachers in arranging their courses. 

The Different Plans Recommended. In its fuml report, issued 
in 1922. thu Natiotial (\)niniittce on Mathematical Requirements 
gives four plans for niathoniat.ieal courses for the years ten, eleven, 
and twelve. 

Pmn a 

Tenth Vear: IMane ilenionstrativc ^rcomotry, algebra. 
KIcvi-nth Vrar: St:ui«*tics, triuononietry, solid gcomotry. 
Twelfth Year: The calciilu.s, other elective. 
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TuDlhYi'ftr: 
Klevi?utli War: 
Twelfth Year; 



Plane doiuoDittrative geometry, solid geometry. 
Algebra, triKonouietry» statistics* 
Tho calculus, other elcotivc« 



Flak C 



Tentli Year; 
I'lluvcmh Year: 
TwoUihYcar; 



Plane demonstrativo geometry, trigonometryi 
Hulid |!oonu'try, ul^cebrai statistics, 
I'lio caIcuIus» other elective* 
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Tenth Year: AlKcbru, statistics, trigonometiy* 
Kloveuth Year: Plane uud solid geometry, 
Twelfth Year; The culuidus, other elective. 

The reconimtuidation for the twelfth yeni' is identical in each 
of these four plans. This certainly indicates that the committee 
had no doubt as to what the work for the twelfth year ought to 
be in the ideal v iurso in niathomatics. 

The recommendations of the National Committee were made in 
close cooperation with bodies of teachers throughout the country 
and are the expressions of national rather than local opinions. 
Both the colleges and the secondary schools were represented on 
the National Committee so that its report does not represent undue 
dictation from either of these two institutions. 

Under these circumstances, we can do no better than to quote 
the reasons given by the National Committee for recommending 
the calculus as a high school study ; 

In connection with the reconimeadations concerning the calculus, such 
questions as the following may arise: Why should a college subject like this 
bo ailded to a high school program? How can it bo expected that high school 
teachers will have the necessary training and altainmeuts for teaching it? 
Will not the attempt to teach euch a subject result in loss of thoroughness in 
earlier work? Will anything be gained beyond a mere smattering of the 
thpory? Will the boy or girl cvor \m) tho information or training secured? 
Thv subsequent reuuirks are intended to answer such objections as these 
and to develop more fully the point of view of the committee in recommending 
the inchision of elementary work in the calculus in the high school program. 

By the calculus we mean for the pre?*i'nt purpose a study of rates of change. 
In nature all things change. How much do they change in a given time? 
How fast do they change? Do they increu.>e or decrease? When does a 
changing quantity become largest or smallest? How can rates of changing 
quantities be compared? 

These are some of the questions which lead us to study tho elenit-ntary 
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culciiliis. Without iu e^ist'utial priuuipleb these questioDs not be Answered 
with deiiuite&eaii 

The fuUowinK ire u ft*\v uf the spuciiic replies that might be given in 
answer to thi? questions listed at the beginning of this note: The ditHoultiea 
of the college cuhnihm Ho mainly outside the boundaries of the proposed work. 
The elen)i*uts of the subject present less ditBculty than many topics now 
olTiuvd in udvun ed algebra. It is not implied that in the near future many 
m>(*ondar>' school teacher^ will have occasion to teach the clemenUity calculus. 
1(. is tlu> eulniin.-.ting subject iu a series which only relatively strong schools 
will coiuplute an 1 only then for a tselucted group of students. In such schools 
there should olways be teachers competent to teach the elementary calcuhia 
lim-u int(>nilcd. Xo superficial study of calculus should be regarded as justi* 
fying any subst^intial sacrifice of thoroughness. In the judgment of the 
euuiuiittuu the introduction of elementary calculus neccSisarily includes suf- 
llcicnt algebra aad geometry to compensate for whatever diversion of time 
iruiu theisc subje it&; would bo implied. 

The calculus cf the algebraic polyuamiual is so simple that a boy or girl 
who is capable o' gras^ping the idea of limit, of slope, and of velocity amy in 
a brief time gain un outlook upon the field of mechanics and other exact 
j<oi(<neo8, and acquire a fair degree of facility in using one of the most power* 
ful tools of mathmiatics, together with the capacity for solving a number of 
intfrei<tiug problo.as. Moreover, the fundamental ideas involved, quite aside 
from their technical applications) will provide valuable training in under- 
standing and analyzing quantitative relations— and such training is of value 
to everyone. 

To meet some of the objections to the teaching of the calculus 
by former students of mathematics we again quote Professor D. K. 
Smith: 

If it were suggested hat wo should teach analytic geometry and the calculus 
in the high school thet^ would be those who would recall their own woric in 
tliese subjects in the soohomore year in college, and would often lament at 
tlio dullness and aridity of the teaching. They would then say that such 
subjects ure entirely unsu.trd to the studrnts in Grade 12. What they should 
say, however, is that the teaching thry had in college is unsuited, not the 
ejisential parts of the subjects theinsclvcs. 

The fact is, we already loach a certain amount of analytic geometry in 
every modern high school in ♦his country, namely, when we teach e graphs 
of equations. Like all other subjects, they may be made too ha . the 
pupils or they may be made so simple as to be perfectly suited to the kind 
of student that will be permitted to continue mathematics in Grade 12. 

Use of the Calculus in the Social Sciences* The calculus 
was formerly considered neces?<ary only for the feftudent of physical 
science^ and engineering but the increasing use of mathematics now 
made in the social sciences makes the calculus necessary for every 
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iuh'iiiuuHl student of seiuuoo, physical or mcinl The concept of 
rati' of chaiiKo piTVatlfs stiitlsth's thhuiKhoiit, nml n clear notion 
of it as jiaiual thi'ovi|ih a study of tlio i-alt'uluii is indisponsublo to 
I'Vc-ry stuilrnt of ssociai ecicnco. 

Ihit it should be kept in mind that with the cahnilus as with nny 
liraiu-h of learning, its practical and cultural value must be meas- 
ured not by whethtf one can get along without it if one does not 
know it, but by whether and how much of it one will use if one 
docs know it. 

Personal Experience. As already stated, the National Com- 
mittoe's recoininendations were made in close codperntion with 
Various teachers' organizations throughout the country, and it was 
!U)' gmnl ♦ortune to belong to a mathematical society at Columbia 
University that met every month, under the guidance of Professor 
David Kugene Smith, to consider the tentative reports of the 
National Committee. This was in 1920 and I immediately decided 
to try out these recommendations in the Wadleigh High School, 
New York City. 

I began witli algebra, demonstrative geometry, and numerical 
trigonometry of the right triangle in the ninth year. Finding this 
rccomniondation practical and decidedly worth while, I gradually 
k(-pt enlarging the course so as to include more and more of the 
National Connuittee's mggcstions, and since 1924 all of the topics, 
iMoluding the ealcnlas, have been taught in the Wadleigh High 



The four-year mathematics curriculum in Wadlcigli High School 
is ilivitlud into eiglit terms, one term being half a seliool year or 
iiliuut nineteen woek.s of instruction. In this program of eigiit terms, 
the various branches are distributed as follows: 

l-"ii>t and Siucuml Terms : I'linicnlnry ulnebra, demonstrative Rcometry, nu- 
merical trigonometry according to the time allot- 
""^'nt reconimondcd by the National Committee. 

Third und Fourth Tcrm.s: J'licmcniury aljjcbra, demonstrative goomotry. The 



School. 



yomc trigonometrj- is used in findmg areas, and 



time; allotment is about 5:1 in favor of geometry. 



logarithuis are u.<>x'd in comimtaf ion. 
IntiTiuediato algebra. Thi.s term is omitted by 



Si.Nth Ti.-rm : 
Si'Vi-nfh Term: 
Kighth Term : 



some of the brighter pupils. 
.Vdvanccd algebra. 
Trigonomcfry. 
."^iiliil i;cnmetry. 



SlCLKCTi;i) TOPICS 



The work in the onleuhis hcf^ins in tlio i^ixth tmu in connection 
with advancod algebra and in thi^ ivmx con fines itself entirely to 
algebraic expressions, The calenlus of the trigonometric functions 
is studied in the seventh tern) in connection with the formal study 
of trigonometry. Vohnnci* and i^urfaces are dealt with in connection 
with i^oVid ginnnetry in the eighth term. In this way the work is 
spread out and made to ehirify the various topics under discussion. 

Tlie presentation of the work in this fashion is made necessary 
by the examination requirements in New York State. The pupils 
have to take a stale examination in jilane geometry at the end of 
the fourth term (tenth year), one in intermediate algebra at the 
end of the fifth term (first half of eleventh year), one in advanced 
algebra at tlie end of the sixtl) term (end of eleventh year), one in 
trigonometry at the end of the seventh term (first half of 
twelfth year), one in solid geometry at the end of the eighth term 
(end of twelfth year). 

From the examination requirements stated above, it is easily seen 
that this experiment in Wadleigh High School has been carried on 
under most adverse circumstances. Hut the contention of the 
National Committee that "calculus necessarily includes sufficient 
algebra and geometry to compensate for whatever diversion of time 
from these subjects is necessary," has been completely justified. 
The power gained through the algebra involved in the calculus has 
enabled the students to pass the old-type Regents Examination in 
advanced algebra. 

Some of the topics taught as well as the method of approach are 
given in the pages that follow. But space allows only a very frag- 
mentary treatment of this extensive subject and we shall carry 
the subject matter only far enough to bring nut what difTerentia- 
tion and integration really mean. An understanding of the mean- 
ing of these two operations is the real objective to be attained in a 
high school course in the calculus, rather than mere ability to 
differentiate and integrate a few expressions. 

II. Preliminary Subject Matter 

Importance of Preparation. The first step in taking up a new 
subject is to make sure that the pupil has the necessary prepara- 
tion. "Nothing is more potent to establish wrong habits and 
distaste for a task than the chagrin of failure which results from 
attempting to work beyond one's powers. Interest is not a cause 
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of success hut 11 symptom of good achievement, a sign thftt things 
on the wholo arc Koing well." 

Tiie mulincss of a s?tudent for tlw caleuhis does not depend on 
wiicthcr \\v is in higii sciioul or in college. It depends entirely on 
his previous training, whether this training has been one of undcr- 
Svunding ami meaning rather than one of mere mechanical manipu- 
hUion of symbols. This preliminary training has been given 
through a study of such topics as; The Function Concept, Varia* 
tion, and Locus. 

The Function Concept and Variation. The present high 
school curriculum in mathematics enables a student to do two 
things: 

1. Kxprc'ss and discover relationships between variables and con- 
stants. 

2. Api)ly necessary and useful transformations to these rela- 
tionships. 

Having set up relationships or equations between variables, the 
next step is to study the variation between these variables to deter- 
mine exartly how a change in one variable affects another. The 
calculus is the branch of mathematics which concerns itself with 
an exact quantitative determination of this variation between 
variables. Given a definite relationship or equation between two 
variables, the calculus enables us to determine the ratio of a change 
in one variable to the corresponding change in the other variable. 

As an illustrative example consider the following problem: The 
hypotenuse of a right triangle is constant; what is the equation 
that connects the variations between the other two sides? If the 
legs of a right triangle are represented by the variables x and y 
anrl the hypotenuse by the constant c, we know from the Pythag- 
orean Theorem that 

a:^ + = c\ 

By the methods of the calculus, we obtain the etpiation 

dy _ X 
dx ~ y 

Here dy means a change in y and dx the corresponding change in x. 
The minus sign shows that an increase in one variable causes a 
decrease in the other wlien the hypotenuse remains constant, an ob- 
vious geometric fact. If we have a definite triangle with x — 5 
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and y = 12, aiul a; uml y iwc allowed to vary but tho hypotunuso is 
con^tuut, then 

I ais lust equation says that the change in y is ~ of the corre- 
sponding change in x but in the opposite sense. 

Objectives. It is evident from the example just given that the 
oaleuhis concerns itself with variation. As a preliminary to the 
exact methods of the calculus, it is very useful and necessary to 
make a general study of relationships and the Mcu of dependence, 
or what is ordinarily known as the function concept. It is very 
important to be able to tell: 

(a) On what other variables a certain variable depends, 

(b) When two variables vary in the same sense or in the opposite 
sense. 

(c^ How the various parts of a ^simple geometric figure vary 
together. 

Illustrative Examples, These objectives have been realized 
through exercises of the following type: 

1. Write the formuhis from geometry which will show that 
in) the urea of a square is a function of the side. 

(b) the side of a square is a function of the perimeter. 
(v) the side of a square is a function of the area, 
(d) the perinioter of a square is a function of the area. 
Explain why each formula shows a functional relationship between tho 
variables involved. 

2. Complete the following statements and express the functional relation* 
ship by using symbols: 

(a) the distance covered by a man walking at the rate of 4 mi. an hour 
is for one thing a function of 

(b) the interest earned by $100 is a function of 

(c) the nth term of an arithmetic progression is a function of 

(d) the hypotenuse of a right triangle is a function of 

3. If /(x) = - 5jr + 1, fmd /(2), /(O), /( J), /(- 2), /(a), /(- x), fix + 2), 
}W^)J(^ + h). fix + h)-}U), 

4. Which of the following fractions are functions of zl In each case give 
a reason for your answer: 

, , — 10 .V ax — a + 2x — 2 

(U\ 33; -4 ... 5x-7y 
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6. If in A AliC, side AC ami ^ A remain eonstunt, how does Ali vary (in- 
cn^uRo or decroiuso) ha increases? Hdw ure flC and affected in such 
a cu«o? 

6. State thrc(? thooroins in geon^'^try which involve functional relationj^hip 
and state aa fur as you are ubb how a change in one magnitude afltocts 
another. 

7. If in the equation m^^, n is draibled, how is m affected? 

ti 

8. If in the formula E — IIi, I and A* arc both tripled, how is E affected? 

9. If X is increased by 10%, by hi)w luany per cent is (1) a^, (2) x*, (3) 
increusod? Answer the same question if the word "increasud*' in both places 
U clmn{?od to "decreased." 

10. Given 5r=~ — rf(£5 + /) If « increases and the other letters 

in the rijjht mcnjbcr remain constant, how is T affected? Discuss the other 
lettors in tlie same way. 

11. If y^2^, how is the value of y affected when n is increased by (I) 2, 
(2) 3, (3) k? When n is decreased by 1? 

12. In the right triangle ABC, which of the following are functions of 

h h 

angle A : the area of the triangle, ^, o, h, c, B, C; the ratio of the seg- 

COO 

ments into which the bisector of the ri^:ht ancle divides the hypotenuse; the 
ratio of the segments into which a median divides any gide? 

13. In the right triangle ABC, which of the following are functions of 

the area of the triangle, a, b, c, 4. D, C, ^, ^, median to fa, altitude to a, 

c o a 

bisector of C; the ratio of the segments into which the bisector of B divides 
AC i the ratio of the segments into which the altitude to the hypotenuse di- 
vides the hypotenuse? 

14. Complete the following: In any right triangle, any ratio of two sides 
i.s a function of 

15. Show that the length of a line-segment parallel to the base of a 
triangle and terminated by the other two sides varies directly as its distance 
from the vertex. 

16. The base of a triangle is 10 and the altitude is 12. Write the equation 
which will expre.^s the length of any lino-sopment y parallel to the base in 
terms of its distance x from the vertex. What is the value of the constant 
of variation? 

17. The change in speed per second varies directly as the force causing it. 
A freight train is drawn by a locomotive that exerts a pull of 15.5 tons. 
The train starts from rest and in 1 second acquires a speed of 0.5 ft. per 
second. Write a formula connecting force in tons with change in speed per 
second for this particular train. LVe this formula to answer the following: 

(a) What tractive force will enable the train to gain a speed of 1 foot 
per second in 1 second? 

(b) What gain in speed per second will result if the tractive force of the 
locomotive is 20 tons? 
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IS. Thn nrrn of a si^otiun of a pyramid parallel to tko base varies as the 
pqiiaro of iti^ di^^tutuu' from tlie vcrtoN. If the baso of a pyramid is 10 sq. in. 
and it.s aliitiulo is 8 in., write tho formula that connects the area of any 
ero.ss*}iection parallel to tho huisc with its distance from the baso. 

19. Tho voliuno of a sphoro varies as tho cube of its diameter. If tho volume 
of a sphere is 20 cu. in. when its diutncter is k in., find the voUimo of a 

pphoro who.<e diameter is (a) 2k in., (b) ^ in. 

20. Tho wi'ipht of a body vsxtivs inversely us the squ.are of its distance from 
flip ci'Dtc^r i)f the earth. If a man weipths 200 lb. ut the surface of tho earth 
(4.<HX) lui. from llm I'mifer), wimt would he weiuh 100 mi. above the surface? 

The Locus Concept. Many of the problems of the calculus 
are stated in gconictrie terms ivquiring a knowledge of the term 
locus. The pupil must have a clear understanding of the equation 
of a locus as that equation which is satisfied by the coordinates of 
every point on the locus, and not satisfied by the coordinates of any 
point outside the locus, 

Thus in Fig. 1 line CD is the locus of 
all points the sJuni of who!?e coordinates 
is 10 because 

(a) the conrdinates of all points on 
CD satisfy the ' linear equation 
a: + 2/ = 10, 

(b) the coordinates of all points not 
on line CD fail to satisfy the 
linear equation a: + y = 10. 

A locus is a figure which contains all 
the points, and only those points, that 
fulfill a given requirement. 

Illustrative Examples. A proper understanding of the term 
locus has been secured by exercises of the following type: 

1. (a) How do we determine whether a point with given coordinates lies 
on a line whose equation is given? 

(b) Determine which of the following point.i: (0,2), (2,0), (—3,2), (—3,4) 
lie on the line 2x + 3y = 6. 

2. (a) Draw a line joining tho points (5,0) and (0,5). What is the sum 
of the coordinates of each point on this line? What is the equation of this 
line? Show that this equation al.^o holds for parts of the line where one of 
the coordinates is negative. 

(b) Proceed as in (a) but use the following points: (4,0). (0,4); (2,0), (0,2). 

3. The following coordinates belong to points on CD in Fig. 1: (6,?), (4Vii7) 
(?,7), (IVa^?), (0,?), (?,0), (-1,?), (5.3,?), (?,4.7). 
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(u) Find viivh point in the flKuro nnd nupply tho missing coordinate 
(b) Wliut (H|imtion tlo all tho dilTcront pairs of coordinates seom to satisfy? 
(e) Kxtcnid lino CD in both directions. Point out that part of CD which 
ia tho hu'us of points (1) both of whose coordinates are positivo, (2) whose 
iivai coonlinato is ncnuiivn, (3) whoj*u m'uud coiirdinute is noi?ative, What 
in tho ociimtion of thr cntiic* |in(? CV^? Kxpluin why. 

4. Tho following points lie on tho lino whose equation i.^ 2a: + 3i/ = 12: 
(2,fl), (fl,a), (2n,«), {a + 3,a). (3a,2fi), (5 — a,a). Dutormine the vuhio of a 
in riu'h caafn. 

5. Draw the lino which is the Iocuh rf all points tho sum of whoso coordi- 
natps i.s (a) 10. (b) 7, (o) — 4. (d) —2. (o) 0. Write the equation of each. 

6. Draw the line which is the locus of all points having; equal courdinutea. 
Write tho equation of tho line. 

7. A point moves so that its di>tancc from the .Y-axis is always t'lreo times 
lis disianoe from the }'-axis. Construct its path and write tho equation of 
tlu' path. 

S. A point moves so that its distances from the A'-axis and the K^axis are 
in the ratio (a) 1 : 2, (b) 2 : 1, (c) 2 : 3, (d) 3 : 2, (o) m : n (where m and n 
are two given line segments). Construct the locus in each case and write ita 
equation, 

9. If the point whose coordinates are (/ + h, y + k) lie on the line whose 
equation is 2.r — 7^/ = 3, show that 2h — 7A' == 0. 

10. If the line whoso equation is ax + by ^ c passes through the point 
(— 2, — 4), what equation mu.^t a,b, and c satisfy? 

11. If the line whose equation is mx + c passes through the two points 
(2.-2) and (--1,4), what two equations must m and c 8ati»sfy? Find m 
antl c and so dotermino the equation which pa.^sos through the two points 
who.<o coordinates are given. 

12. By pn;rroding as in Kx. 11 faui the equation of the straight line which 
passes through the points 

(a) (1.2) and (3.4). (c) (-2.3) and (2,-3). 

(b) (2,S) and (0,0), (d) (--5,-2) and (^.2). 

13. The coordinates of a point are (3.5). Find tho angle that tho line join- 
nig tho point to the origin makes with the A'-axis. 

14. Draw tho line which is the Ic^/us of all points 

(a) whose x coordinates equal 2. 

(b) whose y coordinates equal -^3. 

(c) whoso X coordinates equal — S. 

(d) who.«e X coiirdinates equal 0. 

(e) whose y coordinates equal 0. 

(f) 5 units distant from OX in Fig. 1. 
Write the equation of each locus, 

15. Draw the graphs of the following equations: 

(a) x==l.o. (c) 3x^2, (e) x = 0. 

(b) 2i/ + o = 0. (d) -2y--7. (f) i/=-0. 
Describe each graph as a lt)cus of points. 
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III. The Oprkations of thk Calculus 

Important Terms and Symbols. The nmthcnmtics prcoodinR 
the calculus involves three inverse pairs of operations: addition ftnd 
subtraction, multiplication and division, involution and cvolutioni 
1'^ the.se six the calculus adds two: differentiation and integration. 
If a function is to bo differentiated we indicate this by writing the 

letter d in front of the function. Thus ^ (x^ + 6a; + 7) means 

that the function a;^ + 6a; + 7 is to bo differentiated with respect 
to x. The inverse of differentiation is integration, and this opera- 
tion is indicated by writing the symbol S i» front of the expression 
to be integrated. Thus f (a;'^ + 4a; — 3) da; means that the expres- 
sion a;* + 4j: — 3 is to be integrated. 

But before the pupil can understand the two operators d and J" 
he must learn the use of two others A (delta) a Greek letter which 
corresponds to our d and 2 (sigma) another Greek letter which 
corresponds to our integration sign y . The operator A is an impor- 
tant forerunner of d and S o[ f . Hence the importance of A and 2\ 

The Operator A Used to Express Rate of Change, To draw 

the graph of the equation j/ = ga; + 1, we may assign values to x 

and compute carefully the corresponding values of y. Fractional 
values may be avoided by giving to x values which arc 
multiples of 3. We thus obtain the table of values given 
to the right. This table shows that every time y increases 
by an amount equal to 2, x increases correspondingly by 
3, and that 

the y change 2 

the corresponding x change ~ 3 

or that 

the difference between the y's _ 2 
the corresponding difference of the a;'s ~ 3 

This ratio is known as the change ratio or the difference ratio. 

The symbol A which we have explained in a preceding paragraph 
is used in mathematics as abbreviation for "difference of" or 
"change in." Thus the symbol Ay means the difference of the y's 
or the change in y, and Ax has the same meaning with respect to a;. 

Ay 

Hence the symbol for the change ratio or the difference ratio is 
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(uui in tht! cqiiution // 1 wliicli vvu huvo consitlerod nbovOi 

It .should he cuirofully nottnl that Ay and \x arc single symbols; 
that the ^^ must not he separated from the x or the y. But the use 
of J is not limited merely to x ami y; it mny be put in front of any 
letter. Thus to indicate the difierenee of two heights we may write 
Ah, to indicate t)>?' difference in time we may write At^ and to 
indicate difference '^:stance wo write Ad. 

Illustrative Examples, Kxercii«es of the following typo have 
heon used to secure a proper understanding of the operator Ai 

1. v\n nuiomobik' driver fouml ilmt at 0:10 ho \va« iSO mi. from homo nnd 
tlwit III 0:50 lhi.< (iistMnrc h:ul inrrrascil m SO mi. Usinp (tho initial letter 
nf tho word spacM) to rcpvi'i^cnt distjinco niid t to rt'prcsont timo, write the 
chanuf rutin with proper symbuLs. What is nnothpr numo for thia ratio? 

Stfluthn, Tlio Kivfi) (liUrt aro bu«t urvuugud in tabvilar form as in the 
tahlu at the ri^ht. From tho table 

^ 41) 4 an. per niiuutu, or 

"2^ ^ 45 mi. ppr hour, 

Kvidcntly is another name for velocity, 

Ah long aa — remains constant, we m.ay say that tho motion is uniform. 
At 

2. A body fell from a balloon and it.s velocity at various time intervala 
i« Kivon by tho table to tho ripht. To this table add two 
other columns headed and At and fill in the values of 

those symbols. What is the value of the ratio tt? If the 

chance in velocity that takes place in one ?ocond is called 
arc(»leration and dmotrtl by WTite a formula connecting 
n, 1', e. 

3. A body was thrown vertically upward with a velocity 
of ICO ft. per second and it.<? velocity at later tinK? inter\-als is given in the 
table to tho ripht. What is the value of the acceleration? 
Continue tho table four slops further, keeping in mind tho 
body considered in Kx. 2. 

Hint: Ntjte that v is negative. 

4. A body rolls down an incline with an acceleration 
20 ft. per second per second. Write a table with hcadinKS 
M\ V, if 

5. A and }\ sp\ nut from the .«iame place, one travolins: 
east at the rate of 20 mi. per hour and the other west at 
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till* xwUi ()( i6 mi. |mr hour. At what rMv uro tlu\v «i»paratinB? t}iv» your 
ww^wvt in niiti'K pi»r luMir. In ln)\v nnuiy \mm will tli<»y br 100 mi. apart? 

il (a) W'iWvT flows inhi u tank at tlu» raU' of 10 ft. por nUnule. IVinn 
V to rt'prtwnt vohinn* in vwWw and < to rrprcwnt tinir in miniitP8, 
wriiv u\\} (Mpmtion i'onntHjin« V 'Oul i. AL<o svriu? a lahlo with hcadiuisB 
\\ ap%«uiuiu» that ilu» tank cnntaitis 25 ou. ft. of wutur ut the start* 

Whttt is iho V!ilut» of ~, ami v\h;ii it» the nunuiini: of thi^ ratio? What id 
tho vahn.' of if i is i^Njm'ssr*! in (I) M-cunUs 12) hours? 

(h) If tho iM'os».'-MH:ti»)n »)f thi? tank in (a) has iliiuon^^iunt^ 8 ft. hy 20 ft.» 
writo a table with hisulinnH J^/*, /*. t, It, wheif k xv\nvm\\8 tho <lupth of tho 

wati»i' in thi' tank. What is the valuu of ^? How faj^t is tho burfuce of tho 
wator ri.sing? 

WiitH tlu' cipiation coninvtiup (1) A and ( and (2) V and A. What i» tho 
vahio of ^ and what is ihu nmuiin^ of thi.s ratio? 

Use of the Change Ratio in Graphing. To draw tliu grnpli of 
2 

the equation y = -1- 1» l^*t us uso tho tuldu of ooimlinnti^s coin- 

putiMl on piin(» 113. Tliis ^riv(^•^ ijs tlir }j:raph ^hosvii in I'in, 2. The 
mwQ result may he obtained by UHnj? the change ratio in tlie foMow- 
infj; manner: Starting at ^1 go 3 units 
(the change in x) to the right. Tiiifl 
gives U.S ii. IVom li go 2 unit.s (the 
ehange in y) upward. Thi« gives us 
(\ whieh is a point on the curve. By 
repeating tho same proocdun? at C, we 
obtain as many points on the graph 
as we like. Instead of using A as the 
starting point, we may use any otlier 
(convenient point on the eurve. Hut 
the eoiirdinates of A are tho ones 

most easily obtained, bei^ause tho x-coiinlinate of A is 0. and, 
for this reason, the //-coiinlinate of A is alway.s equal to the con- 
stant term when the e(iuation is solved for j/. Hence the constant 
term shows th(» (listanci^ above or below from the origin to the point 
where the line cuts tlie I'-axis. 

KxAMPLE, To draw the graph of y J' — 

u 

(1) Starting at the origin go 4 units down on the I'-axis; then 

(2) ;i units to the right and up 2 units. 
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Thooietically, it is not nccossury to repeat (2), but practically it 
adds to accuracy and sorvci? as a check. 

2 

ExAMPLK. To draw the graph of y = — 2x — 3 or y = — — 3, 
we proceed as follows: 

(1) Starting at the origin go 3 units down on the V-axis; then 

(2) 1 unit to the right and 2 unites down. 

Instead of (2) we may abu go 1 unit to the left and up 2 unitSi 

— 2 2 

because — 2 = — p or 

Illustrative Examples. The objectives of this section may be 
realized by cxamplcii of the following type: 

1. Write down n nmnbcr of equations of thn form 2x + 3y'=»6 and ahow 
how to i:n\iih them by the method cxplaincii ubove. 

2. A iiiovinu point starts from thu point (3,4) und moves in 8ueh a way 
that y \\M'Vivii\< twice art rapiilly ad J. Dvuw the locud und write the conation, 

3. Graph the eqiuition 2x-'r)[/ = 8. 
fciiUATiuN. Solving for y wc have 

2 S 

Thp v-iii^^'ri'Mpt is a fraction, and instead of tising this point as thn starting 
point, svo may tie^o any other point on the line which ha« integral coordinates, 
because this point is oasici' to locate accurately than one that has fractional 
counlinalej*» Tho point (-l.C) is such a point; !^o begin here, go 6 to the right, 
and up 2 

4. Graph the followin« equations by first finding a point that has integral 

coordinates: . . ^ . ^ 

(a) 3x - 5i/ = 2. (c) 7x + 2y- 4. 

(b) 4x-i/ = 3. (d) 6x + 2y«3. 

Slope of a Line* In Fig. 3 let the .Y-axis be horizontal and AC 
be parallel to the X-axis» Then AB slopes or turns away from the 

horizontal. The amount of this 
turning or sloping is measured 
by the angle CAIi or by the ratio 
HC 

-77=. For this reason, the ratio 
AC 

^ is called the slope of the line 

Fia. 3 ..IB. The angle CAB (or its equal 

niiRlo A'Dfi) is the angle that line Ali makes with the X-axis. In 
speaking of the angle that a litu- makes with the A'-axis wc alvvay.s 
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mean the ungU' that the line makes with tho positive direction of 
the .Y-axis, and not the angle it makes with tho negative direction 
of the A'-axis. Thus in Fig. 4 AB makes 
tho angle XAIi witli tl\c .Y-^axis and not 
the angle CAH, Tho s^lope of line AB in 

BC 

this (MLse is^ the ratio The slope is 

negative when the angle made with the 
.Y-axis is obtu.se, because tlien tlie hori- 
Hontal segment (AC in Fig. 4) extends in 
a negative direction. Tliis fact is important and should be carefully 
remembered. 

It is evident that tlie slope of a line is always equal to the change 

ratio Hence the slope of a line is obtained by writing the 

equation in the form y vix + c. 
If a represcntii the angle that the line makes with tho A'-axis, 

then tan a = the slope or 

By using a table of trigOiiometric functions we can find the angle 
when the slope or the change ratio is given, and conversely. 

ExaMPLk. Find the angle that the line 5x + 6^/ = 4 makes 
Nvith tlie A'-axis. 

Solution. Solving for j/, 

6 , 2 

tan a = — ~ 
6 

= ^ 0.8333 
There f 01 e, a = 180^-40° 

= m\ 

The Distance Formula, If in going from one point to another, 
Jy represents the change in y, and Ax represents the change in 
then 

(a) -A is the .^lopc of the line joining the two points t nd 

(h) the distance d between tlie two points is given by the 
formula d \^{Ay]'- + {Ax]'\ 
The examplos needed to give application of these formulas are 
rather obvious. 
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Increasing and Decreasing Functions. If y and x vary in the 
same sense, either variable is said to be an increasing function of 

the other. The condition for this is a positive 

If y and x v^vy in the opposite sense, either variable is said to be 
a decreasing function of the other. The condition for this is a 

negative 

Illustrative Examples. The understanding of increasing and 
decreasing functions may be secured by exercises of the following 
type: 

1. Graph each of the followinjr finmtiuniJ. Find the slope ami from the 
sloi)c dt'tennine wholher y is an iucrciusinj; or u decreasing function of x. 
Verify your answur graphically: 

(e) 5v-6x + 2=-0. 
(0 x + 4^ = 0. 



(u) y = 0.3r + 2. 

(b) 2x + 3y = fl. 

(c) 2x-3i/ = -4. 



2. Prove that the throe points (2..:) (4.7), (—1,-3) are coUinear by 
^hoNvinw that the slopt? of the scjjmrnt joining; tho first two points equals the 
slope of the .^c^nif^nt joinin^^ tho hist two. 

3. If tho three pcjinls (1,2), (3,5), {x,y) are collinear, what equation must 
X and y satisfy? 

4. Find tho eqii.Uion of the struijiht hno through the points (2,5), (—4,3). 

5. Show that the equation of the straight line through (xuyi) having 



the slope 4^ i^i y 



y.=-.-(x- 



6. Write tho eijuution of tho h)eus of a point passinp throujih (—3,5) and 
moving in s\icli a way that y increases at the saau? rate thatx decreases. 

The Quadratic Function. Let 

us consider the ciuudrutic function 
y X- — 3x — A, If we omit the 
second degree term, x^, we have 
2/ nrr — . 3a: — 4. tlio ^raph of which 
is AD in Fig. 5. To obtain the graph 
of y x^ — 3j: — 4 from the graph 
of ?y ri: — 3:r — 4 every y must be 
increased by x". At A, x^O and 
a;- rr 0 and A will alr^o be a point on 
y z= x'^ — 3x — 4. At B, x=:^l and 
= 1, s?o we go up one from B to 
FiQ, 5 obtain the corresponding point on 
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the parabola. At C,x — 2 and = 4, so we go up four unit spaces 
frora C to obtain the corresponding point on the parabola. By con- 
tinuing in this manner we may find as many points on the parabola 
as we like. It is evident that the curve will lie entirely above the 
line AD and be tangent to AD at A. 

In the same manner we see that the graph of j/ = — a;^ — 3a: — 4 
will lie entirely below the straight line y — 3x ~ This way 
of graphing is interc-sting because it brings out clearly how the 
graph of the quadratic function is related to that of the linear func- 
tion. It alfio brings out the elTcot which the sign of the coefficient 
of has on the shape of the curve. 

Let us now compute a table of coordinates for y ~x^ — 2x — i, 
using the ordinary method of substitution, and see how x and y vary 

together. It is evident that ^ is no longer constant but varies for 

different values of x. The values of x are so chosen that they form 
an arithmetic progression whose diflference is 1. The corresponding 
values of y do not form an arithmetic progression but decrease for 
a while and then begin to increase. It is interesting, however, to 
note that the values of Jy form an arithmetic progression. That this 
fact is generally true is easily seen by using the general quadratic 
function y ~ax^ + bx + c. This fact is important in that it helps 
u.s to recognize by means of a set of values when y and x are con- 
nected by a relation of the form y = ax^ + bx + c. 

The following example will illustrate the main objective of this 
paragraph. Others of a similar type are readily made up. 

Example. If 5 = 1 + 2 + 3 + 4+ . . . + n, show by means of 
(liflerences that S is a function of the second de- 
gree in n. Determine the function completely. 

Solution. The table of values to the right shows 
that if the n's form an arithmetic progression, the 
J.S s also form an arithmetic progression. Hence 
we conclude that S = ari^ + 6n + c. 

Substituting corresponding values of n and S, 
we obtain equations from which a, 6, and c may 
bo (Icti-nnined. Such equations are illustrated by 
the following; 

0= 0+ 0 + c 
1= a+ 6+c 
3 = 4a + 26 + c 



n 


S 


AS 


0 


0 








1 


1 


1 








2 


2 


3 








3 


3 


6 








4 


4 


10 
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Solving, we have a =|, 6 = |, c = 0 and the required relation is 



The same result may of course be obtained by using the formula 
for the sum of an arithmetic iirogression, but this method has the 
advantage that it applies equally well to functions of higher degrees. 

The Cubic Function. To obtain the graph of the cubic function 
y==x'^ — Sx — 4, we may proceed in the same manner as we did 
with the quadratic function and at first omit and draw the graph 
o( y = —3x — ^. We readily see that for positive values of x the 
graph will lie entirely above the line y = — 3a; — 4 and for negative 
values of x it will lie entirely below the line y = — 3x — 4. 

If we compute a table of values for this 
cubic function, we obtain the table given at 
the right. If the x's form an arithmetic 
progression, it can be seen that the Jdy's, 
or the second differences of the j/'s, will 
also form an arithmetic progression. The 
converse is also true, so that if the x's 
form one uritlinictic progression and the 
AAy'a another arithmetic progression, the 
relation between y and x must be a function of the third degree in x. 

Example. If = 1- -f- 2- -f- 3^ -f . . . + n-, show that 

Outline of thr SolutiorL VouMvuvx a table with headings n, .S, 
JX, J.l.S siniihir to the one shown on page This table will 

show that the relation between N and n must be of the form 
.S, = an** + -f- r// + r/. liy using eorrespontling values of 71 
and «S, we obtain eciuations 

0- 0+0+0 + 
1= a + b + c + d 
5 = 8a + 4t> + 2c + (/ 
14 = 27a + % + 3c + (i 

from whicli we detennine a, b, c, and d. 

Areas by Summation. If we graph the function y = x'\ we have 
the curve shown in Fig. 6. To find an approximation to the area 



X 


y 


Ay 




-3 


-22 


16 




- 2 


- 6 


4 


— 12 


- 1 


- 2 


— 2 


— 6 


0 


- 4 


-2 


0 


1 


- 6 


4 


6 


2 


- 2 


16 


12 


3 


14 
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bounded by this curvu and tho lines OK and PK, we proceed as 
follows: Divide OK into n equal 
parU, and repres*ent each part 

OK 

by Ax. Then Ax = ~, Also 

n 

represent the ordinates BC by y,, 
EF by y,, , . , KP by j/n. Then 
the sum of the areas of the n 
rectangles OBCD, BEFH, and 
so on, constructed on the n parts 
into which OK has been divided, 
will be ijjj 

Ar — VxJx + y.Jx + . . +ynJx, 

where il stands for area, and the 
subscript r will help us keep in mind that we have summed a series 
of rectangles. 

Since the equation of the curve is y = x\ every ordinate is the 
square of the corresponding abscissa. Hence 

1/1= 2/2= (2Jxj-, . , . {^nAxy and 

but 




Fia. 6 



and 



, OK 

Ax = — ' 
n 



Hence by substituting we huve 

It is evident that as n grows very large or as n-^ 00 (read ''n tencls 
to infinity'') : 

1. The value of the terms ^ + Nvill ai)i)roach zero. 

2. The sum of the areas of the rectangles will approach the area 
under the curve because such areas as 0D(\ CHF, and so on, will 
approach zero. Hence we have 

Ac = l0K\ 

If the coo;rlinates of P are iXu yx) the result may be written 
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zslar^^ The subscript c will help us remember that this expres- 
sion represents the area under the curve. 

Volumes by Summation. Suppose we are given a cone whose 
base is a circle with radius 5 and whose altitude is 10. To find the 
volume of this cone, we begin by cutting it up into a number of 
thin slices each of thickness J.t. This may be done by dividing the 
altitude of the cone into n equal parts and passing planes through 
the points of division parallel to the base. Then the first section 
couics at the distance Ax, the second at the distance 2Ax from the 
vertex, and the last at the distance riAx from the vertex. The area 
of each cross-section is readily obtained by using the fact that the 
area of any cross-section of a cone parallel to the base varies 
directly as the square of its distance from the vertex. If A represents 
the area of any cross-section parallel to the base and x its distance 
from the vertex, then 

4 

For the particular cross-sections, we have 

A^ = ^iAxy 

A,^l{2Axy 

An — ^inAxy 

On each section imagine a cylinder of height Ax extending up- 
ward to the next section. Then the sum of the volumes of these 
cylinders will be 

Sc = AiAx + AzAx + A^Ax + . • . + AnAx 

= 2 {AxV (P + 2^ + 3^ + . . . + n') 

= 250 --■(3- + 2^+6^) 

When n approaches infinity, the last two terms approach zero, and 
the sum of the volumes of the cylinders approaches the volume of 
the cone. Hence we have as the volume of the cone 

T/- 250 71^ 
^ ~ 3 
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The general formula is readily obtained by using in the same 
manner r for the radius and h for the altitude of the cone» 

What ^ Represents in a Quadratic Function. Let Fig. 7 be 

the graph obtained from an equa- 
tion of the type y = ax^ + bx'\' c. 
In passing from the point A{x,y) 
to another point B on the same 
curve, let Ax represent the change 
in X and Ay the change in y. 
Then the coordinates of B will 
be {x + Ax, y + Ay). Since B is 
a point on the curve its coordinates 
(x + Ax, y + Ay) must satisfy the 
equation y = ax^ bx + c. Hence 




Fia. 7 



y + ^y 
y + ^y 
y 

Ay 
Ay 
Ax 



:a{x + Ax)^+b{x + Ax) +c 
: ax^ + 2axAx + a{Ax)^ + bx+ bAx + c 
ax^'\'bx + 0 
2qxAx+ a{Ax)^ + bAx 

^=2ax + aAx + b. 



^ represents the slope of the secant AB in Fig. 7 and the last 
zix 

equation is a formula that will enable us to find the slope of a secant 
through two given points on the curve. Any number of secants 
may be drawn through A and it is evident that as the vahio of Ax 
changes the slope of the secant changes. This change is due to the 
term aAx, If, for example, Ax = 3, then 

4^ = 2ax + Sa + b. 

Ax 

If Ax approaches 0, ~ approaches 2ax + 6. 

This last expression is the slope of the tangent at A because when 
Ax-^O^ the secant approaches the position of tlie tangent at A, To 

represent the slop ) of the tangunt we uso ~ instead of 



jjence ~ represents a special value of namely, that value 
dx Ax 



Ay 
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which approaches when Ax and Ay approach zero. In dealing 

with functions of the first degree, — and ^ have the same value 

^2x ax 

because is constant and depends in no way on the size of Ax, 

By api^lying the procedure given above to a few numerical ex- 
amples of the type y = 2x- — 4.r + 1, the pupil soon learns tho 

distinction between and 4^ and becomes ready for the mechani- 
Ax ax 

cal method of differentiation given in the next section. 

dy 

The Mechanical Way of Finding Thus far we have found 
^ by letting ^0 in the expression for shall now con- 

sider a simple mechanical way of getting ^ directly from the 
given polynomial without first getting 

From 2/ = a^^ + 6x + c we obtain ^ = 2ax + b by multiplying 

the exponent of x in each term by the coefficient to form a new 
coefficient and diminishing the exponent by 1, retaining the base. 
Thus 2ax may be obtained from ax^ by 

(1) multiplying the coefficient a by the exponent 2, and 

(2) retaining the base x, and 

(3) lowering the exponent 2 by 1. 

From bx^ we obtain in a similar manner or b, and the term 
c or cx^ becomes 0 because c times 0 is 0. Hence any constant term 

in the polynomial always becomes 0 in 

This process is general and applies to any polynomial, whether 
the exponent> arr integral or fractional, positive or negative. The 
process is known as differentiation, and the new function obtained 
is called the derivative of the given function. 

If y — 5x^—V^+S 

dy 10 1 , 
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ExERCiSFs. It is a comparatively simple matter to write down a 
few polynomials witli the different kinds cf exponents and have 
the pupil practice differentiation until he has necessary skill. 

The Meaning of ~. We saw on page 124 that in connection 

with the curve y = ax^ + 6a: + c, ~ = 2ax + 6 is the general 

expression that represents the slope of all tangents tliat can be 
drawn to the curve. To find the slope of the tangent to the curve 
at a given point of tangency, we merely substitute the value x has 

at that point in the expression for 

Example. Graph the parabola = — 2x + 4 for integral 
values of x from — 3 to + 5 and find the slope of the tangent to 
the curve at each of these points. 

Solution. By differentiating the function y =x^ — 2a: + 4, we get 

dx 

By substituting the values of x in the given 
equation, we have the corresponding values of y. 
By substituting the value of x in the expression 

for ~ we have the slope of the tangent at the 

point in question. By drawing through all such 
points lints which have had their slopes computed, we actually find 
that they are tangent to the curve. This verifies our slopes as given 
in the third column. We may then ask this question: 

At what point will the tangent to the curve have the slope 1? 
This question is answered by solving the equation 

2a: - 2 = 1 
3 

X = 

2 

Illustrative Examples. Exorcises of the type given below are 
readily made up and solved until the pupil has the necessary skill. 
The method applies equally well to functions of higher degrees. 

1. In t\u' oquntion // — 20^+ 2»r' find the vjiliic of x whon y is increas- 
ing 100 tinms as nipidly ns x, (h) y and x arc changing at the same rate, (c) 
X incroa^^es ')0% more nipidly than y. 

Hint: In (a) 4^ =100. 
dx 



X 


y 


dy 
dx 


-3 


19 


-8 


-2 


12 


-6 


- 1 


7 


— 4 


0 


4 


-2 


• 


« 


• 
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2. Determine how y and x vary together in j/ » — 6x + 6. That is, de- 
tormino for whtit values of x the two variables vary (a) in the opposite sense, 
(b) in the same sense. Check by graphing. 

Solution, ^ = 2z — 5. From the work on page 118 we readily infer that 

V is an increasing function of j, or y varies in the same sense as x, when ^ 

is positive. 2x — 5 i.s positive when x is greater than 2.6. When x is less than 

2.5, 4^ is nej:i\tive and y is a decreasing funcion of x. What happens when 
ax 

X ^ 2.5 we shall consider in the next section. 

Maximum and Minimum. One of the most important uses of 

the ratio ^ is to find the lowest point of the curve when the curve 
dx 

has a lowest point, and to find the highest point of the curve when 

the curve has such a point. As 
Fig. 8 shows, the tangent to the 
curve at these points is parallel to 
the Jf-axis and therefore the value 

of ^ at either the highest or the 

Fig. 8 lowest point is 0. 

At the lowest point of the curve, 
the function (or y) has its smallest or minimum value; at the high- 
est point of the curve y has its greatest or maximum value. Hence 

the X which yields either the maximum or the minimum value of 

J.. 

the function is found by solving the equation ^ = 0. It is also 

evident from page 119 that a quadratic function has a lowest point 
or a minimum value if the function has a positive second degree 
term; and that a quadratic function has a highest point or a maxi- 
mum value if the function has a negative second degree terra. 

Thus wc know that y = — 5x + 3 will yield a lowest point 
and a minimum value of the function, while y = — 2x^ — 5x + 3 
has a highest point and maximum value of the function. 

Hence in dealing with functions of the second degree, we know 
exactly when to expect a maximum or a minimum. But in dealing 
with functions of higher degrees the situation is not so simple and 
we need other methods to distinguii^h between a maximum and a 
minimum. As preliminary to more advanced work in this line, the 
pupil should satisfy himself by a careful study of graphs that the 
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following things are true in connection with every parabola which 
he encounters in this kind of work: 

A. At any point on the parabola situated to the left of a maxi- 
mum point: 

(1) The tangent to the curve makes an acute angle with the 
X-axis and for this reason, 

flit 

(2) ^ is positive for all such values of x and 

(3) y is an increasing function of x. 

B. At any point on the parabola situated to the right of a maxi- 
mum point: 

(1) The tangent to the curve makes an obtuse angle with the 
X-axis and for this reason, 

(2) ^ is negative for all such values of x and 
ax 

(3) 2/ is a decreasing function of x. 

For a minimum point the conditions are exactly the reverse; 
that is, positive must be changed to negative, "increasing'* to "de- 
creasing," and acute to obtuse, and conversely. 

To make this perfectly plain to himself, the student should write 
out these conditions in full as has been done above, and save them 
for future reference. 

Illustrative Examples, The following examples are typical of 
the kind that may be assigned at this stage: 

1. Find the greatest rectangular area that can be enclosed by a fence 100 ft. 
in length. Also point out from the nature of the function involved why we 
are to expect a maximum. 

2. Find the minimum value of the function + 4x — 1. Explain why we 
are to expect a minimum value. 

3. Find a number such that the amount by which it exceeds its square is 
the greatest possible. 

4. Find a number such that the sum of the number and its square shall be 
a minimum. 

5. A rccianguhir pa.slure, one side of which is bounded by a straight river, 
is to be fenced on the other three sido.«, no fence being needed on the river 
side. What are the dimensions of the largest pasture that can be enclosed 
with 1.000 rd. of fence? 

6. Find the area of the largc^.^^t rectan^xle that can be iascribcd in a triungle 
whose ba^^e is 10 and whose altitude is 8. 

7. The sum of the arms of a ripht trianplo is 20. Find the length of each 
arm when the area of the triangle is a maximum. 
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8. The lower base of a trapcBoid is 10, the sum of the nltitudo and the 
upper base is 15. Find (ho ultitudc when the area is a maximum. What is 
the largest po.«tsible area? 

9. The perimeter of u circular sector is 10. Find the radius and the arc 
when the area is a maNimum. How many degrees are there in the central 
angle? 

10. For what vahie of k is the straight line y = or + it tungeut to tho 
parabola y — 5/ + 6? 

11. For what value of n the two simultaneous equations 

y = X + A* 

y = jr* — 5x + 6 

have two equal values of x? 

The Inverse of Differentiation, Con.sider the following 
problem: 

dv 

Given ^ = + 3, express y as a function of x. 

Solution, We know that the result must be of the form of 
y — ax^ -^bx + c, because when we differentiate a function of the 
second degree we should get one of the first degree. If it is given 
that 

y = aa;2 4- ba: 4- c 
Then, ^ = 2ax + b. 

Comparing 2ax + b with 2x + 3, we find 2a — 2 and 6 r=: 3. The 
constant c disappeared in the process of differentiation and we 
have no way of knowing what its vahie is if we are given merely 

that ^ = 2a: + 3. If we were given the additional fact that a; = 2 

when y = 3, we can determine c by substitution. In this case 

y = a:'^ + 3a: + c 
3 =4 + 6 + c 

and the final relation between y and x is given by 

y = ^2 + 3x - 7. 

Exercises. A few examples of the type given above will readily 
make the pupil able to perform the oporutitni which is the inverse 
of differentiation. This inverse operation is known as integration. 

A Mechaiucal Ivlethod of Integration. The examples of the 
I)iTceding section are solved more rajiidly by the following method 
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wliorc it wsi'on tliat tlio stops of difliMTiUiiitinn nro nu'ioly niVDmul: 



If 



2.i;'^ - -Ix'J - 3x + 2x" 



2 4 
^ 3 + 1 2-hl' 



This mot hod liolils for all 0N|)omMiN i\\<H'|)t thv uxponont — 1. 
It fails for the exponent — 1 hcTUUse the proceihire then leails to 
division by zero, which is an ini|K>ssihle Dperation. In this case 
we Ret a lognrithniic function, but wo arc not going to consider tlic 
case here, 

Area by Integration, Intcj-ration is the inverse of differentia- 
tinn and deals with the jirobleni of finding the function when its 
ilerivative or rate of change is given. Hence the problem now is 
to discover the rate of change directly from the given problem and 
from this rate of change to find the function itself. This function 
is known as the intvgraL 

Let us consider the area of trapezoid OllCIi (Fig. 9) or the area 
boimded by the axes, the hno 
2/ = 2a: + 3, and the perpendicu- 
lar dropped from any point {x^y) 
on the line to the -Y-axis, As 
X and y increase, it is evident 
that the area will also increase. 
At what rate is the area A in- 
creasing? Let Ax represent the 

change in Xj Ay the charge in y, and A A the change in A. 
Fig. 9 trapezoid BCDE represents AA. Therefore 




Fio. 0 



Then in 



AA^Ax{y + ^pj 



^A , 



AA 



The value that --jj assiuues when AA and Ax approach zero is 
represented by 



^ = !/ or ^ = 2x + 3, since }j^2x + Z. 



Hence 

Integrating, ^4 = OJ- + 3x + c. 
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But v»-hen a; = 0, 4 = 0, because then CB coincides with HO 
and the nltitudo of the trapezoid is 8oro. Hence by substituting 

= 0 and X = 0 in .4 = + 3a! + c, we find 0 = 0 ftnd the re- 
quired area is given by the formula 

4 = x« 4- 3a!, 

a result we can readily verify by plane geometry. 

To emphasize further the method of determining the constant of 
integration, let us determine the area in Fig. 9 above, which is 
bounded by the line j/ = 2x + 3, the A'-axis, and the ordinates x = 2 
and X = 10. It is evident tliat this area changes at the same rate 
as the one considered above. Honce 

^ = 2. + 3 

A = a;« + 3a; + c. 

But thi.<i area begins at x = 2 and A is 0 when x = 2. This gives 
us the following equation for determining c, 

0=4+6+0 
c = - 10. 

This means that the area which begins at the ordinate x = 2 may 
be found from the equation, 

A = a;« + 3x - 10. 
The area we are seeking is complete when x — 10, 

Therefore A = 10* + 3(10) - 10 

= 120. 

This is readily verified by geometry as follows: 

A = ^(7 + 23)8 
= 120. 

The pupil should note carefully that the final answer 120 is 
merely the difference between two numerical values of the integral 
X- + 3x, namely, the value of x- + 3a- when x = 10 minus the value 
of x^ + 3x when x = 2. The usvial wuy of expressing this double 
evaluation is [x'^ + 3x] 2^ The numbers 10 and 2 are called re- 
spectively the upper and the lower limits of the integral. It is also 
evident that the constant of integration c cquais the negative of the 
value of the integral when x equals the value of the lower limit. 
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By methods siinilar to the above we cuu show that the area under 
the curve given by y = Gj' — x- may be fo\uul by iutegrating 

ax 

Thus, A = 3a;»-|a;» + c. 

The area begins at x = 0, hence A — 0 when x — 0, and by sub- 
stitution in tlie lust equation we obtain 

0 =0-0 + 1! 
c=0 

and A = 3x^-^ x\ 

This gives us the area from the origin to any point {x,y) on the 
curve. To find the entire area above the A'-axis, we must take 
a; = 6, because the curve cuts the A'-axis again at the point where 
x = 6. Then 

A = 108 - 72 
= 36. 

Suppose we are required to find the area under the curve bounded 
by the ordinates x — 2 and x = 3. This area begins at x = 2, 
which means that A = 0 when x = 2. Substituting A = 0 and 
X = 2 in the equation 

A = 3x=-^x' + c 
28 

We get ~ ~~ "s"* 

Hence the complete expression for the area under this curve which 
begins at x = 2 is 

1 28 

Since the area required is complete when x = 3, we substitute 
X = 3 in the expression for A ju it found. Hence 

26 

This is the area between the curve and the X axis that is included 
between the ordinates x = 2 and x = 3. 
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Again we note tliat the final value of A is the difference between 

two nimicricul values of the integral 3a;- -^x\ namely, the value of 

the integral when a; = 3 minus the value of the integral when x = 2. 

The short way of expressing this difference is ^3x- — ^ where 

3 and 2 are known as the upper and lower limits of the integral. 

We also note that the constant of integration c equa's the nega- 
tive of the value of the integral when x equals the value ol the lower 
limit. 

The Sign of Integration. The differential of a function in x 
is the derivative of that function multiplied by dx. When we place 
the letter d in front of an expression, we indicate that the differen- 
tial of that expression is to be found. 

Thus dix') = 2xdx, d(5x' + 3x) = lOxdx + Zdx 

d{uv} = udv + vdu. 
If y = 3x2 -(- 7a; -(_ c, 

diy) = d(Zx'} + dilx) + dicx") 
1 -y" dy = 6xdx + Ix^'dx + 0'dx 
dy = 6xdx + 7dx. 
Now if we desire to indicate that the operation which we per- 
formed to obtain the differential is to be undone, we write the sym- 
bol y in front of the differential. The symbol y is called the sign 
of integration, it is merely an elongated S and is suggestive of the 
fact that integration is really a process of summation. We shall 
bring out this fact more fully on page 133. 

Thus S^xdx means that we are to find the function whose differ- 
ential is 6ay/x. Evidently one such function is 3x^ but 3a;^ is not 
the only such function: 3a;- + 5, 3a;- — 7, rtc, all fulfill the re- 
quirement, but they are all included in the expression 3x' + c, 
where c is an arbitrary constant. Thus we write 

f^xdx = 3x' + c; 
3a;'- is called the integral of 6x, 6a; is called the integrand, and c the 
constant of integration. 

We have given on page 128 the rule for the integration of a 
polynomial. 

Example. f[ox:' — ^x + 2)dx = f Bx^'dx - f ^xdx + f2x''dx 

= I - 3a;' 4- 2x + c. 
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We may write one oons^tant for each integration, but this is not 
necessary as tiiey may be combined into one single constant, 

dA 

Area Expressed as an Integral. The equation ^ = derived 
on page 129, may also be written 

dA = ydx, fdA = fydx, or A = fydx. 
Thus to find the area under the curve y = 6a; — we may write 

A = f[fix-x'')dx 



If we want the particular area that is situated between the 
ordinates x = 2 and x = 3, we have to evaluate the integral 

— \x^ for X = 3 and x = 2. To indicate between what values 
o 

of X the area is to be taken, we place these values of x next to the 
integration sign. Thus the area between the ordinates x = 2 and 
X = 3 is indicated by writing 



An integral with indicated limits of the variable is called a 
definite integral. An integral without st;oli limits is called an 
indefinite integral. 

Integration Is a Summation. We saw on page 121 that tlie 
area under the curve y z= fix) may be obtained by first finding the 
sum of a series of rectangles. Thus wo saw that the area given by 
Ar = //iJx+ j/m.1^ + . » . + Un^\x approached the area under the 
curve when the number of divisions was indefinitely increased, or, 
what amounts to the same thing, when . Ix approaches 0. 

We have also >een that this area nuiy be exjn'essed by the definite 
integral 



This means that thv troublesome summation process of page 121 
Uiay be performed by evahiating one single definite integral. 





A = 




a 
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The rectangles tlmt form part of the above summation are called 
the infinitesimal elements of the sunanution. By an infinitesimal 
we mean a variable which can be made to differ from zero by an 
amount just as small as we please to make it. But no constant, 
however small, is an infinitesimal, Thus Ax and Ay are infini- 
tesimals in the process of both differentiation and integration 
ijiummation) because they are variables which become and remain 
less than any assignable amount. It is also evident that yAx is 
an infinitesimal because yAx 0 when Jx-^ 0, provided y is finite. 

But the infinitesimal elements of the summation need not be 
rectangles— the process holds equally well for summing any other 
kind of infinitesimals. It is this very fact which makes integration 
such a powerful tool. For examples to illustrate this we have to 
refer the reader to a textbook in the calculus. 
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TEACHING THRIFT THROUGH THE SCHOOL 
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The Importance of Thrift, A noted economist recently esti- 
mated that the income of four fifths of the people of the United 
States is little more than enough, even in prosperous years, to meet 
their ordinary expenses.^ This means that over 93,000,000 people 
in this country are making only a little more than enough to pro- 
vide the actual necessities of life; they can lay aside little, if any- 
thing, for a rainy day. This fact alone shows us how essential 
it is, for the good of individuals and the welfare of the nation, to 
establish the habit of wisely conserving our resources — the habit- of 
thrift. 

The Growth of School Savings Banking. One very effective 
means of teaching thrift, which is growing rapidly in popularity, 
is the school savings bank. During the past seven years, the num- 
ber of schools in this country having school savings banks has 
increased from 2,736 to 12,678 schools; in the same period the total 
savings deposits in these school banks have increased from $2,800,000 
to $24,000,000. Official reports show that during the school year 
1926-27 there were enrolled in these 12,678 schools 4,658,000 pupils, 
of whom 3,815,785 actually participated in school savings. 

The school savings movement has developed most rapidly in 
towns and cities. It has had relatively small growth in the rural 
districts because of the lack of contact with banks. The progress 
of school savings banking is generally forward in any state where 
once it has gained a considerable foothold, and in certain states it 
has assumed really large proportions.- During the past fourteen 
years the Savings Bank Division of the American Bankers Associa- 

» From a report, mude in November, 1U27, by I'rofpssor Irving FiBher of Yale 
University. 

* Great proproHs haH boon made In California, Ctmnectlcut, Illinois, Indiana. Massa- 
chUHotts, Michigan, MlnnoHota, New Jersey, Ni'W Vork, Ohio, rennsylvanla. Rhode 
Island, WaHhin^ton. and Wisconsin. 
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tion has boen active in encouraging school savings and in provicling 
schools with practical guidance concerning the installation and 
successful oi)eration of school savings banks. The most authorita- 
tive book on the subject, entitled School Savings Banking (pub- 
lished by the Ronald Press, New York), has also been prepared 
under the auspices of the American Bankers Association.^ While 
school savings banking in its earlier stages was developed largely 
by bankers and business men, educators are now beginning to 
appreciate its value as a most efficient means of teaching the habit 
of thrift to school children. 

The Schools Must Teach Thrift. It may be contended that 
thrift can better be learned after the child leaves school and begins 
to earn money regularly. But both experience and the principles 
of teaching show us that then it is too late. The teaching of thrift 
is particularly the task of the school. This does not mean that 
bankers should abandon, their interest in the school savings bank; 
it means, rather, that bankers and educators should cooperate very 
closely in making the school the medium for inculcating the thrift 
habit. 

There are several outstanding reasons why the school is the 
place for the teaching of this valuable habit. In the first place, 
we know that habits are most easily formed in childhood. And 
the school commands the child when he is young. In the second 
place, thrift is a very broad and complex idea, embracing not only 
the wise saving and tpending of money but also the efficient use 
of all our personal and national resources. 

There are many opportunities in the school for teaching this 
larger notion of thrift. In the arithmetic class, for example, those 
lessons in thrift can be taught that have to do with the proper 
saving and investing of money. In the geography class those phases 
can be presented that are concerned with the resources of our coun- 
try and their economical use; in the hygiene and home economics 
classes instruction can be given concerning the advantages that 
come through good health and the proper selection and conserva- 
tion of food; while in the science classes the conservation of human 
energy and other economies that have come through the modern 
application of science to industry can be presented. Thus the 
notion of thrift can be introduced in many school subjects. 

» ToaeluTS IntcivstfiJ In schotil savinKx bniikliii: \v!U iiu«l it Wtirth uiiUf id writo 
to llie Saving's Hank l)lvisli»n ot* tho Anu»rl«";ui Hankers Assnclatlun, llu Kant 42uii 
.Street. New Vurk I'Uy. Tur such litrralun.' ami n-i»t)itH aa lh<»y i.ssut^ 
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Thrift Must Become a Habit, But thrift, to be taught most 
effectively, must be made a habit which will work automatically 
like all otiicr habits. The school has as one of its primary tasks 
the forming of habits in children. Kouding, writing, and computing 
are complex 'habits that the school forms by instruction of a 
gradually pr-^grcssive kind in which repetition plays an important 
part. Similarly, eating, walking, speaking— all -.hese are habits. 
Even a person's thoughts concerning his neighbors or the govern- 
ment may be largely matters of habit. Practically all the things 
we do easily and automatically are habits. Thrift, therefore, 
should be made a habit with the cliild if we wish him to respond 
quickly and persistently to it. Since it takes a long time for the 
child to acquire a habit, the school must be depended upon to 
surround him with the necessary influences and repetitions until 
the notion and the practice of thrift become habitv .1 with him. 

No habit, whatever it may be, can be successfully taught to 
anyone by simply talking about it. All habits, to be effective in 
Hfe, must be reduced to action. You may talk about handwriting, 
and the crossing of the "t," and the dotting of the as long as 
yon wish, but that does not mean that the child will necessarily 
cross the '*t*' and dot the You have to establish the habit of 
crossing the "t'' by having the child actually do it over and over 
again until he can do it easily, without effort, and witliout tliought. 
It is the same with the habit of tlirift. 

Thrift has always been talked about in the schools. It is talked 
about today more than ever before. The school savings bank offers 
something better than talk; it offers the daily opportunity to prac- 
tice tlirift, the daily example of others practicing thrift, and a 
vitally intcrciiting and .stinmhiting introductory contact with the 
world of real business. 

The School Savings Bank Utilizes the Laws of Learning. 
For the purpose of teaching the child the habit of thrift, the school 
savings bark is a psychologically sound medium and one of the 
best now available. Any sort of learning proceeds through five 
fundamental laws which have been formulated by psychologists. 
All el'fort to promote thrift, among either adults or children, in- 
cluding advertising and drives as well as more subtle propaganda, 
should be in accordance with these fundi.niental laws if it is to be 
thoroughly effective. Much thrift prunulion that has been under- 
taken by banks and schools has been a waste of energy because it 
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has not been followed up by a well nianagrd j>chool savings system. 
For the school savings bank, as you shall see below, puts into 
practice, if it is properly handled, all the fundamental laws of 
learning. 

First Law of Learning. The first law of learning points out 
that to inculcate any habit you must first create on the part of the 
pupil the desire to acquire that habit. The school savings bank 
accomplishes this in respect to the habit of thrift. Posters, stories, 
talks, and subtler suggestions about saving for a time of need may 
interest a boy vaguely in thrift, but nothing stimulates him to 
actual saving so much as the presence of a real bank in his school 
and the sight of his classmates investing their pennies and nickelb 
and increasing the totals in their pass books. And when he finally 
'inds his bank account big enough to buy the roller skates he has 
always wanted, he has learned a lesson that will be a stimulus to 
further thrift. 

Second Law of Learning. The second law of learning states 
that to teach a habit you must supply a certain amount of funda- 
mental knowledge concerning the habit to be formed. You do not 
want a child to form a habit blindly, in a purely imitative way. He 
should know what he is doing. One important item uf information 
which the child gets from the school bank is a first-hand demon- 
stration of how to deposit money in a savings bank. He also 
learns that his money is much .safer in a savings bank than it 
would be at home in a toy bank or liiddon away in a box. He finds 
tliat his pass book givus him a definite record of tlie growth of his 
savingj^ from month, to month. WIrmi interest is credited to his 
account, he begins to realize that his money is working for him 
and that a new force is actively increasing liis total fund. A few 
years later he commences to understand the great power of com- 
pound interest in making his iiaving.s grow still more rapidly. 

Third Law of Learning. The third law of learning states that 
in acquiring a new habit there mast be sufiicient repetition. No one 
forms a habit by keeping at a thing for a few months and then 
stopping. In fixing a habit the element of rei^etition, the (Joing of 
a thing over and over again, i.s the important factor. The school 
hank keeps tlie idea of saving constantly before the child, until 
it becomes second nature for him to tliuik aI)out saving and to 
a?t promptly upon that thouglit by tl'e re:4ular inve.-'ting of small 
sums. Even on those days when he iias no money to deposit, the 



SELECTED TOPICS 



child continues to be reminded of the importance of saving as he 
sees his cla.^smates forming in line to put their savings in the school 
bank. 

Fourth Law of Learning, The fourth law of learning reminds 
us that there must be provision fur the practice of the new idea or 
habit It is not suf!icient for the child to learn the theory of 
savings banks in school and t^ be told that he should use those 
banks when he grows uj), A savings bank on hand in the school 
encourages the child to act upon every impulse toward thrift which 
may be aroused in him. Every time he deposits money in the 
school bank, he is strengthening the habit of thrift. 

Fifth Law of Learning. And the fifth law of learning indi- 
cates that some sort of satisfaction must result from acquiring the 
habit. A man who has worked all his life to save enough to put 
his son or daughtci through college will have sufficient satisfaction 
if that son or daughter ifl successful in college. And so with every 
habit that is taught we must see that there is some resulting satis- 
faction rather than annoyance or disappointment if we wish the 
habit to endure. The school savings bank ofTers a child the satis- 
faction of seeing his possessions grow through repeated deposits 
and the accumulation of interest. He may use the money thus ac- 
(juired to buy something he particularly desires or he may keep 
it in the bank as a basis for still larger savings. Either use will 
give vhe child pleasure and so increase his interest in thrift. 

Thus the school savings bank is in every way an efficient means 
of teaching the habit of thrift, which is a habit of such vital impor- 
tance to young Americans of the present day. 

Cooperation with Bankers Essential. In the further develop- 
ment of the school savings movement in this country, it is very 
essential for educators to do everything possible to assure the con- 
tinued cooperation and support of the bankers. It is only because 
tliey have recognized the importance of encouraging thrift that 
bankers have done so much to promote school savings banks. 
Bankers do not derive any financial gain from the deposits made 
by the school children; on the contrary, the expense of promoting 
and installing school banks, of keeping the children's accounts, 
and of paying interest on such small deposits, is so great that the 
school savings systems usually entail a financial loss to the banks 
that are handling them. But the bankers have been willing to risk 
this business loss, just as the teachers have been willing to expend 



ERIC 



140 



TIIK TIIIUD YKARBOOK 



extra time to make tliis movemont a success, because they feel 
that the school saving^ bank will help the boys and girls of today 
to become thrifty men and women, 
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MEASUREMENT AND COMPUTATION 

By GEOUGK W. FINLEY 
Slate l\achcr$ College, Greeley, Colorado 

Two Maxims. Two maxims are coming to be recognized as 
fundamental in the modern teaching of mathematics: "Teaoh the 
chilch'on to u^q common pens?e in handling numbers." ''Develop a 
genuine number sense in connection with elcmen:ary mathematics." 
If Mary is trying to find out how much eVs yanls of cloth will cost 
at 55 cents a yard, she is cxi^ectcd to know not orly that she should 
multiply and how to multiply, but that her resuit should be some- 
where near 3 or 4 dollars. At least she should know that if she 
gets S35.75 there must be something wrong. She makes a rough 
estimale and checks her computation against it. 

In keeping with this movement progressive teachers have sought 
to teach children bow to handle computations from actual measure- 
ments in a common-s.nse fashion. If they measure their room and 
find it to be 20.2 feet by 24.8 feet, th^y sliould know better than to 
i=ay that the area of the floor is 500.96 square feet. Or if they find 
the diameter of a circle to be 6,1 inches, they should not say the 
circumference is 19.16376 inches. 

Some teachers feel that this whole subject is so complicated and 
difficult that it cannot be successfully taught to children below the 
senior high school. Experience has shown that this is not the case. 
Tlie subject has been taught in the junior high school and has been 
found to be as interesting and as capable of being mastered as most 
of tlie other topics we deal with in these grades. 

The two things that we need most in teaching measurement and 
computation are, first, an adequate treatment in our textbooks and, 
second, a clear understanding of the subject, together with a realiza- 
tion of the specific objectives to be reached. The first of these 
needs is now being met by some of our textbook writers. The 
second will be met as soon as teachers as a whole recognize the 
importance of the subject. I shall set forth the essentials in what 
follows. 

in 
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L Apphoxxmate Measurement 

Measurement Approximate. Every nicasurenient is an approxi- 
mation. When wc say that line AB is 8.3 inches long, we mean 
that when A is at the zero-point of our ruler B is nearer to 8.3 than 
it is to 8,2 or 8.4. The line therefore lies between 8,25 inches and 
8.35 inches. If wc say that line AB is 18 inches long, we mean it 
lies between 17.5 inches and 18.5 inches. When we say that the 
distance to the moon is 240,000 miles, we mean that tliat distance 
is between 235,000 and 245,000 miles. Every measurement, then, is 
accurate only to a certain degree. To understand how this is de- 
scribed we need to understand the expression ''significant figures." 

Significant Figures. There are two ways of describing the 
accuracy of our measurement. One is to say that it is correct to 
units, tenths, hundredths, and so on. Thus 28 inches is correct to 
units, 28.4 inches to tenths, and 28.42 inches to hundredths, A 
better way is to say that the first of these measurements shows 
two-figure accuracy, the second three-figure accuracy, and the third 
four-figure accuracy. When we say two-figure accuracy we mean 
two ''significant figures." The 240,000 used in the preceding para- 
graph indicates two-figure accuracy; for although it contains six 
figures, only two of them are significant. In 4.0 inches we have 
two-figure accuracy because thp zero indicates that we have meas- 
ured to the nearest tenth. 

The best way to make this clear to children is to give them 
numerous illustrations and have them tell the number of significant 
figures in each: 34 has two significant figures; 6.3 two; 304 three; 
8,004 four; 8.0 two; 0.40 two; 9.00 three; 0.004 one; 0.0040 two; and 
93,000,000 two. We' may make the following statements about 
significant figures: 

1. All the digits except zero are significant wherever used. 

2. Zeros are always significant when they occur between other 
digits or at the right of a decimal, as in 403 and in 4.60. 

3. Zeros are never significant when there are no other digits to 
the left of them, as in 0.02 and in 0.0024. 

4. In general zeros which occur at the right of a whole number are 
not significant. When we say the distance light travels in a second 
is 186,000 miles we are using three significant figures. Sometimes, 
however, such zeros are significant. If we say the distance between 
two towns is 10 miles we usually mean that the distance is between 
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9.3 and 10.3 mik^s, This makes the zqvo on the 10 siii;nincnnt. In 
ji^iich en.<t\s wv can usually toll from the nature of the niuasurcmunt 
whether or not tlio zeros are significant. 

Rounding off Numbers. If \vc arc to use common sense in 
computing with approximate numhers, wo need to know how many 
figures we sliould u.se and how many ligurcs we should retain in 
the result. • 

If Jack mea.sures the diameter of a eirele and llnd.s it to be 8.4 
inclies, what value of ])\ should he use to t?et ihv. eircumfercnce? 
Should he use 3.14159? As wu will show later he should drop off all 
the figures to the right of the 4. Then when he j^ets his answer 
he should drop off all but two of tho fljmres. This ^'dropping off" 
of figures we call '^roundinR off'' the number. The usual rule fol- 
lowed hero is this: When the digit dropped is 3 or ?nu/t, innnisv the 
preceding digit; when it is less than J, retain the preceding digit 
unehixnged. For more refined work, in statisti'^s for instance, this 
rule is modified to: When 5 is dropped, incrcu ,he preceding digit 
if it /.s odd and leave it unchanged if it is ev(n. 

Just how much and when nunibers should be rounded off will 
appear in the following paragraphs. 

II. COMPUTATIOK WITH APPKOXIMATE NUMDERS 

Addition and Subtraction. In order to make clear how certain 
computations with approximate numbers may be carried on, let us 
take a typical example from the malhoniatics classroom. Suppose 
four children have been asked to moasm*e the lengths of the four 
walls of their room and they turn in the following measurements: 
34 ft.; 42.2 ft., 34.1;) ft., and 42.155 ft. What should the class do 
with these numbers to find the flistanco aroimd tlie room? 

Of course one of the important lessons to he taught here is that 
measurements which are to he added or subtracted should all be 
carried out to the same place: units, tenths, hiuulredths, or thou- 
sandths. But since we already have these measurements we can 
use them to find the distance around the room correct to units. 
The children set down the least possible value of each measure- 
33.5 ment as shown at the left. In a similar way 34.5 
42.15 they set down the greatest possible value of 42.25. 
34.145 each measurement as shown at the ripht. 34.155 
42.1545 The distance aroimd the room, then is some- 42.1555 
151.9495 where ht^twecn 151.9495 an^i 153.0G05. 153.0605 
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Now have tho children udil the mimbprii as thoy were given, ns 
shown on the left, and add the rounded off numbers us shown 
on the right. It is clear that sinee one wall was „. 
measured to units only we eannot depend upon ^ " 

42 155 •■^"^•'^'^ *o t° off o»r numbers 

T rJi'r'nr ' beforc we add. It is well for us to remember to vstt^ 

or 153 '^'^^ ■ "^"'"'^ ^^"'^ ^'''"^^^ "^'^ 

final result because of the carry number. 

Rule: To arfri or subtract approximate inimhcrs icftose /i«aZ rffpjVs 

do not fall in the same column, round off each number to within 

our of the place occupied by the final sidnifuant digit which falls 

farlhrst to the left; add or subtract and round off another figwo 

in the result. 

Multiplication. Suppose the chihlren set out to find the area of 

42 1545 ^^'^^ ^^^^^^ ^'^^^^ ^'""^ follow- .„ .... 

' . ing measurements: width 34 ft., length -ffr 
2107=35 42.155 ft. They first find the least pos- ^^^^ 

12(54635 1^^' ^'"'''^ °" l^ft 1686220 

19fi4fi'?'^ greatest area as shown on the right. 

Tl,oy SCO ,l,at the only thins thoy know 
about the nrea is that it is between ^^^^'^^^^'^ 
1412.17575 and 1454.36475. All tlie digits are quite uncertain e.ycept 
the two on the left. 

Now if they round off the 42.155 to within one of the number of 
pKures in 34 (the less accurate factor) and multiply 42,2 by 34, 
tliey get 1434.8, which is well within the original limits. 

Take another example. If the diameter of a circle is 8,4 ft., 
what is its circumference? 

Since 8.4 has two-figure accuracy, we will use 3.14 for the value 
of pi. Then 3.14 X 8.4 = 26.376, which rounds off to 26.4. The 
least possible value in this case is 26.232 and the greatest 26.546. 
Again our value of 26.4 is well within the limits. 

We could round off the more accurate number to the same number 
of figures gi\'en in the less accurate number but this would some- 
times give us a result outside the desired limits. Take 3.162 X 9.4. 
The least value of the product is 29.500 and the greatest 29.885. 
But 3.2 X 9.4 = 30.08, which is more than the greatest possible 
value. It is therefore better to carry one extra figure on the more 
accurate factor. 
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Rule: To viultiply approxiviatc numbers round off the more accu- 
rate factor to xtnthin one of the number of significant figures in the 
less accurate factor, and multiply and round off the product to the 
number of figures in the less accurate factor. 

A More Accurate Method. After a class understands the use 
of literal numbers an interesting exercise can be worked out by 
showing how to find just what the error will be when any two 
approximate numbers are multiplied* To do this we must first 
understand the difference between absolute error and relative error. 

If we say a distance is 12 in,, the greatest possible absolute error 
i.« of 1 in. or 0.5 in. The relative error is 0.5 in. in 12 in. or 

5^ — ^, or about 4%. Again, the absohite error in 93,000,000 mi. 
12 24 

is 500,000 mi. The relative error is q^^q^^ ~ qIo ^^^"^^ 

We see, then, that the relative error is the absolute error divided by 

the obtained measurement. 

Now suppose we are to multiply a by 6. Let the absolute error 
in a be Ci, and in b, e^. Then the actual values of a and b are 
a + Ci and b + eg, where e^ and e-^ may be either positive or 

negative. Then we have the relative error in a = ; and the rehi- 

tivo error lu b — ^ . The product of the nctiiiil vahics of a and h 

is (lb + ac, + bei + CiCn. But o, and are both very small 
oompurcd to a and b. Hence their product will be .«o small 
a.« to be of no importance. Dropping this term we have the product 
error acs bei. Then the relative error in the product is 
(ic, + bei , £, ^jjpj^ ^j^j^^ ^j^g relative orror in the 

ab b a 

product is equal to the sum of the rt-lative error? in the two factors. 

Now let us apply this principle to the problem of finding the 
error in the product of two approximate numbers. Take 342 X 3-1- 

a = 342 and Ci = 0.6 £i __ 2^ — o 0014 

b- 3.1 and 63 = 0.05 a 342 

342 £i = M = 0.0161 

1026 ^ 3.1 

1060.2 Product relative error = 0.0175 

1060.2 X 0.0175 = 18.55, total product error 
1060.2 - 18.55 = 1041.65 1060.2 + 18.55 = 1078.75 
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Hence our product is somesvhcre between 1W1.65 and 1078.75. In 
other words, it is 10G0.2, with a possible error of 18.55 either way. 
This is written thus: 1060.2 ± 18.55. 

Division. Since the product of the quotient and the divisor equals 
the dividend, our rule for division of approximate numbers will 
naturally follow the rule for multiplication. Let us find the diameter 
of a tree whose circumference measures 12.8. Since this number 
has three-figure accuracy, we will use 3.142 as our value of pi. 

12.8 3.142 = 4.073 or 4.07 

Rule: To divide approximate mimhcrs round off the more accu- 
rate number to loithin one of the inimbcr of significant figures in the 
Ics-n accurate number, divide and carnj the quotient out to the 
number of figures retained in the more accurate number, and then 
round off the last digit. 

The short methods sometimes given for multiplying and dividing, 
Ia- means of which wc can leave olT the extra figm-cs in the partial 
products, are of doubtful value. The danger of additional errors 
off.>!et>< any value that might come from shortening the processes 
involved. 

Exact and Approximate Numbers. We must be careful to see 
that children know when these rules apply. When we multiply 
two approximate numbers, do we always round off? 

If 350 children give 5 cents apiece toward a library fund, how 
much will they have in the fund? The result is evidently $17.50 
and there is no rounding off. The point is. of course, that these are 
not approximate number.*. They aro.^e from an actual count of 
objects. There were exactly 350 children and each one gave exactly 
5 cents. We therefore call such numbers exact numbers. 

It is clear, then, that we get exact nuuiliors when we count objects 
and approximate nutnlu'r.s when we measure, or when we round off 
such numbers as pi or the square root of 2. 

Accuracy in Measuring. How accurately shoidd we measure? 
Well, of course, that all depends. It depends upon at least three 
things: 

1. Our measuring instruments. 

2. The distance to be measured. 

3. The purpose of the measurement. 

If we are to mca.sure the distance across a room we can get a much 
more accurate result with a steel tape than with a foot-rule or a 
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yardstick. \\q can measure the diameter of a bolt nuich more 
accurately with a micrometer than with an ordinary ruler. If we 
measure the width of a dcj^k with a yard.stick showing inches and 
quarters of an inch, wc should be able to get a result accurate 
to the nearest eighth of an inch, one-half of the smallest division 
on the yardstick. If we use a meter stick showing centimeters and 
fifths of a centimeter, we should measure to the nearest tenth of a 
centimeter, one millimeter. Thus a single measurement cannot in 
general be more accurate than one-half of the smallest division on 
the measuring instrument used. 

But if the object to be measured is k)nger than the measuring 
stick used, there is another source of error. Kach time we pick up 
our stick and lay it down again we make a sHght error. How much 
this will be depends upon the care with which we measure. When 
we measure a board, say six feet long, with a \oot-rule, and mark 
the end of the rule with a dull pencil, we may miss the real length 
of the board by five times the width of the pencil mark. If we use 
a sharp pencil, or better still, a sharp knife, our measurement will 
be more accurate. The total amount of error, then, will depend 
upon the length of the line to be measured. 

In stating the degree of accuracy required in any kind of measure- 
ment we often give, not the total amount of error, but the ratio of 
the total error to the distance measured. If in measuring the top 
of a desk one gives the result as 28V4 inchrs, we understand him 
to mean that he has measured to the nearest fourth of an inch. 
The possible error, therefore, is Ys of an inch. An error of Vh in 
281/4 or 113/4 is Vh in 220/ 8 or rn inch in 22G inches. If we say 
the average distance from the earth to the sun is 93,000.000 miles, 
our error may he 500,000 miles; this is an error of 5 in 930 or 1 in 
186. Two-figure accuracy will give an error of I0[i or less, three- 
figure accuracy an error of V/o or less, and four-figure accuracy 
an error of O.r,; or less. This fact will enable us to tell how many 
I)laces we should have in our tables for such work as that found 
in numerical trigonometry. 

The most important thing in determining the degree of accuracy 
for any given measurement is the jmrpose of the measurement. If 
we are laying off a ball diamond at a picnic wc would not mind an 
error of 1 in 20 or even more. lint if that diamond is being laid 
off in a new field for one of our big league teams an error of 1 in 
1,000 would be considered entirely too great. 
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Surveyors suit the degree of accuracy to the purpose of the survey. 
When they arc surveying in the country where land is compara- 
tively cheap they are satisfied with an error of not more than 1 in 
300. In a large city, however, where land is very valuable, they 
cut the error down to 1 in 50,000. 

Summary. Just what are the specific things we need to teach, 
then, in order to enable children to use approximate numbers in a 
sensible fashion? They are: 

1. A realization of the fact that all numbers derived from meas- 
urement are approximate, 

2. The meaning of significant figures, 

3. How to round off numbers to any desired degree of accuracy. 

4. How to add and subtract approximate numbers, 

5. How to multiply and divide approximate numbers. 

6. Which numbers are approximate and which are exact, 

7. Some knowledge of the degree of accuracy that should be 
attained in any given measurement. 

These things can be taught to children of junior high school age 
in such a way that they will be understandable, interesting, and 
worth while. 



THE TEACHING OF DIRECT MEASUREMENT 
IN THE JUNIOR HIGH SCHOOL * 



By WILLIAM BETZ 
East High School and Junior High Schools, Rochester, Y, 

L Introductory Statement 

Counting and Measuring. Mathematics has been defined as 
the science of measurement. This definition, while very incomplete, 
may serve to remind us of the well known fact that the twu proc- 
esses which caused mathematics to come into existence, at the dawn 
of human history, were counting and measuring. In other words, 
mathematics has a dual foundation which, to this day, has re- 
mained the chief justification for including mathematical training 
in the education of every normal child. 

Some of the Aspects of Measurement* In the following pages 
it is proposed to examine briefly some of the aspects of ineasure- 
ment, in so far as it constitutes an essential and recognized in- 
gredient of the mathematical curriculum of the junior high school. 
It is hardly necessary to justify such an investigation beyond 
calling attention to the prevalent confusion of educational objec- 
tives,^ to the resulting uncertainty with which teacher? are facing 
even urgently needed readjustments, and to the lack of agreement 
which is revealed by recent textbooks and courses of study,^ In 
the mathematical curriculum of the junior high school, measure- 
ment, as a separate "topic'' or "activity," is usually listed under 

♦ Thld report was prepared In connection with the Unchester Couperativo School 
Survey. 

» See, for example, Bode, B. II., Modern Ktluvational Theories, MacmlUun Co., 
1027: Davis, C. 0., Our IJvolving High Kchuul Cuvrivulumt Chup. VI, WurUl B(Hjk 
Co., lUiiT ; Monroe. W. S„ Directing Learning in the High School, Chup. Ill, 
Doubl»»day, TiiKe, uml Co., WM \ BrlK^K, Thomas II., Vurricuhim Prohlcm«t Mac- 
mlUun Co., I'J^O : Strati'uu>yi>r and BruntT, Hating Elementary School CourHCS of 
filudy. Bi.rtmu of Puhll('atUln^;, Tt-achorH ColU>t;e, Colunihla University, lOliO. 

a StM» i\w Fijth Yenrhw/k of the Department of {>*uperintcndenve, Chap. XI, Wash- 
ington, l'J27, containing thi* report of a Bpcclal committee f .1 lunlor Ulffh School 
Mathi'matlf'H : artlrli' on xlie *'I)t>Yi'l()pnu>nt of Mathomatlcs lu the Junior IIli?h 
School," in the First yearbook of the Sational i'ouneil of Teachers of Mathematics { 
"Mntht'matlf}4 and Curriculum Tcndi*nclcH In Sueoudary Kditcatlon." by V. T. 
Thnycr, Udueational Adminiatratif/n and f^upirviftiun, September, 1U27. 
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the general heading of Intuitive Geometry. Thus, the National 
Committee on Mathematical Requirements included the following 
items in its tentative formulation of the content of Intuitive 
(aeometry: 

(a) The direct measurement of distances and angles by means of a linear 
scale ami protractor. The approximate character of measurement. An 
undtTstanclini; of what is meant by the degree of precisioa as expressed by 
the number of "significant" figures. 

(b) Area of the square, rectanple, parallcloKram, triangle, and trapezoid; 
circumference and area of a circle; surfaces and volumes of soluis of corre- 
sponding importance; the coastruction of the corresponding formulas. 

(c) Practice in numerical computation with due regard ^o the number of 
figures usod or retained. 

(d) Indirect measurement by means of drawings scale; use of aqmre 
ruled paper* 

Now, the mensuration of the common plane figures and of the 
most important solids has long bucn treated more or less adequately 
in the standard textbooks on arithmetic. Moreover, the subject of 
''weights and measures," very naturally, is receiving constant atten- 
tion in the elementary grades. This is not true, however, of either 
direct or indirect measurement. Emphasis on these skills and 
abilities varies enormously, ranging all the way from a casual 
refoicnce to an extensive and highly specialized treatment. Is it 
possible to suggest a sane middle ground which is feasible in the 
average classroom? 

Measurement of Line- Segments. For reasons of economy, 
only the case of direct measurement will be fully discussed, Again, 
since the technique employed in direct linear measurement may 
easily be achipted by any intelligent teacher to all the other phases 
of direct and indirect measurement, we shall consider only the meas- 
urement of line-segments. The following questions, therefore, seem 
pertinent in connection with this study: 

1. What is the cultural background Uiat constitute? a compelling 
motivation for direct linear measureuifut? 

2. Is there a tested classroom technique which can safely be 
recommended to the average teacher? 

3. What ad(Htional professional training can be suggestufl for the 
teacher in connection with this work? 



In the three sections which follow, these questions will be con- 
sidered in succession. The discussion will necessarily be frag- 
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mentary. It will be based, however, on extensive classroom experi- 
ence, and will avoid merely theoretical opinions. In spite of the 
great and universally recognized importance of measurement, the 
existing literature on the subject usually is either too technical or 
too specialized to be of practical value in the schoolroom. It is to 
be hoped that these pages may induce others to take a more active 
interest in the development of reliable classroom procedures and in 
the creation of a more extensive pedagogic literature on the subject. 

Part One 

The Cultural Background of Measurement 

Motivation. A convincing and sufficient motivation for this 
subject can be found, first, by stressing the all-pervading signifi- 
cance of measurement in everyday life, and second, by introducing 
the story of the gradual evolution of standard units as a necessary 
by-product of a developing civilization. 

1. The Importance of Measurement 

The "Master Art" o£ Measurement. Perhaps the most elo- 
quent utterance in recent years on the role of measurement in 
modifying and reconstructing human life has come from the au- 
thoritative pen of Henry D. Hubbard, Secretary of the United 
States Bureau of Standards. In an address^ at Lake Placid on 
July 10, 1925, Mr. Hubbard discussed the **master art" of measure- 
ment in language that has in it the quality of poetry. 

Measurement is the Ma<itcr Art. Measures tell how Nature behaves and 
how to control her mighty forces in U\e service of man. Through measures 
of mn ami moon, their place, mass, .'ml motion, we predict the tides i'n 
which commerce ridvs with her arposics to all the world. Men go by land, 
sea, and air, night and day, unceasingly guided by measuring instrumonts 
whi(*h tell the tale of speed, place, direction and power. Transit ia **madc to 
measure.'* 

Explorer and surveyor locate position by measuring the height of the stars. 
The map is a fabric woven of latitudes and longitiuU'.-^. On it the facile 
pencil of the engineer creates a new earth. His dreams come true because 
the workers, from survey to steam roller, work true to measure. 

The mariner still hitches his wagon to a star, for moa^urcment was bom 
among the stars. The star-gazing dreamers of yesterilay gave us astronomy, 
chrononietry, the calemiar, surveying, geometry, and the art of navigation. 

• Ueprlnted In the offlolal organ of the Mptrlc AhbocIuHou. the quarterly journal 
Measurement, October, 1925. 
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Modem science began with measurement. We measure the rock to re- 
create the time tublti of geology, We measure tree rings to learn the life 
story of the tree, and through lueusureii ihvnQ tongues in uneient trues re-tell 
climatic histoiy centuries past. 

To science, 7neasunmcnt is a meana u} discovery, prophecy, controi To 
industry, it is the tool of creation. The measured curves of every tool are 
alert with the skill of a race of craftsmen. The machine is a complex of 
mea^iures which sets each cnu't to cosmic power. 

All industry measures to serve. Its every deed fits a measured need, 
whether size, strength, color, or whatever gives utility to things. Industry is 
service set to meatiUre. We measure the body to clothe it with mea,sured 
apparel. Our life itself fitis into nieaMU'cil schedules of time and place. 

Measures are the life of the line arts— poetry sings in measures, sculpture 
car^•es them into inspirutinns, architecture enshrines them, and the measured 
recor(', of tones and silence, their sequence and concord, transmutes the soul 
of the master musician into vibrant hurnionies for the joy of the world. 

Measurement is a miracle worker. We give a measured curve to glass to 
match a measured defect of the eye, and ru.'ytore sight to the aged and perfect 
the vision of youth. 

Perfect measurement is perfect truth, and setd man free. Everywhere 
measurement is busy creating the tumurrow of our dreams. Measurement 
is the master art. It has but one purpose, to create the maximum happiness 
for all. 

At the Philadelphia meeting of the Metric Association, December 
27, 1926, Mr. Hubbard amplified thej^e statements,^ in equally 
inspiring phrases, as follows: 

Protagoras begins one of his books by saying "Man is the measure of all 
things." Surt'ly man is the measurer, and nicasurenicat his master art. 
^Ii:asurcment is not merely an art, it runs through all arts, sciences, indus- 
tries — it is the master art. 

Mea^surement /.'i a pioneir. Karly history writ on trees marked by notches 
the height of Hood and the passiiu days. Man mciisurrd the earth, geometry; 
the tinning vshadows of tho day, chrunometry ; the stars and their motions, 
astronomy; the seasonal migrations of the sun, chronology. Early life de- 
pended upon measuring the turn of the year, when the sun starts north and 
seedtime nears. Thu pyramitls of the Pharaohs and the Lat of Asoka were 
va.st sundiids of the soasons whence noon shadows fixed the bt'St time of 
phmting to assure the needed crops on which wealth ami even survival 
dependetl. 

Throu^h measuri'.s alchfiny was transnnitod into chrmistrj', magic into 
l«liy.<ic?«. and aslrnlogy into a>tmnniiiy. Mfasurrs bring n(»w oras. The 
throdolite pn-i'edes the railwiiv; the mii-rntuptor ushfrs in the machine tool 
aii(?; the pyromiti^r, a new cm in metals; the kymograph, a new psychology; 
the; spcetroscupe, a n<*w knowledge of atoms. 



* StM> tin* January, I'J'JT. numlii>r of Mvaaurvrnvnt. 
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Here is a 4«hoe factory with a houseful of lasts. The shoo last siiius up 
cpnturies of shoemaking art in a set of measures— length, width, instep, ankle, 
— by which the shoe is built, clasi^ified, sold, and worn. 

A dress pattern sum.s up an age-old art— clothing the body. The pattern i,s 
a couiplex of measures. Artists of the mode build their creations on measures 
of the body* Every cut of the sh(»ars or stitch of the needle is measured to 
ensure perfect fitting for comfort, taste, or health, 

Feeding the race, a primary need, creates countless recipes which set to 
measure the skill of the cook, and thus make reproducible a host of delectable 
dishes. 

What is true of the shoe last, the dress pattern, and the recipe is true of a 
hundred thousand products of industry. If we need a hat, gloves, collars, the 
first question is size. The machine knows only the measures, the user only 
the quality, 

The role of mea.surpnient in medical research and practice would make a 
fa.«cin!iting volume. By mea.suring the area of a gimshot wound Carrel can 
foretell the day on which healing will be complete. So accurate is the pre- 
diction that it can be u^-ed to to:#t the value of difToring treatments and to 
rate the reagents used for asepsis. The white rat, probably the best measured 
animal, is bring used to uieiuiure vital fjidit and factors of life it-^nlf, and the 
results are being used to perfect human life. 

Ever>' new kiml of mnasiurempnt adds new perct'ptive powers to our five 
senses, and even creates new senses of porc^'ption. We cannot feel the turn- 
ing of the earth nor its ?wing around the sun, but the gyrostat can detect it 
for us. Starlight shining on a weld of two mcluls causes an electric current 
which turns a mirror. The angle measures the radiant energy. A million 
years of direct shining of the Pohir siar would barely heat up a millimeter of 
water one degree if no heat escaped. 

Such infimtp.«imals we measure daily and nightly in our l.iboratories and 
ob.servatories, for our measuring iastrunicnls delect a thou.smd things to 
which our sinis(^s are in.<t*usitivt?. 

• • » » • 

Hj ynra.^nre.^ uv am prtflicl. Me;i.<ured corrdatidus uive us the j;ift of 
prophi-cy. MfMsunincnt n.-i.-^iu'es u.-? that nothing is fortuitous, for jdottcil 
ourvps of alni().<t ovfr>* pliem)iuen()n run paralhd to othfTs and thus two 
sf»rics of nuMsuri'iiu nts M'r*minnly rmiotc n-vcal ('au>al or scMjiuntial relations 
which follow itimplc lau^. 

As measured mi'chanism deliver.s automatically a tlKMisaml kinils of nu»as- 
urcd service each gaged to perfectly r^atisfy .some nei»d or desire, life itself 
bfcomes freer, less mechanical. Wo speed up travtd threefold in a decade, 
Icavti road and rail behind to dive tla* trackless .sea or mount tlif* thin air. 
Clnrhes make the whnit? world liahitahh*. alines car]K't the earth with li*aiher, 
planes coiuiuer altitudes and radio nullifij's ilislauce. Fire tuni.s winter into 
spring, devices give us ice in the sunniier. A tun^isten ihreatl turns niuhf to 
(lay. A copper wire makes the world a wl:i>pering nailery, or, coiled in a 
niotor, sets free the toiling hand of luan. 

The blur print ,^p( aL\< the lanyuayc of mcoinin mnit. It is a congeries of 
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niea.surps, each helping to cre.ut the new mechanical marvel. The blue print 
is the measured chart of new Utopias. In study, shop, and laboratory the 
world over ^'Tomorrow*' is beinn traced in paper dreams set to measured 
.scales. Measurements are thus shaping the pattern of the ''Wonderlands of 
Tomorrow." 

Man's miracles multiply, hrp»ak the chain of time, place, and circumstance 
to g:ive him vast degrees of freedom and new and limitless powers. Little 
wonder that Emerson, facing the ne^r age of science and its possibilities, 
declared '1 have never known a man as rich as all men ought to be." 

Of course, it is utterly impossible to place before a pupil in the 
seventh grade the imposing array of illustrations listed above, nor 
is it necessary to recite such an exhaustive catalogue of facts. The 
teacher should, however, possess this reserve fund of information, 
and should dispense it to her pupils at such times and in such quan- 
tities as may best meet the actual needs of the moment. It is suffi- 
cient, at the beginning, to depend upon two very elementary 
arguments on behalf of accurate measurement. These arguments 
never fail to convince even that large class of pupils who are 
dcj^cribed by teachers as ''slow," '*lazy," "dull," "having no interest 
in mathematics," and the like. In simple language, these arguments 
may be stated as follows: 

1. We must learn to measure accurately in order that "things 
may fit." 

2. V'*ithout accurate measurement, there would be much waste of 
material, time, money, and energy. 

11. The Storv op Measurement 

The Need of an Adequate History, A brief and yet authentic 
iiistory of measurement, simple enough for classroom purposes, has 
not yet been written. The original source books are to be found 
only in large libraries, and the technical treatises on metrology 
make their appeal only to specialists. We need condensed and read- 
able accounts comparable to those which have told the story of 
counting and of our number system.*^ The following fragmentary 
notes are offered in the hope that they may soon be replaced by an 
udi'tiuate summary. 

The Evolution of Standard Units. The story of measurement 
is of absorbing interest. The gradual evolution of Unear measure- 

•Sim*, for examphs Profi»s8f>r D. E. Hmlth's admirable book, dumber BtoHei o/ 
Long .\0f>» Oina and Co., lOlU. 
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mcnt may be presented essentially as a drama of three acts. Act 1 
tells of the human body as the prmiary source of reference, and of 
the resulting age-long uncertainty and confusion. Act II presents 
the struggle to obtain a more permanent standard, through the sub- 
stitution of the earth as a standard of reference. \et III shows the 
attempt to attain an absolute standard by a dependence on the 
immutable laws of nature, substituting for the terrestrial unit a 
cosmic unit. 

For the origin of weights and measures we must go back to the 
earliest days of the human race. The idea of measuring arose 
almost simultaneously with that of number. The nomadic life of 
primitive man constantly suRRcsted the measurement of itinerary 
distance. Thus the distance traveled in one day would become a 
natural measure of journeys. For shorter distances, the pace would 
be taken as the unit, or even the foot. As soon as a more stable 
type of social life developed, the activities centering around fnod, 
clothing, shelter, the making of weapons, household implemciit?^, 
and the like, led spontaneously to constantly recurring manipula- 
tive measurements. Even primitive man would thus be led to 
employ as linear measures also the breadth of a finger, the breadth 
of the hand, the span of the extended fingers of one hand, the length 
of the forearm, and the distance between the tips of the fingers 
when the arms were outstretched. In other words, the human body 
furnished the earliest standards of length. This was both fortunate 
and unfortunate. It was a help in giving a universal background 
to the processes and the terminology of measurement, rcflcctcl to 
this day in the use of such terms as foot, mile, and hand. It was a 
source of confusion, since it created a multiplicity of fundamental 
standards of reference which, as we arc all aware, has never com- 
pletely disappeared. 

This diversity of purely subjective units of length soon proved 
embarrassing for purposes of trade and commerce. A desire for 
uniformity arose. It was seen that the interests of all would best 
be served if a single unit should be employed thioii^^hout the tribe. 
This single standard might he derived by averaging an arbitrary 
number of the units in actual use, or by having some standard im- 
posed by the authority of the ruler of the tribe. The latter custom 
was practiced very commonly. Tradition reports that as late as the 
time of Henry I (1100), the length of the Knglish yard was fixed by 
the length of the king s arm. But still there was confusion. Each 
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ooiiiitiy, and often each tinvilj^hip, would ho^M of its own j^ystcm of 
wciKlits and measures. And the denuuid for uniformity \va9 
hound to eontinue. That a s^ohition was not found until the arrival 
of our own tM'a was due, first, to the politieal turmoil constantly 
prevailing in nearly all parts of ICurope, and second, to the lack of 
an adequate seiunlifie hasis. The Hcnaissanee and the suhsequent 
revolution in all hranelies of human learning at last prepared the 
way for the creation of the necessary theories and the corresponding 
scientific equipment. A ^roup of great thinkers arose who ushered 
in the modern concept inn of the world in which we are living. It 
was their influence which led to the suhstitution of the earth as a 
standard of reference. But it still required the throes of the French 
Revolution to bring this dream to practical realization through the 
creation of the metric system. 

And yet, even the meter, -in spite of the utmost care used in the 
original measurements, was .^^eeu to he theoretically imperfect. The 
earth is not a perfect sphere, and human instruments always intro- 
duce sources of error. Again science proposed a more ideal solution, 
When Professor Michelson succeeded in defining the meter in terms 
of light waves, tliC standard unit of length had at last heen emanci- 
pated, and we now have ix **meter'' as permanent as the laws of 
nature. 

The Human Body as a Standard, The development of the 
manipidativo units based on the human body is well described in a 
classic American treatise on weights and measures, written by John 
Quincy Adams as Secretary of State of the United States, in the 
following passage: 

Tin? pi-Dpnrtions of tlu? humnn body, and of its members, am in other than 
flmmal numbers. The \h<\. unit of nuMsnres. for the use of the hand, is the 
c!t}>if, or oMcnt from Uif tip of iho olbow to tho end of the middle finpier; 
thr motives fur chorj. iiu; which, are. that it presents more definite termina- 
tions :it both rntls th:ui any of the other superior limbs, and fjives a measure 
easily handled and carriod .ibout the person. By doublinf? this measure is 
giMMi the cU, or arm, mcludintr ihc hand, and half the width of the body, 
to the middle of the breast ; and. by do\iblinjr that, tho fathnrn, or extent from 
tho extremity of one midc^le fmucr to that of the other, with expanded arms, 
an exact cquiv.ilent to the'staturo of man. or extension from the crown of 
tho head to the solo of the foot. For subdivisions and .smaller measures the 
^payi is found equal to half the cubit, the pnJyyi to (me-tliird of the span, and 
the finger to onc-f(jurth (u' the palm. The cubit is thus, for the mensuration 
of matter, naturally divided into 2i equal parts, with subdivisions of which 
2, 3, and 4 are the factors; while, for the mensuration of distance, the foot 
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will In- fuuu<l i\\ oiu'o I'tiuiil to ouu-nflh of tho pace, and ouc-slxth of the 
futlioin.* 

In otlior words, with the digit (or tho fmBorhnMidtli) as the 
smallest unit of this naturnl system, wo obtain tho following table ^ 
showing how these units were related to each other: 
Digit 

Tiilni (nr liiiuilljivadili) 4 iliRits 

SiKin 12 •' 

Ktrnt 16 •' 

Ciihit 21 " 

Sicji or siujilo iiai'c 40 " 

Doulilc pat'o 8t) " 

l-iithom 96 " 

!t is interesting to observe tliat tlic term "eubit" is derived from 
the Latin word cnbitum, elbow. Again, the Latin designation of 
the forearm was ulna, whence the English cU and the French aune. 
The history of the various ells, cubits, feet, and their subdivisious, 
used in the course of time, would constitute a long and imposing 
document.' 

The Anglo-Suxon facthm nu-aus "embrace." The "mile" cornea 
from millc passuum, a thousand paces, for the pace was a double 
step, and hence a little over five English feet. The "fingerbreadth," 
used by both Greeks and Romans, caused the use of the word digit 
(Latin, digitus). The "palm" is based on the Latin pabmis. This 
unit has survived in our "hand," still used in measuring the height 
(if a horse. The word "inch" is derived from the Latin uncia, tho 
twelfth of a foot or the twelfth of a pound, which originally signi- 
fied a small weight. 

Naturally, the units derived from the body were supplemented 
by other convenient moasm-itig devices, Thus, the "furlong" is sup- 
posed to onmc from the Anglo-Saxon furlong, moaning "furrow 
long." The wurd "yard" comes from the Anglo-Saxon gyrd, mean- 
ing a stick or a rod, whence also a "yardarm" on the ship's mast.« 

«.Tiilin Qulnry Ailnm^, Urpnri uimn Wriiihtit ami .Ucfiiiirt*. ii'ibUKlmd b.v Abrnhnm 
Small I'hlliKWt'hln. KxtiMi.lvc (iiinfaf ImiH frnm this r.'imrt will bp founil In 

Judcl.'c. U.. Thr r«urh'itiiuu »l Hwinl lw<Hhitl<im, Chnp. Vll. "The I'Hyc'hoIoKy of 
I'rcolxl.m." Macnilllnn (."d., VSil. 

MInllnrk n\x<\ Wnibv ii. 0. (Tho cnmplcto tlili' Is xlvi-n lu the hlbllnKrnphy Rt 
the Piul of this report.) 

«.'!..p. fnr .•xiinii'l". Nh'hol-'>ii, Kilwnnl, ifin awl iT,-a*ure*, Chiip. II, IV, V, X\ I. 

rn"l.,.rnlni.' (ho hUtory nf fhi- rnitinion Ilni-nr monHurpw. nre Smith, V. E.. Uittoru 
of ilathrmatkn, Vol. U, pp. <!K)-ii42. Olnu iind Co., 11)2.V 
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The Multiplicity of Standards. It is now easy to understand 
why so many different units of length were in actual use throughout 
the ages, and why they varied so extensively. Thus, the Attic foot 
was 12.137 inches; the Roman foot, 11.67 inches; the Rhineland 
foot, 12.356 inches; and the Amsterdam foot (used in colonial 
days), 11.146 inches. Throughout Europe there were dozens of 
kingdoms, principalities, and free cities, oaoh with their separate 
systems. ^'Social conditions and traditions everywhere governed, 
and not only in different countries in the same region would there 
be different values for the same weights and measures, but also in 
different towns of the same state." 

It has been estimated that at the close of the eighteenth century, 
in different parts of the world, the word *'foot*' w:a applied to 282 
different units of length. It is not surprising, therefore, that a 
demand for uniformity should huve asserted itself with ever increas* 
ing insistence. 

The English Units of Length, The source from which the 
Anglo-Saxons derived their weights and measures is not particu- 
larly certain, yet they er -ly endeavored to secure uniformity by 
enacting good laws, and in this they were so successful that they 
were enabled to maintain ihof^e weights and measures in their 
integrity despite the Normiin conquest. In fact, they were specially 
recognized and preserved by a decree of William the Conqueror, 
which stated that ''the measures and wnghts shall be true and 
stamped in all parts; of the country, as had before been ordained 
by law/' The standards of the Saxon kings which had been 
preserved at ^Vinche^ter were, however, removed to London, where 
they were deposited in the crypt chapel of Edward the Confessor in 
Westminster Abbey, which later became known as the Pyx ChapeL 
With Winchester are associated the earliest Anglo-Saxon w^eights 
and measures, and their autliority as standards is said to date back 
to King Kdgar (reigned 958-975), v ho decreed that ''the measures 
of Winchester shall be the standard.'' The unit of length was the 
yard or gird, which was identical with the ell, and as late as the 
reign of Richard II (1377-1399) the words virga or verge (yard) 
and ulna or aulne (ell) are found in the laws and official documents 
in Latin or Norman French, as the case may be, to denote the same 
unit of length. In addition to the purely Saxon measures there 
were those which had been brought by the Romans, and which, 
though incommensurable wiih Saxon measures, had survived and 
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become assimilated with the older measures. Among these were 
the mile, corresponding to the Roman ynille passuum, the inch and 
the foot, which soon became recognized as purely English measures 
and to have their own fixed values. 

In the Domesday Book (1086) we find the Saxon yard used as a 
unit of measure, and land thus measured is referred to as terra 
virgata, and shortly afterward, from the reign of Henry I (reigned 
1100-1135), the tradition is current that the legal yard was estab- 
lished from the length of that monarch's arm. The most important 
early English legislation was contained in Magna Charta (1215), 
and laid stress on the principle of uniformity. This declaration of 
uniformity was considered so fundamental that it was subsequently 
repeated in numerous statutes in essentially its original form, and 
we find many acts passed as occasion demanded to carry out its 
manifest intention. This naturally involved the definition of the 
standards and measures, and from thiie to time statutes are found 
which supply us with more or less complete information about the 
measures of the period. 

Unlike the measures of weight and capacity, there have been few 
changes in those of length from the times of the Saxons, and the 
earliest surviving standards of length, tho:?e of Henry VII (about 
1490) and Elizabeth (about 1588), vary scarcely more than a 
hundredth of an inch from the present imperial yard. In fact, we 
find the Anglo-Saxon measures of length perpetuated on the same 
basis as is given in the statute of Edward II (1324), where there is 
a restatement in statutory form of what has since become the well 
known rule that three barleycorns, round and dry, make an inch, 
twelve inches a foot, three feet a yard (ulna), five and a half yards 
a perch, and forty perches in length and four in breadth an acrc.^° 

The old Winchester Standards remained essentially unaltered 
from 1588 to 1824. In that year the new *^imporial system'' of 
weights and measures now generally in force throughout the British 
Empire was defined by a special Act of Parliament, the yard being 
made the official unit of length. The standards legalized in 1824 
were injured at the burning of the Houses of Parliament in 1834. 
They were restored eventually in 1854. New legi.slation was added 
from time to time, especially the imj)ortant Weights and Measures 
Act of 1878, which is now in force. How the common American 

Sel(»ctt'U frt>m Hallock and Wade, pp. ao-.'U. 
" See 11. J, Chaiif»y, (mr Wrights and Mi^aaurrs, Kyre and Snottlswoode. London, 
1897. 
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units are related to the Kuplish, and how they wore modified from 
time to time^ i? an interesting story which cannot even he sketched 
in thei>e pages," 

The Struggle for a Universal and P^hnanent Standard. The 

idea of deriving an invariahle unit from nature? itself, one that 
could he dotorniined with preat accuracy and duplicated readily, 
was hound to come to the surface sooner or later. During the seven- 
teenth century it finally assumed tangible form. Various methods 
of attacking the problem were offered, all of them based ultimately 
on the earth. The pioneer suggestion which finally led to tlie metric 
system is generally ascribed to Gabriel Mouton, Vicar of St. Paul's 
Church, Lyons. He was the first to propose, in 1670, a compre- 
hensive decimal system having as a basis the length of an arc of 
one minute of a great circle of the earth. One of the units of this 
system was further defined by Mouton as corresponding to the 
length of a pendulum making 3,959.2 vibrations in a half hour at 
Lycms. 

A long debate ensued as to the relative merits of the arc method 
and the pcnduhim method of deriving the fundamental standard. 
Tims, in France, Picard suggested (1671) the length of a pendulum ' 
heating seconds. Huygens (1673) also endorsed this unit. La 
Condamine (1747), realizing that the earth is not a perfect sphere 
and that as a result there would be variations in the length of a 
second's pendulum at different latiturles, proposed the use of a 
pemhilum beating seconds at the equator. 

This controversy engaged the ablest minds of the day in Europe 
and America. The culmination was reached in 1790 when Talley- 
rand, then Bishop of Autun, induced the French National Assembly 
to take an active interest in tlie movement. A committee nf bril- 
liant men, consisting of Borda. Lagrange, Laplace, Monge, and 
Condorcet, was chosen to study the problem. This committee con- 
siflered three possible units as the basis of a uniform and satisfactory 
system of weigh^« and measures: the length of a second's penchdum, 
the quadrant of a great circle of the equator, and the quadrant of a 
great circle of the meridian. The committee selected an arc of a 
meridian rather than one of the equat(u*. To quote: 

" Si»o John Qniiicy Ailani'*, livpnrt ujinn Wrights nnd Mrasurrg ; also thn oxrM>)- 
li«!it trejitmi'iit In HallMfk and Wndp. (*haiJ. IV. 

Thf* Krnat SfrvicM* ri'inlcTcd to thn I'tiltpd Stiitns h.v Thomas ,Ti«frer8nn» thrniiu'h 
hU work on bnhalf of a decimal sysrotn (^f oninau'r. and thrmiu'h his ontbuslasflo 
suii]>f>rt of thv niPtric niovmnpnt. slinidd strossi'd mnrt^ df»flnltoly In tlm classroom. 
S(-i» The Wfirka of Thomu^ Jr^ir&un, Vol. VII. i>p. 472- 195, New York. 1884. 
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Aftor an urc bnd hvi^n nicusun^d. tho Irnntli of a (iuadrant could then be 
coniinittMl. and one tpn-niillionth of its Icamth conld bo taken as tlio bn?o or 
fundamental unit of lonpth. The plan proposed by the coinniittee was to 
measure an arc of meridian between Dunkirk, on the northern coast of 
France, and Barcelona on the Mediterranean Soa. largely because these two 
places were each situated at the sea-level in the same meridian, because they 
afforded a suitable interveninji dij*tanco of about 9°30', the greatest in Europe 
available for a meridian measurement, because the countiy so traverf^ed had 
in part been surveyed triponometrically previously by Lacuille and Cassini 
in 1739-1740, and furthermore because such an arc extended on both sides of 
latitude 45*. The committee outlined six distinct operations essential for 
the work. They were as follows: 

1. The determination of the difference in latitude between Dunkirk and 
Barcelona. 

2. The measurement of the old bases. 

3. The verification and measurement of the series of triangles used in a 
previous sun-ey, and extending the same to Barcelona. 

4. The observation of the pendulum at 45** latitude. 

5. Verification of the weight in vacuum of a given volume of distilled water 
at the temperature of melting ice. 

6. Comparison of the old and new measures, and the construction of scales 
and tables of equalization. 

The National Assembly adopted the recommendation of the 
Committee. The actual work was commenced in 1792 by M6chain 
and Delambr"), through whose heroic devotion the tar^k was finally 
completed. Such was the struggle which gave rise to the metric 
system. 

The Metric System, The story of the metric sy.^^tcni has been 
written so often and is so readily accessible that a few reference.^ 
must suffice at thii point. It would be a great help if tlio inemor- 
ablo report of Mechain and Dolambre.^^ .sotting forth the early 
work neces.sary to of^tabli^h the metric system, were niatlo available 
in an English translation. 

The agitation for and against the metric system h ?till going on 
in England and America. In this age of science, of the radio, and 
of countless electric appliances base<l exclusively on metri'^ unit?, 
the usual arguments against the early introduction of the metric 

"A brlr»f statement of the essential fncts wUl bp i'minM In Smith, D. K.. //U/orj/ 
of MathrmatiCH, Vol. 11. pp. ♦148-0.50. For an exten?tlve troatm<'ut h< »\ eHpoclally. 
Hallock and Wacie. Chap. II-X. 

»*M6chaln and Delambrn. lidfte dn ^ynfi'me M^tri'iuc. 3 Vf^ls., I'arls, iSOO-lHio. 
A condenswl German translation, by W. Hluck. apinMirod In th»» collnct!(m OHtxcaUVn 
KlasHiker dtr Exaktm WUnrnftrhnftni, No. 1^1 Ldpzi*.'. liUl. C«»i>l«)us oxtnwts 
from thlB translation can bo found in W. lUm-k's Matht'matischc^ LcACbuch, 4. lia.id, 
Sterkrade 1, 1920, 
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system seom incredibly shortsighted. Tlie interests of the metric 
system in America are now sponsored energetically by the Metric 
Association,^" which has issued numerous explanatory pamphlets 
for general distribution and is carrying on an extensive publicity 
campaign. 

Teachers should become more familiar not only with the history 
of the metric system, but also with its obvious and compelling 
advantages. The development of the metric system, as the culmina* 
tion of an age-long struggle for uniformity and economy, has been 
called the greatest human achievement since the invention of print- 
ing. Its progress in the brief space of a century has been astound- 
ing. We are thus approaching the ultimate goal of giving to 
humanity the same common background for the art of measurement 
which, fortunately, we have long enjoyed in the domain of number. 
We ought to teach owr students how to use it intelligently. 

The Search for an Absolute Standard. Great as had been the 
precautions during the original surveying opei;atlons conducted to 
determine the "meter," subsequent researches showed that a slight 
error had been made in finding the latitude of Barcelona. As a 
result, the standard was in error by about 0.1 millimeter, a little 
more than a hair s breadth. The average length of the earth's 
quadrant, according to the best modern estimates, is about 10,002,100 
meters. Hence the "meter" now in use does not conform strictly 
to the original definition. 

Above all, the problem remained of securing an invariable unit 
of reference, since the permanence of the prototypes kept in Paris 
could not be guaranteed. Even this apparently insurmountable 
(jifRculty was finally overcome through an ingenious suggestion of 
J. Clerk Maxwell. As an absolute unit of length, he proposed the 
wave-length of some determined kind of light. The idea was 
artually carried out by Profej^?or A. A. Michelson.^^ '*r.<ing three 
different kinds of light, namely, the red, green, and blue of the 
cadmium spectrum, he determined the wave-length of each, or the 
numbiT of times this wave-length was contained in the standard 
meter.'' He found that, in terms of red radiations, 

1 meter — 1.553,163.5 wave-lengths. 

"Thi» i)ublii-.Mrljiiis nf tlip Mi»tri(* ,^^^^^n^•ia^I«^n ''an Im- ohtnln<Mi nf vory sllwht ex* 
ponHP. Itji (>m(»»'s ari» nt pn»}««'nt looiito«l nt I.'i'i Kifth .\vp.. Ni-w York City, 

•» Si»p ('hnni\v. 11. J., op. rf/.. Xl ; Sr^vi-ir^. .1. S.. Tht ury nf UcasurcmrniM, \u 1. 
New York. 1^1*5: llaU'U'k aiul Wadf. pp. Uno-^nn. 
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**The accuracy of this work is incredible, as the variation in the 
measurements was only about one part in ten million. Here then 
is an absolute ineasuremcnt, which gives the length of a standard 
in terms of a natural unit, under conditions reproducible at any 
time/' And thus a perfect cosmic standard has finally replaced the 
crude Units of earlier days. 

Part Two 

Thk Direct Measurement of Line-Segments 
(Classroom Procedure) 

The Need o£ Early Geometric Training. In the junior high 
school, intuitive geometry is now usually begun in the seventh grade 
and is continued in one form or another throughout the course. 
There is no reason, however, why geometric training should not be 
introduced much curlier, as is the case in nearly all European 
school systems. Fortunately, there is an increasing tendency in the 
best elementary schools to stress practical work in measurement as 
early us the fourth grade in connection with the manual training 
projects of the children. It is also gratifying that in the most pro- 
grc^isive junior high schools the shop work and the courses in indus- 
trial or household arts offer splendid opportunity for continuous 
application and correlation. Before beginning actual classroom 
work in the field of linear meas^urcmcnt, the teacher should create 
the necessary atmosphere of aiiticipution or appreciation. Thi.^ cun 
he done by taking a few minutes each day for a rohoarsal of the 
significance of measurement in everyday life, and for presenting, as 
dramatically as possible, the main facts suggested by the story of 
measurement. If these brief di^•cu.ssions arc then followed by a 
socialized recitation based on these facts, the apathy often dis- 
played by young pupils toward accuracy in all its forms will be 
eliminated to a very large extent, if not entirely. 

Throughout this preparatory period the teacher should stress, 
with increasing emphasis, the unicjue importance of linear measure- 
ment. It is easy to show, in the first place, that in ordinary con- 
.'truction work, such as the making of furniture, boxes, and the like, 
in the niunufacturing of clothing, shoes, automobiles, machines, we 
are nearly always concerned with the measurement of dimensions, 
that is, of line-segments. In other words, whether we wish to de- 
termine perimeters, or areas, or volumes, we are always funda- 



164 



THE THIRD YEARBOOK 



nu'iitally dependent on linear meusumnent. The pupil will then 
readily see that linear measurement is our great tool for exact and 
economic production in the industrial world. Second, we must 
determine dij?tanccs and heights by linear 'measurement That is, 
tranr^portution, rapid transit, commerce, surveying, navigation, and 
all similar enterprises, presupi)ose the constant, skillful use of linear 
measurement, 

A Desirable Technique, Turning now to the discussion of a 
desirable clai?sroom technique, the writer wishes to state that his 
suggestions are intendea for seventh grade pupils who have had 
little or no preliminary training in measurement. In the case of 
younger or older pupils any experienced teacher can readily make 
the necessary modifications. 

It may not be superfluous to enumerate a few of the essential 
characteristics of an efficient classroom method. It should certainly 
be simple and practical, and it should not demand an elaborate 
equipment. It must be adaptable to large or small classes, and it 
must admit of reliable testing and checking. 

After much experimentation, it has been found that the best 
results seom to be obtained if the work in direct measurement is 
carried on in four distinct, successive steps, as follows: 

1. There should be a careful study of the measuring instrument. 

2. There must be adequate practice in ''prescribed" measure- 
ment, 

3. Definite provision must be made for the development of 
accuracy, through '^controlled*' measurement, 

4. The skill thus acciuired should then be exercised extensively 
through suitable applications. 

These four steps will now be considered in detail. 

I, The Study ok the Instrument 

The Ordinary Ruler, The sinii)lest and the most familiar meas- 
uring instrument is the ordinary vulvr, and the numerous linear 
nu'asureiueiits which occur in c\'cryday life render its constant use 
indispensable. Vov that n^ason, prt-suniably, the mistake is often 
luadp of assuniiiifj! that every seventh grade \)\x\n\ has had a sufficient 
number of uontacts with measurements of a practical sort to enable 
him to protred at once to measurement ^'projects," It is true that 
the average home usually boasts of a yardstick, that many boys 
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have casually observed conr^tnntiou work in the street, or in shops 
and factories?, and that, similarly, many girls have watched their 
mothers as they used tape measures \n dressmaking and sewing. 
While this appt'reei)tive barkground is very valuable, it is not a 
sufficient roasun for cxpec^ting immediately an efficient use of the 
ruler, Besides, there art? children in every classroom who do not 
possess even this rudimentary fh-st-hand accimiintanee with weights 
and measures. In spite of this, textbooks ufteu create the impression 
that the real point of departure >hould be a suitable measurement 
'^project.'* How interesting it must be to pupils to be initiated into 
rval measurement at once by '"laying out a tennis court,*' or "sur- 
veying a playground/' or "planning a house"! It is so completely in 
harmony with the popular tendency to ^*do things" and "not to 
worry about petty details,*' that we allow children, in the early 
grades, to attempt things which are never mastered and which, as a 
result, arc subseciuently a continuous source of trouble. 

Standard tests, however, tell a very plain story. They show that 
the fundamental skills are acquired slowly, and that the cardinal 
aim of teaching, in this field, should be the prevention of errors or 
wrong ideas at the beginning/^ If measurement is to be regarded 
us a skill, it will require a technique which carries the pupils beyond 
mtve ^^exposure," and beyond a few uncontrolled "diffuse 
movements." 

The point of view represented in these pages is that measure- 
ment, **the nu\ster art,'' ranks with computation as one of the basic 
''adaptations" that cannot safely be neglected in the training of any 
child. If this is true, it is necessary to ^'rnake haste slowly," espe- 
cially in large classes, and to reject the "project method" as the 
exclusive means of developing skills of any type.'" It is clear, 
however, that supplementary projects should certainly be intro- 
duced in due time for i)urposes of motivation and genuine 
application. 

The first stej), then, in the eftective teaching of linear measure- 
ment is the study of the appropriate nu*asuring instrument which, 
in this case, is the ruler. As to equipment, it is assumed that each 

Myi-rs. li. C. Thr I'rrvmtion nnd fomr/jou o/ r.rrurn tu Arithmi tir, Thi» IMy 
niiiiitli* Vt*'^>. Vxi:^\ I'.ifklim'Uam. 1^ K.. li*mnn'h fur Tcnrhirtt, rhap. 

Vlll. SilviT, li«irtl»»tt and Tc^.. i;»JtJ. 

■"Sim. tin* o.»n!irniinu' st:iii'iM»*iits nt* SiiioTin{inil»«nl r. Waslil«iirnf' «»f Winmtka. 
ni.. ill tin* Tu'f'nt!/ ih Y^'U't.'i'.k 'if th*- sminnut >".'Uty for the i^tudy of VAaca^ 
{ion, I'urt 1. rU.'ip. XI. isi"rially ii. i.'::7. 
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pupil can be provided with a ruler showing the common English and 
metric units. On the ordinary inch scale, the inches are divided 
into halves, fourths, eighths, sixteenths, and sometimes into thirty- 
seconds. The metric scale shows centimeters, half-centimeters, and 
millimeters. The following combination scale has been found 
particularly serviceable, although a simpler form may be used. 
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Fig. 1 (reduced 

In this tliaKram, the centimeter scale was reversed, for convenience of reference. 

In every classroom, there should be, of course, at least one yard- 
stick and one meter stick. A combination instrument is often used 
by science classes. A tape is also very desirable. In addition, the 
teacher, or a group of pupils, should prepare a strip of paper about 
one inch in width and at least eight feet long, which is graduated 
into feet and inches. This strip should be displayed prominently 
before the class on the upper edge oS the blackboard frame, and 
should remain in position for several weeks. A similar strip should 
be used eventually for the metric units. If possible, each pupil 
should make such a strip for i)orsonal use. The making of such 
instruments is in itself valuable work. 

For two or three days the teacher should then provide exercises 
such as those outlined below, A few minutes of energetic, enthusi- 
astic work of this sort, each day, will mean more than a single, 
extensive recitation of the usual type. In the interest of clearness, 
the specific objectives to be kept in mind in these exercises are 
definitely enumerated. 

Getting Acquainted with the Units. Let individual pupils 
come forward and point out on the yardstick, or on the paper strip, 
specified lengths, emphasizing first the larger units, and then the 
smaller units. 

Ex. 1. Show a length of 1 ft; of 2 ft.; of 6 ft, 
Ex. 2. Show a length of 1 yd.; of 2 yd. 
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Ex. 3. Lay off, on the frame of the blackboftrd, or on the floor, a difltance 
of 5 ft; of 10 ft. 

Ex, 4. Mark off, on the wall, a distance of 2 yd,; of 4 yd, 

(Let each pupil hold up his ruler and then point out specified distances 
involvinjj^ inches.) 

Ex. 5. Point out a distance of 3 in.; of 7 in.; of 9 in. 

Ex. 6. On the yardstick, you may show a distance of 12 in.; of 18 in.; of 
24 in.; of 30 in. 

Ex. 7. On the paper .«trip attached to the blackboard you may point out a 
distance of '^\<i ft.; of 4li ft.; of 50 in.; of 63 in. 

(The subdivisions of the inch shouhi then be examined, particular attention 
being ilirectod to the fact that the>'C divi^jions represent successive bisections. 
A prelinunar>' reference to decimal divisions of the inch may also be in- 
troduced.) 

Kx. 8. Lay yuur pc-acil on your ruler aniJ show on the pencil a distance of 
31-j in. 

Ex. 9. (Comparison) Place the cd^'o of a sheet of paper on your ruler, and 
mark off on it a distance of 4l2 in. Then tear off a strip of paper of that 
length. .\11 these strips s^hmild thf>n bo collected. It will be easy to find out 
which of these strips are of the spccitied length. 

Ex. 10. On the ruler point out a distance of 6Va inches. Then proceed aa 
in Ex, 9. 

These exercises should be continued until the pupils are reasonably 
familiar with the customary units. It must be left to the teacher's 
judgment whether metric units should receive similar attention at 
once or at a hiter dute.'-'-* Both plans have been tried with success. 

Estimating Lengths. The primary purpose of "estimating'' at 
this point i*the cultivation of a desire for more exact measurement. 
One thing seems fairly rcrtaiu. nanu*ly, that if the present genera- 
tion of pupils is tau'iht to iisu the metric sy.^tem intelligently, its 
fmal adoption in this cuuuiry ought to be assured. 

Ex. 1. (The pupils are tuhi to hold their rulers horizontally in such a way 
that tliry uv Innknur :it th^ n virx* .<idi' of the instrument. See Fig. 2.) 

Tiy to point off un the (ungnuluutcd) side of the ruler a distance of 3 in. 
Fold a narrow strip of p:iper and partly wrap it around the ruler in such a 
wav th.u tho paprr cau bo made to :^lide easily back and forth. Move this 
pap»T indicator to the point which, in your opinion, marks off a distance of 
3 in. HuldinK the paper linuly in its position, turn the ruler over and see 

>*TUij» is alst) tni»' tin' tliM«lninl UIvIsIohm uf iho fi)ot and the Inch. KuU»rs 
Kruluat-'tl ln{«> truths ui an UwU aiv nut usnl i-Mnimnnly In rvi-ryUny Ufe. A ffood 
suUtituio rail rrnUily In. nia«l«' hy cuUin-^ oiT a strip -tf Hinmrt'd pajinr showluff 
ilrciiaal aivislnns ami pasiln;: It on u i»li'cu' of canihonnl ur on ihv bm-k of an 
unllnaO' nib'r. A tM.iul»la:it Inn instrunn-nt slmwltiu' tliM'lnial UIvIkIouh of the Inch 
was il.'VflniuMl by >U>s II. S. WmW nf thp Lafayi^ttv HUh School, Buffalo, N. V., 
ana is* HUOri'SsruUy u.st'd lu that school. 
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how nearly your estimated length of 3 in. agrees with the actual distance 
marked off. 

Ex, 2. Repeat Ex. 1, trj'ing to mark off a distance of 4Vi in. Check with 
the paper indicator. 




Fig. 2 (reduced Mi) 



Ex. 3. By means of a tabic such as the following record your success in 
making the readings suggoistod by the teacher. 

Estimated Length Actu:il LonKth .Vctiuil Error 

3 in. 3V2in. in. 

4 in. 

oU>in. 

C in. 

9 in. 

2 in. 

Ex. 4. Estiniatn thr dimensions of your book to the nearest inch. Check 
by actuiil moa.'*urcnient. 
Ex. 5. Ej^tinuitc the i'»ngth of your pencil to the nearest inch. Check. 
Ex. 6. Eiitiniate the dinionj^ions of your desk to the nearest inch. Check. 

If time permits, ''estimating" may be extended to other fnmiliar 
objects in the ruom, ^?uch as i)ieturcs, bookcases, and windows. It 
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will be found that skill in estimating is of slow growth. Moreover, 
the position of the object will affect the results. Horizontal dis- 
tances are, for obvious reasons, estimated more easily than vertical 
distances. Skill in estimating small segments will not automatically 
result in the development of similar skill in dealing with long seg- 
ments. Hence each position and each typical length must be dealt 
with separately. 

Copying the Scale Divisions. By this time the pupils have 
acquired sufficient familiarity with the units and with the technique 
of measurement to begin systematic work in their individual note- 
books. The tisual precautions and admonitions as to sharp pencils, 
correct position, and cleanliness are in order at this point. 

Ex. 1. On a straight line mark off, in succession, 5 inch divisions. Write 
opposite each inch division the corresponding number. 

Ex. 2. In the first inch division, mark off hulf inches; in the second division, 
mark off fourths; in the third, mark off eighths, and so on. 

Ex, 3. Check the accuracy of your work by sliding the ruler along the line 
to see if the divisions are correctly marked when you use a different starting 
point on the ruler, 

A similar plan may be used, cither at this time or at a later 
date, in dealing with decimal divisions of the inch, or with the 
njetric units. 

II. Prescribed Me^vsurement 

Testing Acquired Skills. The study of the rulor, and especially 
the exercises in estimating, will have stimulated in the pupil a desire 
to try out his newly acquired skill. Even now, however, it is not 
advisable to rush too quickly into indiscriminate measurement 
activities. It is much better to direct and supervise the pupil's 
further progress in this field for at least two or three weeks, before 
encouraging a more spontaneous or independent approach. Again, 
a short drill period of fifteen minutes each day is preferable to 
lengthy discussioni^. 

The following simple types of directed or prescribed measure- 
ment exercises will be fouml convenient for this purpose. 

Crude Measurements. A paper strip showing inch divisions 
should be attached to the upper frame of the blackboard, as a "line 
of reference.'' 

Kx. 1. On the blackboard draw horizontal lines of the following lengths: 
3 ft.; 31 in.; 4 ft.; 29 in.; and so on. 
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Kx. 2. On the blackboard draw vertical lines of the following lengths: 
2 ft.; 17 in.; 27 in.; 2Vi ft.; and so on. 
Ex. 3, JJraw oblique lines of gi\'en lengths. 

Ex. 4. Draw horizontal linos of \'arious lengths on the blackboard. Esti- 
mate the length of each, to the nearest inch. Check by measurement in each 
case and state the actual error. 
Ex. 6. Draw vertical lines of various lengths and proceed as in Ex. 4, 
Ex. 6. Draw oblique lines of various lengths and proceed as in Ex. 4. 

More Refined Measurements. In their notebooks the pupils 
may then work out exercises which deal with more refined measure- 
ments such as the following: 

Ex. 1. Draw four horizontal lines. On these lines mark off, respectively, 
the segments a, b, c, d, of the following lengths: 

a«2 in., fa = 3U in., c = 2% in., and ci«3%Q in. 

(If squared paper showing tenths of an inch is available, an admirable 
preparation for graph work is possible at this point.) 

Ex. 2. On a sheet of squared paper, mark oS segments of the following 
lengths : 

(1) 2.5 in. (3) 4.1 in. 

(2) 3.2 in. (4) 1.8 in, 

Ex. 3. Measure the length and the width of a specified sheet of paper 

(1) to the nearest inch. (3) to the nearest inch. 

^2) to the nearest inch. (4) to the nearest H inch. 

Ex, 4. Measure the length and the width of the blackboard to the nearest 
foot; to the nearest inch. 

Scale Drawing. Ordinary scale drawings afford excellent drill 
in directed nicasurcmont. In such a drawing, a distance of a foot 
is represented by an inch or by a specified fraction of an inch. In 
other words, the actual dimcnsiions must first be translated into tiie 
scale values, and the reduced (or enlarged) segments which result 
must then be drawn, 

Ex. 1. In the following table, u.siniz the given scale, fill in the missing 
numbers. 
Scale: 1" to 1'. 



Ai-tii:il 1' ni:tli 


V 


■i' 


10' 


15' 






Scale \i'XVAX\\ 


1" 


4" 


10" 




17" 


20" 
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Kx. 2. A ruK is 4 ft. by 3 ft. TIsiiiK ii scalo of I in. to 1 ft., wlmt nro tho 
iliiuonsiond of tho rug in the scale druwhin? Dmw tho resultiiiR figure. 



Kx. 3. Scab: %" to I'. 



.Actual li'tiiitli 


2' 


C 


10' 


15' 






i^culo ii-niith 


1" 


3" 






4 


10" 



Kx. 4. Ciivo siniihir exiTt'i^ifs involving othor scales. 

Kx. 0. A proup of povonth jrrado pupils (?i)llootcHi plans and blue prints of 
honsr.s found in nowspaptTS iind perioilioals. They comimrod tho dimensions 
i)f the livinpr rooms in these plv^n?. They made a table of tho dimensions 
found and then drew plans of the rooms which they considered hirire enough 
for a family of four pei>-nns. Here i.< a pDrtioii of the table. Select any ono 
of the roonw? nnel draw its plan, u-sinK the ^liven i?cale. 



Living Room 


Scale? 


1) 12'xl2' 

2) 12' X 14' 

3) 14'xlO' 

4) ll'xll' 

5) 22'xl4' 


H"=r 

U" == 1' 
i.<s" = 1' 

Vi" = r 



Kx. 6. A rectuHKular run is 48 in. wide and 56 in. lonp. Make a drawinp 
representing it. U:?e a scale of 1 to 10. 

Bar Graphs and Line Graphs. Obviousl; whenever \vc repre- 
sent ptntistieal data of any sort by lino-segnicnts, wo have an 
applieation of pre.soribcd moasnrcnient. In eaeh case we must first 
express the given data in terms of tho sciilc unit ehoscn, and must 
then lay off segments picturing the resulting values. 

As soon as the original table of values involves large numbers the 
choice of a suitable scale unit is imperative. Teachers and text- 
book writers often make the serious mistake of presenting tables 
which are not graded as U difficulty. Nor do they oflfer a reliable 
method of dealing with largo numbers. It is here that the training 
discussed in these pages can be developed and utilized. We should 
do all that we can to encourage improvenient among our teachers 
and vmters in regarrl to such work. 

Naturally, the simplest and most effective method of handling 
large numbers graphically is based on the use of decimal scales. 
The first exercises should bo limited to numbers lying within the 
range 1 to 100. Tlicn wc may pas.< to numbers between 100 and 1000. 
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Finally, iUvn, values larger than 1000 may be considered. As soon 
as the nmnbcrs to be represented graphically become large, the 
viwing problem of approximating" or **rounding off" arises. 

IVychologically, it is be&t to let the first graphs 'Halk distances" 
in order that the pupil may remain in a familiar field. That is, the 
first graphic problems should picture lengths or heights. 

The method to be used in extending prescribed measurement to 
the case of graphs may be inferred from the following exercises: 

Kk. 1. On livM siu\^ossivo days Mr. Smith recorded the following mileage 
made by his autDmobilt*: 84 mi., 96 mi., 45 mi., 63 mi., 99 mi. Represent 
iho:»o distant-OS by lino-segmrnt^. 

r>inic a scali^ ui 1 in. to 10 mi., we obtain so^monts of the following 
Iiti^jrlis: S 4 in.. 9.6 in.. 4.5 in., 6.3 in., 9.9 m. These distances can be easily 
I'ii'fiire.I mi ilci-imnlly ilivitiinl gquavcd paper. 

K\. 2. Tlu' fulluwinp table gives the distances from New York of ru Ho 
hrnadcaMing .stations in the cities nientionod: 

Milc.^ from 

City New York Segment 

Toronto 

Pittsburgh 330 

L<x< .\npeles 2100 

Portland, Ore jr5 

Denver 1615 

8an Frani'i>co 2oriC 

Wa.'shington 2 0 

Chicago 703 

Bo!*ton 205 

Chvchmd 400 

r.-niiT a .'•Tale of 1 in. to lOO mi., how long .1 segment wouM he nj*ce.«sary ip 
earli 1(1 pit'ttire the given distance? 
Snludnn. Here, the segments to be pictureii have the folldwing length.-<: 
3.V) in., 3.30 in., 24 in.. 24.35 in., 16.15 in., and on. 

Thcso values compel us to consider a method of '^in^undin.i: olY." 

Method of "Approximating" or "Rounding off." This suh- 
when presented carefully, is readily eomprehcndiMl by seventh 
iiviulv pupils. Thus, if the scale is 1 inch to 100 mile.^. a distance of 
784 miles is represented by a segment of 7.S4 inches. Since it is 

7.90 
->7.84 

7.80 7.80 7.8 

diflicnlt \o h^cate hundredths o\ an iiu'li ccnTeetly in u tlrawing. we 
may "rcumd tilT" the re-ult. in- "approxiniaie" it. as >li()\vn ahn\*e. 
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This moans that 7.84 lic^^ between 7.80 and 7,90, It is nearer to 
7.80 than to 7,90. Hence, if we desire accuracy to the nearest tenth 
only, we may uj^e 7,8 inj^tead of 7.84. 

If the required segment has a value ending in 5, such as 6,25, the 
rule generally followed is to approximate in such a way that the last 
figure is even. Thus, 6.25 becomes 6.2, while 6.35 becomes 6.4, and 
6.55 becomes 6.6. 

Hence, a distance of 335 miles, in the above table, may be repre- 
sented by a segment of 3.4 inches, while a distance of 705 miles is 
represented hy 7.U inches. 

III. COXTROL ZD Me.^SUREMENT (AcCfRACY) 

Extent of the Work, For retarded or "slow" pupils, the work 
outlined thus far represents the maximum safe requirement in the 
sexenth grade Normal or accelerated pupils can and should go 
considerablv o^yond this goal. With the aid of a few sheets of 
squared papoi graduated to tenths of an inch, or to millimeters, it 
is not diflficult to improve their accuracy record. Errors can easily 
be reduced to an amount not exceeding a sixteenth (or 1/20) of an 
inch on the inch scale, and to u millimeter on the metric scale. An 
even greater degree of accuracy can be obtained within a week, at 
the rate of ten or fifteen minutes each day. It is only necessary to 
devise a metliod of checking or controlling each measurenicnt, 
Within the range specified, the procethun.' which we shall explam in 
the next few pages has been found from classroom experience to 
be both simple and ofiicit*nt. 

Motivation, Our entire industrial era is really based on pre- 
cision measurements. Quantity prnrluction, in many key industries, 
would become impossil)lo without a high degree of accuracy. Many 
conveniences, formerly ciMisidered luxuries, are now within the reach 
of all, simply because th(\v can be put on the market qai'^kly and 
economically by means of standardized and controlled methods of 
production. This is \nn\ for example, of automobiles, vacuum 
cleaners, victrolas. radio sets, watches, fountain pens, and innumer- 
able other miracles of (juantity production. It is these conveniences 
and improvements which ditTerentiate the modern world so com- 
pletely from the period of a Inuidred years ago. Hence it is essen- 
tial, whether for cultural or for vocational reasons, to become 
acquainted with some of the devices which have made these modern 
miracles possible. 
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Precision Instruments. The automobile. Ions familiar to every 
boy and girl, is an almost classical example of in-ec onpineerins. 
A vast number of parts must be manufactured and assembled before 
the finished car can be sent out from the factory. An army of 
workmen housed in different buildiuLrs. and ■ -'nmed at an almost 
endless array of machini'S. as.Msts in turning: uut tlu-se thousands of 
parts. Unless this necessary division of labor were accompan^xl by 
constant and reliable checking at every point, the final ouicome 
would be disastrous, Constant jn'ovision is made against errors in 
measurement by the use of an interchangeable luvcision aj^jniratus 
which enables two or more mechanics to make the same measure- 
ments with an error of not more than a thousandth or a ten- 
thousandth of an inch. 

A visit to a machine shop or a factory will serve far bettor tllnn 
mere words to impress upon the pupils the importance of extreme 
accuracy in many lines of work. Specific illustrations of the de- 
grees of accuracy demanded and obtained in various industries are 
always appreciated. Thus, the steel balls for the bearings of the 
L. C. Smith and Brothers typebars nuist not be less than 622 ten- 
thousandths nor more than 628 ten-thousandths of an inch in 
diameter. Between these possible limits there are seven distinct 
sizes, and fifteen balls of any one of these sizes may he used in the 
construction of a perfect typebar bearing. The seven sizes c^f balls 
used differ from one another by one ten-thousamhh of an inch, but 
they are never allowed to be mixctl. 

If l)0ssiblc. the teacher should secure an actual micrometiT t'aliper 
for demonstration purposes. It is easy to obt:nu a micromotor 
graduated either to thousandths (or ten diou-.-indthsi of an inch, 
or to hundredths of a millinu^trr. Directions for using such instru- 
ments may be found in almost any shoji nianu:d. iSrc Vin. 3.) 

A classroom demonstration which never fails to arou<e interest 
consists in measuring the thickness of a sbfct of pajUT with a 
micrometer. \Vhen it is sron th;it the thiiknrss varies between 
0.002 in. and 0.004 in., the pupils lu-ein to untli;rstainl iov the first 
•me what an accuracy of 0.001 in. n^ally means. For similar 
reasons, the question is then raised as to wl:ether it is possible to f 
measure the thickness of a hum.an h:nr. reference being made to the 
common phrase, **a hairs breadth." The breathless and ahnost 
frantic eagerness with which otherwise i^hlegmatic boys and girls 
suddenly pull out and oiler for experimentation samples of their 



SELECTED TOPICS 



175 



own luiir le{ive.s m room for doubt that the ?jub.it'ct has boon moti- 
vtited in a very real and uuexpeutei! sense. The samples submitted 
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In tho Hcctjinpiuivinir diacrain of a iin\T«>ni(-tt r :i rrailinn of 0.178 in. is 
*»»ho\vn. Thf^ unuluntions on the hub c«Mu't»r!n tn th'» cu-toniary pitch of the 
siTnu-. nanit^y 40 to tho inch. Hrnrc c:i('h division (in tho hub is in., or 
0 02o in. Kvon' tenth of an inrh is nuinhrrotl 0, 1,2. oU'. Tho bcvrlod eilire 
of tho sleeve is jrnuluatoil into 2.') parts. When 25 of thcso praduitions have 
jvissrd the horiztintal line on the huh. tho spimllo has nuadc ono revolution 
and henoe has niovod 0.02.) in. Ai-i'onlinLdy, when the r'piniilo moves (mly far 
cncnich to cause ouo irraduation ni::rk of the .-^loeve io jnis.^ tho horizontal lino 
of the huh, it will have luovoil ^-5 t>f 0.02") in., or 0.001 iiL The tli^tnnce be- 
tween the cradu:ition.< on the sli tn e is ureat enough to permit half and quarter 
th<si^:indths of an inch to be rcailily estimated. 

usually reveal a diameter fluetuatini: between 0.001 in, and 0.002 
in. In speakinG; of **a bair's breailtli." therefore, popular diction 
lon^ apo furnished a very acceptable standard of areurney. 

Practice in Estimating Tenths with an "Indicator.*' The 
simple device in Kit:. 4 will <|ui(dvly (U'Vi-h^p skill in dealing with 




Fig. 4 {rc^lhccd 

tenths of an inch or tenths of a centimeter, and will prepare the way 
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for (Icalinij I'ffrctiN't'ly with hundrcdtlisf, provided a suiFicicnt amount 
uf prartire is yivrn the students in this work. 

On n card or strip of pupiT draw a pointed line or arrow at right 
angles to the edge. Place this edge on a decimalized seale in such 
a way that the smallest graduations are hidden, but not the marks 
indicating inehes and half-inches. 

The jnipil estimates to the nearest tenth the exact position on 
the scale which is pointed out by the arrow. Then, carefully 
sliding the card until the smallest divisions on the scale are ex- 
posed, it is possible to check each estimate at once. After making 
ten or more such controlled readings, ihe pupil will begin to appre- 
ciate the fact that measurements are only approximate and that 
various sources of error may atTect the reading. 

Practice in Estimating Tenths and Hundredths, Based on 
Squared Paper. The use of an indicator is helpful, but not essen- 
tial. Equally good results can be obtained by depending entirely 
<ui squared paper. For the sake of greater clearness, the discussion 
will be limited to the inch scale. Each pupil should be provided 
with inch paper graduated into tenths of an inch. 

In order to focus the attention of the entire class on the process 
to be studied, it is well I ) use greatly enlarged blackboard diagrams. 
Xo other device has been found as etTective. It is then a very 
simple matter to illustrate and emphasize the various possible cases 
which may occur in the measurement of segments, as suggested in 
the following paragraphs and by Fig. 5. 
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Case I. What is the length of AD? The answer, evidently, is 
two inehes. 
Case II. II(nv Icinir is AC- 

Here, the pdiut (' is at the third divi.-iini of the inch extending 
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from B to E. Each of these small divisions^ U one tciuii of un inch. 
Hence the length of AC is 2.3 in. 
Case III. How long is AD? 

The point D falls between the seventh and the eighth division of 
BE. Hence the length of AD lies between 2.7 in. and 2.8 in. In 
this case one of three plans may be followed: 

1. We may use u more accurate instrument to measure AD. 

2. We may select either 2.7 in. or 2.8 in. as the length of AD, according as 
D lies nearer the seventh or the eighth division mark of It is clear, how- 
ever, that a slight error is made in doing so. To indicate this, it is customary 
to say that the length of AD is about 2.7 in., or approximately 2.7 in. 

3. Finally, we may imagme each of the ten small divisions of BE divided 
again into ton equal parts, thus dividing BE into 100 equal parte?. To under- 
^^tand clearly the next step in measuring AD, suppose that the whole figure 
could be enlarged, or seen through a magnifying glass. The small division in 
which D is located would then appear as in Fig. 6. We can then estimate the 

I 1 I I I I I 1 I I I I 1 1 I I 1 1 I 

2-^— 

I I I I I I I I I 

I ZO^ 5616910 



FiQ. 6 

pn.^ition of D on this scale of imagined divisions. Thus, if /) falls ojipa^itc 
the sixth of those now dividing mark.'*, it i.^ evident that AD extrrds O.tX) in. 
boynnd the value of 27 in. Hence the length of AD is 276 in. 

Since, hnwovor, we merely estimated the position of D. even the value 
2.76 in., though more accurate than 2.7 in , is only approxiuiatrly correet. 

The proce.'ss u.-vd in finding the length of AD is noce.-siry in all practical 
mnasun^ments. A small error is u.'iually made, whatever sc:dr is u.*^^■(l. Ilrnce, 
all mnmircmvntu should be considered as only approximately correct. 

As soon a# an appreoiablc number of jnijuls >ovu\ to coniiirobond 
tbe ideas outlined above, the tcacbcr nuiy bo^in to as.<it;n exorcises 
suob as the following. 

Kx. 1. On inch paper draw tltr rretaimlf .\H('D as >\\u\\\\ in Fi-r. 7. Measure 
the diagonal AC, in inches, to th»^ ui'arfst tmth: to the !u\in\st lumdnHith. 

UtilhtitiH, With the aid of compasses, lay otT AC wlo^^ii tlu^ base line, makint: 
AK Ai\ IVing the plan discu.v^tMi ab«>\e. we fnul thar AE is 2.2 in., nearly; 
K»v 2.24 in., nearly. 
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Method of Checking. Now, it is easy to control or check this 
result by aiiplying tlie Pythasoroaii Rule. For, in Fig. 7, AC, in 
inches, i.s n-adily seen to be \ W. By referring to a table of 
square roots, tlic teacher can check every exercise of this type to 
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any cK\siiTcl degree of accuracy. Since it is not possible, on squared 
papt-r. in tlie seventh grade, to }zet results heyoiid an accuracy of 
huiKlredths, the teacher nuist he prepared for errors which may 
he as hirire as 7 or 8 hundredths of an inch. Correspondini]: renuirks 
apply in the case of metric units. A sufficient number of exercises 
should now be given to secure a fair degree of confidence and skill 
on the part of the pupils. This work slumld not be liurried. C^ne 
or two exercises a day, for a week, reprrsent a desirable rate of 
jH'ogress, 

Kx. 1. Kind the lonuMb of A(\ in the rrctarmlp AIH'D, if its dimensions ai'c: 
(n :> and 6; (2) 6 :uitl 7; il]) 9 and 10; (4) 6 and S; {')) 5 -Mid 12; (G) 1 and 7. 

I'lx. 2. On S(iuarod paper dr.iw a ^iquare ABCIJ, niakinj: its sido 3 cm. long. 
How lonir is AC? 

(AC, to tlu? n»*an*sf tenOu is 4.2 cm.; to the noan'>t hundredth, it is 4.24 cm.) 
Kx. 3. How lon^ is the diau^onal AC of the .sqnaro ABCl), if AB is: (1) 
5 cm.; \.2^ 6 em.; (3) 10 cm. 
.Answt-rs: (1) 7.07 cm.; (2) 8.4S cm.; (3) 14.14 cm. 

IV. Mn.vsfUK.MKNT Puo.iKCTs. C^'hke" Mk.vsukkment) 

Value of Projects. '1 he projeet movement, in spite of all its 
obvious tlaws, has at le.'iM served to call attention to the hnpcra- 
tive need of linking the more ov less artilicial work of the classroom 
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more closely to actual life situatioiii?. To be sure, projects can 
never become the sole basis for the acquisition of skills. That is 
the delusion which has almost discredited the entire **projcct and 
activities'' doctrine. Nevertheless, whenever a skillful and enthusi- 
astic teacher succeeds in introducing such supplementary applica- 
tions for the purpose of motivating, reviewing, or summarizing an 
ordinary unit of classroom work, the result usually is very en- 
couraging. 

Project-Problems. The following project-problems are sub- 
mitted by the writer as illustrative sami)les of simple types of 
applications that may readily be attcmj)ted by seventh grade pupils 
at this point. 

Prob. 1. The pupils in a health class had learned that in a good school the 
number oi square feot of floor tfpaue fur each pupil must be at least 15. They 
found tiiat tiie standard cla^tfrouiu in their city was 30 ft. long and 231^ ft. 
wide. How many luipii:; can v^aiely be imgned to one cl: in such a room? 

Prob. 2. Mia-sure tiio lioor sp.ieo of your school room and sec whether the 
size of your cla.*'^ meet^^ tiu' above standard. 

Prob. 3. In a well iigiiti'd i?ciiooi, the per cent whici; the window area is of 
the floor area at least 15. Thus, if tiie floor area is 700 i^q. ft., the window 
area must be at least 105 sq. ft. Find out whether your classroom meets that 
standard. 

Prob. 4. Karii pupil of a science class measured the width of ten leaves of 
a certain tree. Tlu-n tiie average of ihe.-te ten measurements was found. Try 
to re^teat that expennu-nt, selecting the leaves of any tree or shrub for that 
purpose. 

A Seventh Grade Measurement Project. A moro ambitious 
project, developed in the Wej^t Junior High J?chool, Cleveland, Ohio, 
may be of interest, it was coini)leted by a class of seventh grade 
li pupils, of the Y group. The following description is based on a 
report iurnislied to the writer by the teacher, Miss Hazel M Miller. 

This proji-ct I ecmsiderud hii:hly sucoessfiil, primarily beeause it was sug- 
m>i<-d by the pupils. It was led up to as a re.^ult of my having read of the 
>el )ul boards appropriation of a CDUsiderable .<um of money for the improve- 
meat o; old buildings, and womleriug about how nuiuy rooms could be im- 
proved with that amount. The que^tlon arose, "What would it cost to 
i\ ti« i\)r:iit' a luum of this size?" And the project was on. After an ex- 
i'laiiaiam III ihc Mtu.ilion, sugge.-^tiuiis i as the following were offered by 

ihr l»U]JlL<; 

il) iiiu.-f inr:i>iiiv the mom, 
{2i \V»' luii.'^t grt pnct's i»f oil. paint, and labor. 
We inu^t lilid out how haig it Would take. 
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The pupiU w'vw iliviili'il into six j:roups» (\ich group beinn pivcn a definite 
jii'DbU'in in nu'a>ur(»nn'Ut. such as tin* K^ngth. tho width, and the height of the 
I'uoiii, dour mriiMiivuu'ntj*, blaukhoani space, window space, etc. 

Then Hcalo drawings wi'iv mailo of each wall, of the floor, and of the coiling. 
The iii'C('^«':ir>' anws (tloor, windows, bhickboard) were computed. 

Boys reported on the cost of hibor and of materials for oiling the floor. 
The whole clas«s then estiuuitid the cost. Reports on the price of paint, labor, 
etc.. for refinis?hiug walU and coiling were made by the son of an iatericr 
decorator. Girls sugge.-Jted ^ash curtains, secured prices, and estimated the 
cost. This work was all done neatly, and assembled in booklet form. 

It took three weeks to complete the project, including all preparatory in- 
s'ruL'tiun necfssary to secure intelligent cooperation. But the p\ipiU learned 
to measure accurately and to compute areas', and at the same time had con- 
siticnible practice in the fundamental operations. Moreover, they were re- 
sponding to an actual life sit\iation. Last, not least, they became more 
appreciative of the expense caused by their carelessness in dealing with school 
property. 

A Correlated Sixth Grade Project. As was stated above, there 
is no reason why the manual training activities of the elei lonta^y 
school, as well as the lessons on weijiht and measures, given in every 
arithmetic class, shouhl not be made productive of more significant 
mathematical results, A vvry succensful correlating project was 
recently completed (.Peecmber, 1927) in one of the elementary 
schools of Rochester. N. Y. The description which follows was fur- 
nished by Miss Florence Ctreenberg, the teacher in charge of the 
work in that scluml.-^ 

KriLDIN'G TUK XKW SCHOOL 
Sul)niittod by Miss L'lon*nco Greenberp. 
J<choul No. 31 — Miss K. II. MacLnchlan. Principal 

Diir loim-promised new si-hool was at last being built. So much interest 
Was >lii)\\n ill the new building izoini: up rijiht outside of the classroom window, 
and .<o nuu'li spare time was spent in wati'liinj: the men work, that the sixth A 
i'l is< tlt'i'idrd to nuike n.'^e of thrir i)bs<»rvations and to build the school in 
Uiinialure. 

T\\r eoutr:u'ti»r loaned the cl;i.<s a set of bhie prints, and the work began. 
Till' si'iilt* of ineh to one loot was di-eiileil upon, anil was used throughout 
the tutire pmjret for every part. Then liiiTrn'Ut eonuiiittees were chosen to 
work on till' yirparate parts. 

Fnr till* iVaiiU'Work we i'ho?ii» ourniirnted eanlboard boNi'S. They were 
painii'd :i hnek r »l'ir. and lin»'S wm* drawn with white ink to represent brieks. 

.\u a iiu'ImImt i». a sppchU Arlthnii'tli* l;i'M»':irrh (*i»mniltti*»s nrK'iml/f.l In oi>n- 
in»fii"n with till* Uiii-hi'*>:r»'r r.-'|M'r;»f l\ » Si'lmnl Sjirvcy. MNs (Jr.'i'jUH'r)^ biM-jum* 
iiii. rt-^fi'd In t)if i»i»SHU>ilitiM>* sni i-li fii< jii;i r.\ j»r».j»M'tH sui'U a.'» tUi* uiie which 
liiTp Ui'SitUmmI. 
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parts were put togetlicr with adhesive tape. The floors, roof, ami win- 
dows were nr.uio of isingh^si^, so that the inside partitions and rooms may bo 
8oeu in the finished structure. 

The primary object of the work wixs to sui)ply tlie class with real prub- 
lenis in arithmetic. This was duno in the following way. Each day, tho 
children kept imlividual records ui the work they accomplished and of tho 
problems they encountered. Then, when the mechanical part of the work 
was finished, they decided to make a book which would include ever>'tliing 
pertaining to their work. In this book they have their table of contents, a 
page of acknowledgmt»nts to the people outside the class who supplied thoiii 
with nniterial used, a list of all measurements made, a list of the cost uf 
materials and of the men s wa^jes, their original problems, the record of their 
work (or a "diary,"' as they called it), their own judgment of the project, 
and finally the index. 

The cover and title page of the hoi)k were made during a regular art lesson. 
Letters of thanks were written during an Kuglish les;son. Hence, in spite 
of the fact that the school is run on a semi-departmental basis, the above 
subjects, along with penmanship, spelling, and reading, were closely correlated 
with the work. This, of course, can be done only if one has the full coopera- 
tion of the other teachers. 

Although the sixth grade course of study lioes not include geometry, nnich 
incidental geometric training was secured. In the course of their work the 
children di.^covcred and u>ed the rectangle, the triangle, the circle, the sienii- 
circle, the cylimier, the rectangular solid, and the octagon (in the chuuney). 
They noticed that the rectangle was used a fur greater number of times than 
any other tigure. They discovered that they couUl finii the area of the roof, 
an irregular-shapeti object, by dividing it into smaller rectangles, finding the 
area of each rectangle, and then gettin^^ the sum of the area^?. 

They got the idea of balance and symmetry, for in making the front of the 
building, the windows on one side exactly ^'matched" the wiudows on the 
other. The shrubbery was also placeil ''so that one side w:w the same as the 
other," again bringing out a symmetrical relationship. Illustrations of this 
kind would atlord excellent motivation lor the first le.s^ons in intuitive 
giHmietr>' in the .seventh grade of our junior high school course. As it is, they 
will well serve as a background for this work next term. 

The scale used on mo.^t of the original blue prints was in. — 1 ft. Thi*< 
meant that the children had to ch ange the given scale, \s in. — 1 ft., to 
U in. = 1 ft., for their own working purposes. Later on. tin y liaii to cliaii:.;e 
this scale back to the actual lengtlL< appearing in the real buililiiu:. fnr work- 
ine their problems. The degree of accuracy with which they uu-aMiretl was 
within Ma oi an inch, and in some cases within of .ui iiu-li. Needless to 
say. the pencil sharpener was overworkt-d tlurim: this tune. a>- the chiliircii 
found it nece.N-ary to keep their pencil points line in onler to get accurate 
measurements. The great te.<t of accuracy e;uiu> when the ch uriiu-n of the 
committees brought in their liniMied parts for assemhlinuv There was much 
relii'f and joy when tlu\v found th.it iln' puts tit^.il :Unii)sf perfectly. 

The children spent two weeks ni el.i-s tiiiir on the nieeh.inical tiisks. The 
re^t of the work was done before and afu'r sehool or in any spare time the 
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chiKhvu Howovur, we are still ?!ulving pvublems ulung with the regular 

work, h is ovrY six wi t'ks sinou llio coii.'^truction work started, and interest 
ii :«iill numinji In^ih. All the work was- ilono ri^ht in school, with the excep- 
tion of rifiyiY biuliM's which one boyV father made for him, The boy, 
howL-vt-r. gut tIk' iiu :i>iirrnii lUs aiul reduced them to the rijiht scale. 

The rhildifU cl;i.->ilird tlu ir probli'ius and found that they rune under the 
folluvMiij: hi-adiii^is: i»robK'ms in area, in volume, in linear u. .asure (denom- 
iiKite numbei-*). in lindin^' co^ts nf various items (dollars and cents). The 
I.r.'ct»es iiiclutlt'd adilition. subtractinn. multiplicatiou, and division of whole 
numbers, fractions and decunals. On looking over the course of study, I 
foiuul that the work had correlati^'d with it in every respect, and even included 
many ti^pii's not specially mentioned. 

Thi' cust of the projict was live eents. ?pent for a package of pins used 
lor ornan . iiial baleoiiii'S. The paint was willingly donated by a father who 
was a painti'r. Cilue. ]»aste, and ]»lasticene were supplied by the school. The 
adhesive tape and isinglass were aUo donated by interej>ted fathers. The 
boxi s camt' injni iieiu'hborhood grocery stores, thus making the actual sum 
i>l n;ont'y sjH'iit only live oeiiis. 

Then' wrre iwmiy^iMudit duKhvn in this group. We could have kept twice 
as ir.any bu>y. :is child h:ul to work on two and in some cases three 
d'.uVnut ruuuuiiti't s. The ages of the children rangnl from ten to fourteen 
yiars. the avi-raui* au'c bring between eleven and twrlve years. Fifty-eight 
\^vr ckwi of till' I'l.iss wi iv of .\nieric:ui parentau'e, Thn other forty-two per 
Cent w'vTv Cierman. Iri>h. Hulgariaii, Canadian, Swedish, Jicotoh. and English. 
I do nut think that naiumdity has a great deal to do with the success or 
I'.iduri' oi wi.rk oi this type. *^ome of our i)rojects are undertaken by classes 
h.iMiur a h:udi p-ro niugi.' i>i Italian childn-n, ami yet there is always a great 
dial of intin>t and eonciiitrated work in cunm»etion with this sort of 
approai'h. 

This briuu's nje to my hiM point. The interest, zeal, ami em^rgy with which 
il..' cl:i-s \\'»rk»d fnr ihe p;i*t sis wrik.< li.ive bfin reiuarkMble. Some of the 
ia>k- n-quir. d a gri :ii d. :d of patuau'v'. but all the work was ilone in such 
a line spirit that wliMt wnuKi i-niiuMnly hasi* bci-n a burden w;is consiilered 
a ]'l'a-uriV \ v:i>t Mumuni wms iciNtmpli^lH'd in a >h«M-i timi'. anil enthusiasm 
ran .-o hi'^h :li:«t cliddnn fn»m otlu r classes "droppi'd in" regularly an»l beiiu'fd 
111 in- al(.>\\.'.l to "do M>!iM thiiiii." School life was indcvul a joy to both the 
ehiltlren and tlu'ir trachrr. 

P.vuT Thhkk 

T 1 1 KoHKTlrAL Ci i \.<inKiaTU)N .-^ 

Need of Technical Details. Wl' shall now eunsithT brirlly some 
adtlitiuiuil tecliiiieal details which may be oi vahu* to cdassroom 
teachers for purposes lU' orii'inatinn. MleuKMitary tt'Xtbcudvs cannot 
he expected to oUer extensive theoretical exidanations. Tnloss the 
teacher can supplement these explanations, important ideas and 
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proces:^C!? arc likely to remain vaguo. Such terms as **clegree of 
accuracy," ''significant liguroji," '^relative error," have a techni- 
cal meaning whic-h should always he explicitly stated. Needless to 
say, the uncertainty as to the precise significance of these scientific 
terms is due, at least in part, to the scarcity of elementary treatises 
on measurement suitable for schoolroom jiurposes/^ 

I, TiiK Phohlem of AccuiucY 

Definition of Measurement Direct measurement may be de- 
fined as the determination of the number of units of a certain kind 
recjuired to ecjual a magnitude of the same kind. Hence measure- 
ment implies, first, the adoption of a unit of measure, and second, 
the operation of counting the numbcT of times *he unit is applied 
to the given magnitude. 

Choice of Unit. It i.« obvious that in all practical problems 
the sixc of the unit should be chosun with reference to the size of 
tht' ohjfct to be measured. The dimensions of a building lot are 
ordinarily given in feet. Arehiteetural data, as well as the dimen- 
sion- of furniture, ruys, and o^^:er household equipment, are usually 
statiMl in terms of feet i\nd iiu'hes. Larger distances are expressed 
in mlK's or kilometers. In astronomy, the **light year'' is used very 
eomnioniy, namely, the di>taiu'e which light travels in a year at 
the rate of 18G.000 miles a second. In machine work, dimensions 
are usually speeiluMi in terms of inches ov centimeters. In science, 
the unit emjiloyed almost universally is the centimeter or its 
.subdivisions. 

Ideal Accuracy. The cpiestion arises whether the abst)luto 
aci'ur.aey of any measurement can ever be guaranteed. The answer, 
sonu-what humiliating to huuum ingenuity, is "No." To quote: 

*riir hiiklrnt is licihli' to liuve more or less diiliculty in gra.sping 

ihf I'll . I tli:i ;:i'i.-.ir;ii\\' is ;il\vays :i nl:itivo mutter aiui absolute precision of 

a-M- ii.i lit IS ;in iiu|u)N<ibility. V.wn the .^aiootlu'st possible surface c;in 
Im« in.i-hiiipti rUi'Ui!li us to >ho\v that it contains irnvtil:iritics evor>*\vhore. 

^- niw 1. 1" th.» hi st tn atNrs i«j tli:U of Tunir, Thr Tlirury nf McdHurrmmti*, 
U» ipnil ilis»'M-H|..n^ w iU In* inutnl in smm* r»H*i'nt cnH»'i:i» nml 
!n-:!i ^. li'-i.l I'Ai Sit. I'nr i'\;inipli\ (JmIi- ami Wntk v^-. I'Jcmvntary Funrtl mtt, 
\*\' 7.: T*». Id'li :iu*\ i"«>. ; Vmimii; iiiui M«ir;:iiti. I.'lrmrnt'iii/ Miit httii'ii wtl .1 n^^/^/^*^.'*, 
M ijMlIaH <■'• ; KiMj-iii-lJ. e.rii. illi-i ami riiUi.nm. InijUd Uitthcmtitiftt, lli«ath ami 
I..; >u.iiM»ii. A.. .'Ii'jh >i //■,'./ Mtitht m*irit'.^, Mji.-iMiUaa I'l*. ; S.-luilt/.i* ami 

l?ri rUi-iiriil^'.-. I h iii' n''iri/ I nf> rtn* ^Imt** \hjrt,)'>i, Mai iiiUlati To. Thi' wrUrf Is 

iiiili-ht< ii In til"-- >.>ar. i^r sfim- »»! ilir Ilhi^it raU\ f r\anu»l*'s usnl Ui thr8t» i»aj;i*« 
aiiil I'nr valaabli* >uj;kVs»tioiiH. 
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A geometrical plani? certainly corresponds to nothing in reality, and perfect 
accuracy of number is jujit a^s much an imaginary concept. (Tuttle.) 

Lord Kelvin has told us that oae':^ knowledge of science be^jins when he 
can measure what he is speakinL: ab(nit and express it in numbers. Kvery 
year vast numbers of measurements are nuule in physical, chemical, and 
engineering laboratories, as well as in laboratories for advanced research. 
We are unable, however, to state concerning any one of these measurements 
that the result is absolutely correct. One of the most precise measurements 
in ph\'sical science is that of the wave-length of lijjht. The wave-length of 
eailmium light, measurcd by a Michelson interferometer and a Rowland 
grating, was found to be 

\c O.OOOOC-1384722 cm. (Michelson) 
\e ^ 0.0000643SCSO cm. (Rowland) 
(Jr we may put it in another way, 

1 meter contains 1553163.6 wave-lengths (Michelson) 
1 meter contains 1553164.1 wave-longths (Fabry and Perot) 
Thf'so moasuremrnts were made by ditl^rent observers uj^ing different 
nv'thods. They are remarkable for their agreement and they give us the 
w:tvp-li-ngth of light with sufficient accuracy for all purposes. But they are 
not i-orrect, and it is not at all likely that we shall ever know the tnie length 
of a wave «';id""'':ui 1:^:1*;, ^Stevens^n.) 

Estimating. A pnuH-ss of otinuttinj: arises in every moasuro- 
inepf pnihlem which itivolvt's lar^v numbers or a hl<:h depree of 
aeriiracy. Whatt'ver instnnuent is used, tho observer must keep 
in mind, first, the (lep:reo of aeeuraey which the jirohlem demand:?, 
second, the (le<rree of accuracy which is po.-sililc with the given 
scaU\ and thinL the extent to which ihv reading actually made 
conforms to eitluT the required or the ptissihle accuracy. A careful 
estinuite will often save a great deal of trtnible later. 

Thus it is obvitnisly unnecessary, and therefore not custonuu'V. 
tt) (lemarul in dressmaking or in woodwork the jirecision that i< 
essential in machine work or in anv other form of precision en- 
gineering. 

Certain and Uncertain Figures. Sujipose that it is recpiircd 
to nu'asuie the dimensions of a large huildini*: lot and that a steel 
tape is used for the purjnv<e. If the length is found to bo 247 feet, 
ciu-rect to the nearest foot, oiw wnWy means that the length is 
between 240 feet and 248 feet, but that it is nearer 247 feet. Here, 
the lirst two tigiu'es. 24. are ('irt(ii)i, but the third tigure is more 
or less uiicertain because it represents an approximation of the 
ai'iual length. Again, suppose that the length is determined more 
accurately, to the nearest teiuh of a foot. If the length is found 
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to be 247.8 iwi, i\w first three fu;urcs lUiiy be regarded us certain, 
while the 8 is imeertain. 

In gonoral, then, the hv«t figure in a measure*! result, reading from 
left to right, i:5 uncertain, It represieuts an estimate, and not an 
exact value. 

Decimal Accuracy. If u segment is said to bo 9.7 centimeters 
long, this means that it has been measured to tenths of a centi- 
meter and that it lies between 9.6 centimeters and 9,8 centimeters, 
being nearer to 9.7 centimeters than to cither 9,6 centimeters or 
9.8 centimeters. More accurately, it lies between 9.6 centimeters 
and 9.71/2 centimeters. Similarly, if a length is written ''9.70 em./* 
it means that it has been measured to hundredths, and that it has 
been found to be between 9.69Vlj centimeters and 9.70V2 centimeters, 
so that it can proi)erly be ^'rounded utT" to 9.70 centimeters. It is 
for this reason that scientists have adopted the agreement that 8 
means ^'between 7lj and 81 j/' 8.0 means "between 7,95 and 8.05," 
and 8.00 means **betwuun 7.99o and 8.005." and so un. In general, 
the rule followed is that the statam nt of a rnamircmcnt rnuat be 
accurate as far as it goes, and that it ahould go far enough to ex- 
press the desired degree of accuracy. Hence, no more figures should 
be uritten than are known to be correct, and no figures that arc 
know7i to be correct should be omittedr^ 

Significant Figures. "In arabic notation, the figures of which 
a number is comiH)Scd, excejit for one or more consecutive ciphers 
placetl at its beginning or eml for tlie i)urji()sc of locating the deci- 
mal point, are called its ^significant figures." 

In simple language, the significant figures of a measured rcsull 
are those that hui't some meaning. This implies that, in some in- 
siances. a zero appearing in a measurerl result is signiiican;, whiK* 
in other instances it is not a signilirant figure. Su])}iose, {or t'x- 
ample, that the measured length of a segment is said to he 14 
centimeters. If thi^ result is then expressiul in millimerers, it he- 
comes 140 millimeters. As was stated above, 140 millinietiMS means 
**hetwcL'n 139.5 and 140.5/' involving aceura'-y to the nearest i mIH- 
meter: 14 eentinirti'rs moans aeeuraey to the nearest (vntimetcr. 
Henee zem. in 140 niillnneters. was not obtained by measurement 
anil is therefore not >igniticant. If, on the other liatid, the length 
of a segment is 30.4 eentinieters. and is :ipproxiniated to the nearest 
centimeter, namely, 30. the /a-ro is signitieant, for it represents an 

^ TuKli'. lip. cit , i>. Til). 
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«l)sej'vcil valup. In fsliovt, « scm is ftignifivmit if it vciirmnU nn 
ohcmd or mix ^hikd %'ahtv{ it is not signifimnt if it Hoct not 
niiremit an observed or eaicutatcd i'«f«c, but merely serves to plaec 
tliv dccivinl point}* 

'i'\\m, in sui'h un I'NpH'ssitm as 0,0010. thu jsiro}* ave nut Ki|»nlflt'niit. 
Hoi'o titc ih'd signiiU'unt ilKuru is the Oguro tliut U nut scro, 
Uituu'iy 4, 

Approximating or "Rounding Off." Sometimes it is not 
ni'coissaiy to rutnin nil tlie siRnlflcant flgurps npponring in n nions- 
wictl or caUnilatrtl nuinciioal ri'sult. In that case, thu j»ivon volue 
n>ay bo "rumuK'il olV" or «|i|»roxiniati'il to tiiu ntiun-st tunth, or to 
:lii* nearest liiiii«lr<Hltli, and tlip rcuiainin}; fi^uros may bo dropped. 
Till' rule for dropping liKiirofi k that if tho digit whloh k dropped 
Is 0, 7, 8, or 9, thp pn-miiafi digit is to bu im'reast'd by one. Tbu^^, 
3.40 whi'n ruundwi olY to two i^iKoineant fi^wm, \wm\m 3.6; 
!<iiuilarly, 4.92 bt'oimu's 4.9. Tlu' ru.-'toniary rule for roumling oft 
oiU 'haf} l8 to "rooord the nearest nmnber rather than the odd 
niunber whieh is e(|Ually near," Thus, 4.U5 becon>cs 4.0; while 4.73 
l»ei'onu's 4.8. To quote; 

'I'lic mmm /(»r iliis iirm'i-tliiii' is tliiit in » *ii'rios of spvcml uipftmirometitu 
ui' I lit- Millie iiuaiiliiy it will bf; tis iijii to iiuikc u rocord too livrtso us it will 
(I) iiiiiko Dim too Miiiiill. iitiil so ill ilu' uvmiito of Kovnnil Midi vuliica will 
caiiM' hill 11 «|i(!lit (.inn-, if liny, If ilu. nili! wvw tliivt tlu' half (ihoiild hi; 
iihviiys inrioiisi'il lo ll r next ImniM' iiiiii, ilip rmirs would iioi Imliiiico «mi« 
iiiitiiliiT mid tlu> (ivi i'iini! wiiiilil tnid to ho hroiirflit up to a Imni-r viiliin tliiiii 
it fliinild linvc. Tlio cmiii' iidviiiilajst' woiiltl of courts ho iihliiiiicd if lli(» 
m-arrst tuM iiiiiiihri' Wi-ic iilways iisi'd, hiit llio i-vcii tiiiliihor hii.s oiio nlittht 
iidditiiinal iiu'iif, iiuiiii-ly, llial in vim> it .^iliouM liavu lo ht' dividod hy two, 
II ivi'iiiifiin' i)f till! Willie «itiialii)ii would ho avoiihid. (Tutllft.) 

A.M an applieation of tlu- above rules, eoasitlor the nuailn'r 
7.;}U)7U2. This miiuhcr, vnrvwt to 4 simnfieaiit li(?ures is 7.347; 
con-eet to 3 fiKuri's, it, is 7.33; eorreet to 2 figures, it is 7.4. The 
lu'urest whole number is 7. 

II. Dkohhiw and Stanoam».«; oi- Aa'trnAcv 

Sources of Error. It is custonmry to distiUKuisli between 
errors juid mistiil<fs, ami to d.-i.^sily errors iis eitlier comtant or 
mriilf'nttiL 

A "eon.^lant" orror is one whieh allVets all the nieasun'inents of 
u series in tlie sanie manner. It may be due to a fuvilty iustru- 

•'SoliuUr.i' niiU Uri't'ki'nrltl«i», o/i, i>i<., |i. aa*. 
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ment, to n wronR uw of the inj*trumcnt, or to pcr^ionnl dofcctn of 
i\\v ol)j<orvor. '\\cri(lrntar' orroi j* nro occajilonnl phmiII oitori whirh 
tend to l)Mlanro vwh other in a wrivn of rondinR^. "Mi^tnkcj*/* 
on the other lianch arc errors whieh arc eauncd by caroleiii^noMs or 
other nejiaiive trnit« of the observer. 

Poinible Error. The figure which follows the hii^t relial)le 
fiKuro in a rnoa^^ured n»?»ult may bo uncertain to the extent of sev- 
eral units. Thuji, if a student eMimatefi hundredths of a cen'inieter 
with the aid of a niiUimeler scale, his estimate will usually be in 
error by an amo nit varyinR between one and nine hundredths. 
That is, his aetu.d error may be nearly one millimeter. A more 
eareful observer, iisiiig the same scale. Is not likely to nmkc a mis- 
take exceeding half a millimeter. In peneral, the pomblc error In 
a uieasuroment, ir the case of a tralneil olwrver. will usually not 
exceed oiw-half o;' the xmal'^cst unit of the scnh. Hence, if the 
fiKiUTs of a numeical vahie arc siRnifieant and correct as far as 
they Ro, the given value cannot have an error larRer than half of 
a single unit in tl o last decimal place, or five units in the place 
that would follow the last one that is written. 

Thus, a length vhich is written 163.4 may l)o assumed to have 
an error of not mo-e than 1 out of 1634; or, more accurately, an 
error not greater than V^ out of 1634. The iinpnrtanre of being a 
careful obscnvr should be impressed on all stuilents. 

Relative Error. It is obvious thnt the actual or possible error 
in a measurement is of less importance than the relative error. The 
relative error is the ratio of the actual for possible) error to the 
lunneriral value undo- con.^idorhtion. 

Thus, .«nppo.«c that in measuring a line 20 inches long a pupil 
obtains .ns the result 10 inrhe.-. His actual error i.s 1 inch. The 
relative error is 1/20, or 0.05. If. do the other hand, in mt'Msnring 
a line 50 inches long the pupil alst* made an actual error of 1 inch, 
the rel.Mtiv^ error would be only l/t*0, or 0.02. 

Percent-age Error. Wren the relative error in a mea<»urenieni 
is exprcs.*ic<l in per cent for,n, it is kt.^own as the pereefUaae error. 
Thus, in the above examples, a relative error of 1/20 um'iwm^ n jier- 
ccntage errr^r of 5%, while a relative error of 1/50 mean.s a 
prreentage error of 27?. 

Tlie relative error, anrl hene-^ the per^-^entage error, does not 
ustmlly have to be eomputerl with very grert e?ire. A fairly accu- 
rate cslimatc is sufficient. Such an estimate can often be obtained 
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by n («lmnlo moutul cnlculntlon." Tluw, If in mr«»»»rlnR n tllMnnrc 
of 1 mllo a purveyor nmrlo n poi«i»lblc error of 1 foot, the tt'lntlvo 
error would be 1/5280. This In very nearly the name an 1/ftOOO, <ir 
2/10.000, or 0.02/100. or 0.02 of 1%. The nctiml comp»itatlon bIvch 
the value 0.00010, which In 0.010 of 1««' . 

"Significant Figures" venuN "Decimil Placci," It enn oaoily 
l)(< shown that It In the number of slpnlilrant flguren In n ntinicrieiil 
ri'-Miit, rather than the nunil'i r of decimal places, which tlctornilnci* 
ilie relative acoiirncy of that result. The table below i«linWf< this, 

Pniwiblo Mrror 

(liven Vahio (uMiinuul) Prrcrnlnitr F.rror 

87.4 0.1 1/874 »» 0.1% (lu'tirly) 

8.71 0.01 1/874 "0.1 r«> 

0,874 0.1)01 1/874 ""0.191 

0.0874 O.OOOl 1/874 « 0.1% 

Degrees of Accuracy, We may assume that an i<\prriencc(l 
olwrvor wi'l \w ahle to limit liis jjo.^sihlc error to tino-half of the 
smallest unit t)f the sciih«. Now, if the measured result, expressed 
in terms of the smallest unit u.«'ed, is denotetl by x, the relative error 
i.« cvitivntly e-xpn-.-'sed hy the formula -" 

ITfiinK this formula, we may ronstrurt u tahio which shows h«)W 
tho (loniTo ot accuracy increases as the number of signincunt fiKinvs 
incMTascs. n,,^^^^ iv.HHihiP 

lN'rri«ntntfi^ of Krn»r 
Nil. uf SltfMinruiU „f Vahii.R JL 

Klrfim'H ^^t r *2x 

Onv J-0 \<2 to 1/18. or 

rm'r to rvr)% 

Two 1/20 to or 

iV/r to omrr 

rUrov lOO-^ODt) l^m) to i/imm. or 

0.5rr to imOVr 

Tims, a nicusm'cd result which is ''correct to two si^iiifirant 
fiHures'* has a perc(Mit:m(^ (M'rnr \*aryinK hctwccn ,V; nml O.AO.V;. 

Standards of Accuracy. What shall con.'^titutc the stomhiiwl of 
(l(^siral)l(^ arcuraey in any piven case? In some work a eoinpnra- 
tivdy larj^e error may safely lu^ p(M*milt(M|. whih* in otluM' work such 
an v'rov would hv fatal Thn tal)lc on pa^c 189 may he usc^i to 
cluM'k tlu^ accuracy (du Mined in any mcjisunMl rcsiilf/*^^ 

«»TlUMi» niu\ SailfPly, Thr Thmru uf Mriutun^mmin, p. Mil. 
*"Tho writer 1h hiii«*htiM) ti> ti'\t of ({(it«' atul W>iiKt\vx fur OiIh fnrninta i\\u\ 
tnlOi^ h,\HVi\ nil if. 

" Si'tt Tuttlo ami Suttrrly. vit., p. t ITi. 
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8iir cif KmiN tfriiitt Tuiilo it Bttterly] 

owl to 0.1 p^'f crui "very iroiH" 

0.1 tu 0.3 p<*r (viii "imiUr' 

0.S 10 1 per cent "moderito'' 

1 to a per cent **liiriie'' 

3 to 10 per cent "very krgt" 

There id »uch a thing a8 supcrflmm* accuracy. A knowlcdfio of 
tho degree of aceurncy that U required in particular catcs often 
makes it possiblo to save time and encrio*. 

For the majority of engineering and commercial calculations 
thrce-flguro accuracy is sudiciont. Most of tho calculations arising 
in physics and chemistry do not demand more than four significant 
figures. Some of the calculatiom^ necessary in surveying and in 
astronomy require six or even noven significant figures. 

In carpentry, measurements are made to 1/16 inch, to 1/32 inch, 
and in special rase?* to 1/04 inch. Maeliiniiitts' steul scales are 
graduated to 1/04 inch anil 1/100 inch. Careful machinist, cnn 
often nicasurc to 1/1000 inch witli such a scale, 8/1000 inch being 
readily obtained. 

As a stin^ului to accuracy, however, and for informational pur- 
poses, it is well to acquaint pupils with particular instances of pre- 
cision work, preferably derived from local industries. Samples of 
high-grade machine work or pictures illustrating precision meuunls 
arc particularly valuable. Thus, the accompanying pliotoginph 
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VourtviU tlauncH and 7<om) OptUnil Co, 
Fia. 8 



shows mm\ hiRh-Kradp lenses. The small hcniisjihorical lens at 
the right is hut thrcc-hundredths of an inch in diameter and is 
aeourato in dimensions to ten-thousandths, while the errors in tho 
surfaces inv. reduced to iiiillionths of an inch, Tool microsooperf 
mcasurn with nn accuracy of 0.0001 inch. In polishing the surfaces 
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of prl»m« uwl In pniino fliidcrn. II." mirfnci'i* do not viuy fiom a 
true plane by more tliiin iihoiit ii niilllonili of i\n inch." 

Similnr ri'mmki* ImM wllli ivft-ivncj- to Mirli Miindiinl yimi'K 
thow ninniifarlurod by tlio Jolmnj^son (l«iso ronjpimy of PourH- 
kecpMlp nnd Di'iroU. Tlusc ruri's will nu-iismv to oiir-iiiillioMlli of 
an inch.*' The iippnrntvi» u«'d by Profofj^or Miclielsiin. in dctcr- 
mininK the wwiw in imwn of wiwc-leoRth.s of IIrIiI. tvpivjirnted the 
hlphcJt fikiP of the inftninient ninker. The mimuf* and optical 
pinnes in mw cases reached an accuracy as Rreat o* 1 '40.()00 of a 
mlllinicter. or the 1/20 par^ of the averape wave-length of lipht. 
In repentinfi the Miehclson-Morley ether-drift experiment of 1887, 
Profcf.-or Miller of Clevelnnd rtccntly set up an interfiMomcter 
nppanitvis near the Mt. Wilson Observatory in Californio, by whieh 
it W08 po.«sible to detect n variation of one part in 100.0{)0,o6o. 

In furveyinp, too, a relatively hiph <lcpree of aecm-acy is now 
pos.««ihle. "If an aceurfUe steel tape is used, which U stretehcti by 
0 measured force when it is at a carefully determined temperature, 
it is possible in tho course of a few weiks to measure a base line 
for Fiir\eyinR purposes with an error of about one unit out of 
SOO.OOO." (Tuttio, p. 172.) 

Schoolroom Limits of Accuracy. In oomparison with the hiph 
standards mentioned ohove, the classroom must he sritisfled with 
very rouph approxinuitions. For the purposes of evt-ryday life, 
sueb approximations usually represent a suflieient depree of oe- 
curacy. An ordinary ruler, pradnated to eiphths or sixteenths of 
an inch, automatically imposes certain limits (m the possible depire 
of accur:icy. Thus, if in measm-inp .-i Inipth of one foot, a pupil 
made an error of 1/8 inch, his relative error would be 1/90. or 
nearly I'V. This Is "moderately" accurate work. If tlu' width of 
fi schoolroom is 20 feet, and is measured with an error of l Al inch, 
the pereentapr of error is roatlily «'en to be about 0.1 of 1%, wliioh 
is a "small" error. 

Apain, if a pupil measures a lino 20 eontimclt-rs loop and make.'* 
an error of 1 mlllimeti'r, his pcrrcntape of vnov is 1/2 of \';; , a 
"moderate" error. 

«"rhi. iilKKi.i'Pni.li 1111(1 tho rx|>lniinfi.r.v ilntn nr.. nrliiloil tliroimli l|i.> cniirlnnv of 

tllP Iillll.«cll lltnl I.nMll) ()|iliflll (■(illipilliy, UorlinstiT. .\. Y. 

" Viiluiibli' (irtl.'I.'N oil iircni-nii' ini'iixiin-tin tit will ho ft.iiii.l In (ho icfhiil.'iil 
J.uirnnls. MUch nx .\fiirhlm'ni nnd .\fi;-hiini,;,l rnuinnrir,,, ..x|m.cIii1Iv n iIIh- 

ciiKiiliiii iif nutlful mcllKKN or iiifnuiirliiu miiiOilii« imrix, by Ili-iirv K. Kiiriz of (ho 
Scloiitlflo nurniiu of (hi. llmiKch lUi.l Loiiih Upti.Nil CiiiuiMiiiy, Iti "tho Mhl NovimhIht 
aumbor, lu:;.'i. uf llnhanical nnutntTrtno, 
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Tiwnc ilinplc Illustration* tmy Hrvo to Iruliputp the type of 
nu-asurcmcnt work nrul the thuicp of aocmacy whh li is possible or 
<U>i«iral)li' In the avcrnRC sehooirooin. 

ApproKimatt Computttiont, Since vvvvy nuiitiuriMncnt In- 
volvi'd an error, it Is ovulont that (-oinputatlnns Imsctl on these 
npproxlinnte nicasuroiiicntu (for oxainplc. prrlmrtcrs, areas, vol- 
unu'.'«» arc al.'O nmro or K-m In error, nn niarti-r liow accurntoly the 
C'oniputationH are made. Hcnoe, if only roiiKh approximations are 
olitaiiMMl in iiu'ii!*iiri»K, it would hp ahfiinti to (>x|)C'i't a hishcr degree 
of at'ctnacy from the CDinpiit.itions hastd nu (lu>m. This fact hn.s 
le«l to H tcclini(pio of ahridficd miiitipiii-atioii and division of dcci- 
nuils, which is very valuable to tlmsi- who havr occasion to use It. 
It i.^ not as dillicidt to understand as some teaehers think, 

It is doubtful, however, whether time can be founil in the junior 
hiffh school for the tcnehinR of these inethods. Survey tests linvo 
shown that many pupils in the junior hiwh schools arc still vrry 
iloficient in their mastery of the fundamental arithmetical skills. 
Careful experiments seem to indicate that .Mbhreviatcd multiplica- 
tion and division of decimals can be taught elVectively in the ninth 
grade, but that these processes arc not retained very long unless 
a disproportionate amount of attention is Riven to tht-m. Instead, 
we may have to be satislieil for the present with a more modest 
program. Pupils can be taught to "mund otY" results. They can 
nl.so understand the idea that a chain is not stronger than its 
weakest link. Ilcnce, in general, all result.-* in a computation 
should be rounded off to correspond tu the least reliable element. 
At the present time too little emphasis is given to such work. 

Thus, if the diameter of a circle is measured to the nearest tenth 
of an inch, say 21.7 inehes, the product of 21.7 by 3.14ir)9 gives 
a trustworthy result ovly to t ho first (Ic-imal place. In other words, 
the circumference cannot be computed correctly to any further 
percentage of accuracy than that with which' the diameter is 
measured. 

The actual calculation showing how the area of a square or of 
ft circle is affected by making a .^iiecilicd 'isswmcd error in the 
ncce.«sary mensurcments represents a type of work which could be 
undertaken with profit by pupils of .'iver.'igc ability. 

For a detailed presentation of the tiieory underlying approxi- 
nu.te computations, the reader is referred to the treatises previously 
mentioned. It may be of interest, however, to state hero the prin- 
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ciples by whicli one nmy rictcrminc tlio powiblo error in a coinputo- 
tion involving npproxinmto njcii!*iircmcnt(i." 

1. TIjc poi»!»lhlc error of the .«itm of two or nmrc mcnsuromcnt* is 
cquul to tlio sum of tlicir indiviciiiiil possible crrori. 

2. Tlic pO!»siblc error of t!»o tiifjcrawc between two mcnsuroincnts 
is equal to the mm iiwt the dilTerenee) of their powiblo errors. 

3. The possible perecntime error of i\ proihict is equal to the sum 
of the possible pcreentuRO errors of its faetors. 

4. The possible porecntHge error uf n uu.th'rnt is equal to the sum 
of the possible pcrcentnBc errors of the divisor and dividenci, 

Sl'MMAUY AND C'ONCM.SION 

Aspects of Linear Measurement. In the preceding pag^s the 
attempt was niude to outline some of the cultural, pedagogical, and 
technical aspects of linear measurement. 

1. It has been shown that measurement is indeed the master art 
and that it should receive far more attention in mir schools than is 
ordinarily given to it. The brief sketeli of the gradual evolution 
of our standard units has perhai>s emphasized sufliciently n chapter 
in human history which should beeomo known to every child. 

2. A siinplo, tested technique of linear measurement, suitable for 
seventh grade pupils of ordinary ability, has been submitted. It 
is not porfeet. and -an certainly bo improved by any pnigressivi- 
teadier. Standards of accuracy were given. Abcn-e all, it was indi- 
eated what is the ^jresent classroom limit of po.<»sil)le or desirable 
accuracy. 

If an apology be consideretl necessary for the extensive tn^atinoiit 
of linear metisureinent pri>en(ei| in this report, it may he pointed 
out Mgaiii flij't flii.< plijise (if iiiea.Mireii-.eiit is liasic. It is not onlv 
of the liiuhest iinport.-iiire from :i cultnnil point of view, hut it is 
also indispeiisalile as a foiimlMtion for an intelli;:eiit undt-rsf ;intlinf..: 
of the mensuration of plane and .-oli.l (ijiures. for scale .Irawing," 
and for >nl)se(inent work in indirect measurement, inehnling trigo- 
nometry. Nevertheless, it would }<e incorrect to infer that the total 
time to Ik- allotted to measurement, as outlined above, is to be 
unduly liberal. On the contrary, u few minutes of carefully guided 
work each day during a total period of three or four weeks will bo 

'♦ 'riilll.-. ,•(/., ,,. 17)1; (inli. an.l \V.-lk,-.vs. n„. rit.. p. 71; .MuiMxi- ntld nrock- 
I'miiiKi'. up, cit„ II. Kariiln.'-UI. lliMUMn.-i luul CanuMia. »/). rit., up. yt az. 
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A ^ufllciont nllownncc ilurinR the Movcnth pradr* If the iloctrino 
\n ?ounr| tliat comp\itftticm nnd measumnent nre the two funda- 
mental f^k\\\n of elementary matheniatici*. they f^houhl he j«trej<sed 
continuously until a reuj^onable n\ai*tery hait Inen achieved. Thij^ 
will not ho the cni«o if the pupiPs traininfj u\ linear nieti?«ureinent is 
limited to a few desultory paranraplij* in the trxth(M)k or restriefed 
to a single year. It is wxll to recall that the inc»st progressive 
seeonclary schools of Kurope are now einphasiiiing geometric draw- 
ing and measurement during the entire seecmdary period. 

Nor must it be supposed that computaiion with prescril)ed data 
can ever bo a substitute for actiial meaMurment. To nsk pupils in 
the seventh grade, in the very lirst les.<ons, to '*round off'* decimals 
before they have had a definite c(»ntact with approximate measure- 
ments, seems pedagogically useless and unsound. Accurate meas- 
urement in the classroom cannot he curried very much l)eyond the 
limits indicated above. It follows as u corollary that all computa- 
tions based on measurenient should bo limited, for a considerable 
period of time, to the degree of accuracy which is actually attain- 
able with the customary instruments, 

3. Finally, c\'en the technical phases of measm'enient were seen 
to have an important cultural nu\«sago. Preeisicm of measurement 
underlies our entire ir lustrial era. Kaeh of tis is the beneficiary, 
in a thousand tinsuspectcd ways, of the art of exact measurement, 

More than that, this marvelous art is the one bond that enables 
man to reach out into the infinity of space and thus become oriented 
in his Larger Home. When it had beeome possible to define the 
meter in terms of wave-lengths of light, an epoch-making feat hi\o 
been aeeoniplished, Kor. '*if man were transported to the utteriiiosi 
cotifincs of t^)e tuii verse, ho would still (ind there the same little 
waves of light, ami they wotild be jiiM the same iu< here." 

*'If some (lay are able to connnuniejite with the dwellers upon 
some other planet, it will be a simple thing to eomnnmieate to them 
our standard of IcMigtli and time and mass, and with th(» little waves 
of light which convey our message wr luiiy iiltimatcly impart our 
exact knowledge to them, and receive theirs in retiuMi. The laws 
of light, of moticm. of gravitation, of electricity, arc undoubtedly 
identical for the whole imi verse, and given the first ecunnuinic.ation 
of another world we should be .able to establish a truly imiversal 
system of units anil standards. Hy this means inter-planetary 
communication would be placed upon a (lUani iiative basis, and the 
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oniniprosont, cvcrla^tiv^j, but ultrn-microscopic ^vavo of light would 
be the univcrsnl unoiifiiiging standard/* 
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THE USE OF MEASURING INSTRUMENTS IN 
TEACHING MATHEMATICS 

Br C. N. SHU8TER 
Orange High School, Orange, AT. 7, 

Importance of Initrumtnts. In the days when many teachers 
considered factoring eighty per cent of algebra'' and when the old 
formal propositions of geometry with few originals or practical 
applications held sway, a straightedge and a compass were sufRciont 
for all our needs. Today, however, with our less formal junior 
high school mathematics, general mathematics, greatly increased 
number of practical applications, early introduction of numerical 
trigonometry, and realization of our obligations to the students 
who will not go to college, the need of the various measuring instru- 
ments and other tools of mathematics becomes so imperative that 
it is difficult to see how satisfactory work can be done without 
them. 

The use of instruments greatly enhances interest in mathcniatics, 
and makes it seem more real and practical. They put the tang of 
sea and the spirit of scouting into our work, It is a wonderful 
change to get away from the text and out into the woods, where 
we can make a map of the camp, find the height of a tall tree with 
a crow's nest in it, and measure the length of a lake, or the width 
ut a river. Kven if we cannot leave the classroom, wo can put nn 
unbelievable amount of enthusiasm and interest aito our work by 
the use of a sextant, an angle mirror, or some other such instrument, 
In those days of large liigh school attendance when we do not 
always secure the grade of intelligence that once obtained, we can- 
not afford to neglect any appeal to interest, 

Many constructions and propositions that fonaorly seemed dry 
and useless take on new meaning as a result of this practical field 
work. A good exaniple is the problem ^'Upon a given line as a 
chord construct a segment of a circle in which a given angle can 
bo inscribed." Several interesting constructions can be given in 
solving this problem and its proof involves good geometry; but it 
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I" on (111' poiiu of bring dincnrdcd. \» a ninttor of fnct, however, 
tins |>iohl« m iiiiirli ui«cil in imviRiaioii. If there is a tinnRcrous 
reef, a ijiiIjiiiimki'.I rook, or otlior ybstriiction near the ihoro, the 
«hin«cr nngle <iin he giv^n atxl t\w nnvigHH)r can avoid the rocki 
l»y makir.R ui*c of \\\» knowli'dge of luathcinatics. 

l-'ig. 1 show* how the danger angle is used. In this case a double 
dmiKor angle in given. A ship staying between these angles would 
|i:iss between the obstructions. If you wish to enliven mathematics, 
li.iN i- your pupils make a sextant and "navigate" a wagon between 
iib-nnctiond known to the judges but not to the navigator. Even 




Via. I Fia. 2 



gradiinti- stiulciits in oollejii' would enjoy doing this. Once a very 
tail girl was workinK with a short (jirl rt.«i a partner. They were 
usiiiK n .sextant to ine.-isure the angle subtended by a tree' They 
both .stood on the sunie spot, but their results did 'not agree. The 
instructor put a drawing liki- Fig. 2 on .'.ic board to explain the 
• lilliculty. When the distance from the tiee is such that the angle 
Miljtended by the tree is UO^ the sextant is on a eirele h.-iving the 
tree for a dianu'tcr. If the distance to the tree and the disnmce of 
the .<(xtant above the ground are luea.-'ured, the diameter or height 
of the tree can be found by using the fact that the perpendicular 
l«'t fall from :iny point on the circle t() the diameter is the mean 
proporiion.-l lietwccii the segments of the diameter. 

Again, let us sujipose that we have partly mapped a certain tract 
with a plane table and wish to "set up" at a new point. This 
point we nui.«t locate on the map. ^Ve .set up the plane table over 
the ne\N point, place a blaidc sheet of paper on our board, and sight 
A, li, and (' the known jujints. This gives us angles x and i/. 
(I-'ig. 3,1 Now, we take our map, and on Mi ami liC as chords 



cans(ru«*t arc« uf riirUj^ in which i\\\\nWi x and y inny be inicribcd. 
Puiut/* will bo at the place wlutv thm circlet intersect. (Fig. 4.) 




Flo. 3 Pio. 4 



Thi.s niclhod is aUo wml by nnviKator?* to locate a ship when near 
tlie cdast, Mnally, if we wish to construct u larKo circle in a park 
ur other plaee where mv ohstnietioii.^ prevent us from u»lng 
the railhis. wo may erect two poles and with the help of a sextant 
loeate the circle as in I-'ik. 1. A picture of a sextant is Riven in 
Mk. 5. After studying these exercises almost any class would waut 
to retain this problem. 

Prevocational ind Vocitlonal Value of Instrument!. There 
is considerable prcvooational value in the use of nieasuring instru- 
ments. These are the working tools of the siu'veyor, the cuRmeor, 
the builder, the fore>fer, the nuip maker, the navigator, and n host 
of other outdoor men who make their liviuK tiirounh the applica- 
tions of inathematies. Many a sfiident may he inlluenred, through 
these wholesome eunlaets, to nmintain a pernmnent interest in 
nuUhe!natic8. 

In adilition to th prevot^ational value rlerive<l from the use of 
instrmuents, there is voeatioiml fraiiiinn of eonsiilerable value. I 
have known a nund)er oi students who were able to ^et Saturday 
or summer positions with surveyors or engineers because of a kuowl- 
(M|j;e of the \ise and eare of instrument Sm*l experietiee certninly 
will be of value to the boy who pu's to an onKincerinn school. 
Moreover, nmny of our pupils who never to eollegr will profit 
Ki^atly through such a eoiu'se. Tliotisand:- of levels aiul transits 
ri'iailing at from twenty-live to forty cK^llars are being sold to 
farmers autl hiulders, and ahuost any num at some titiu^ or other 
needs to do a pieee of work in which a knowledge of the \ise of the 
in>tnmieni8 of nuilhtMualics wtadd be of vahn\ Only recently 
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1 wns vLsitiiiK a I'lii-ml, in wluisi- collfir a coiisidorablo amount of 
WHti-r had jiccmmil.'iti'd hcciuisc of lu-avy niins, He iiceordingly 
ik'cidcil to diK a tivncli hoin the collar to n cm-k about 350 ft. 

di^tallt and put in ii till' dniin. This 
111' I'sliniali'tl would cost U'twcun 
SI 23 ami S150. I suKgcstod (lint it 
'iiiuht bo a Kood plan to lind the 
JJ:---' dilViTcncc in t-lcvation between the 
. ... Iioitoni of hi.s ci'llar and the creek. 
' * W'l' (lid this usinn an ordinary car- 
penter's level cosliiin ')[)(■, two 10 ft. 
\ I \ pole.s and a 10 ft. .<cantlin«. One 

^ pole was placed in the creek and 

In Id plumb. A pin was jilacod in 
FiQ. 5 this poU- 2 ft, from the top ami one 

<'iiil of the 10 ft, .^cjintlinj; placed on 
it. The carpenter's level w.is then jilaced on the sejintlinK and when 
it was level a pin wjis inserted in the other 10 ft. pole under the end 
of the seantline. The first pole Wfis then taken to a point lU ft. 
from till! .«iccond pole, the soantliuK placed on the secoml pin, and 
the .'«anio proce.s* repeated until the house w.i.s reached. The hori- 
zontal line thus ex»emle(l from 8 ft. above the creek level and 
intersected the Ifist pole at a point 3,.") ft. above the pround. This 
point was therefore 4.5 ft. above the level of the creek. As the floor 
of the cellar was 0 ft. below the surf.-ice of the j,'round it w.'is actu- 
fill.y 1.5 ft. below the level of the creek! It seems to me that any 
trainiuK that would enable a boy to t|o a simil;ir job intelliKcnfly 
Would be of Value. 

Early Instruments. The roads, .^ewers. canals. a<iueduets, and 
l'uildin},'s of earlier civilizations anai.^e the adniirati(m of our mod- 
ern enj^ineers. Vt-t -ill this work. li)j,'ether with the navigation, 
surveying, .-md astronomy of that time was aecDiuplished with very 
simple instruments. Many of these are ea.«iy to construct, easy to 
usi'. hiyolvo valuable geometrical principles, and are interesting in 
that they are the ancestors of nuiny of our modern measuring in- 
struments. 

S.ime of till- mo>t interesting early instruments (ue tlio.<e useil 
to iiieaMUv nr Iny off right ;iiigles. They inelude the applying of 
the (i. 8. 10 rel.niiim by using a rope stretched tfuit. Fig. (i shows 
iiuw modern engineers .<till u.^e thi.s principle to lay olT a right angle 
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with n stcol tape. V'mn. 7 and 8 fallow how nn instrunipnt similar 
to thi' modoni oarpniti-r's s(|UiU'P wiif* ixml A ri^ht angle was Inid 
oft' by lighting uK)ng AB and then along CD, U''ig<^> 0 und 10 show 




If 
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I'lu. 8 



Pto. 9 



the gi'onm and survcyoi's eross.) A nuHU'rn form of those instru- 
luents is still used. Atiotlu-r intcM'osting instrument was the cross- 
siiijT. Fig!?. 11 and 12 sliow its construction and use. The proof 
of the rule given involves some very fine geometry. 
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Thv astmlaho (Ki^. 13) was one of the most useful of all the 
early instruiuents. It was used to uieasuro all^'jos and thus did the 
work that we now do with a sextant or transit. In its siniplost 
form it is a very easy instrument to eonstvuct. Take a large, 
cireular hristol hoard protr:H'tor tw(d\'e to fourteen inehcs in di- 
ameter whieh is divided into (piarter decrees. Taek it on a board 
and Kivc it several eoats of varnish and wax; then fit a ring in 
the top and a si^htinK arm or alidade as shown in this pieture. 
If a staff is fitted t(^ the back so it oan be used in a horizontal 
position, it is possii)le to measure both Vt-rtieal and horizontal 
angles, find the altitude of the sun» and do many other interesting 
things. 

Another very useful instrument of the Middle A^os was the 
fjeometrie s(|Uar(\ (A (luadrant was frecpicntly attached also.) 
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Thij* was quite similar to our moilcru liypsoincters or clinometers so 
it is not necej?sary to dosoribo it liore. Davies* Practical Mathe^ 
madcs published as i^Ue as 1832 gives a full account of the geo- 

nu'tric s(|uare as a practical instruniont 
ami a nuniluM' of probliMus. T\\v early 
Ivvvl also was somewhat similar to a 
P'avity clinoniotcr. A fullrr account 
, ,....^M.i.. ^1^^^^^^ ^^^^^ instruments will be found 

in Profcss(U' 1). K, Smith s History of 
Matin matics, Vol. II, pp. 344-368, 
Tnt A»TKowAii The (jucstion is often raised as to the 

Fw. 13 accuracy of tlieso early instruments or 

of the homemade models we now make. 
It is well to rcmcmlu'r that these instruments have sights like those 
on a ritle. If a rillc is well made and the operator is skillful a high 
dcgri'e of accuracy is obtained. If, however, we desire any real 
precision we nnist use instruments ecjuipped with a vernier and a 
telesi'Dpe, 

The Vernier. The vernier was invented by Pierre Vernier in 
1031. It consists of a small sliding scale parallel to or concentric 
with a larger scale. With it we can measure fractional parts of one 
of the smallest divisions on the main scale. The best way to under- 
stand a vernier is to make and use one. Take a stick 1 in. hy 1 in. 
and several feet long, and divide each foot into tenths. Then attach 
a piece of the same material so it will slide along the longer stick 
and divide a space on this equal to ^^io of a foot into 10 equal parts. 
Kach of these parts will be 0.9 ft. ~ 10 or 0.09 ft., or they will be 
0.01 ft. shorter than the divisions on the main scale. Now slide 
the vernier alonj, the fixed scale, starting, for simplicity sake, with 
an even foot. When the vernier is 0.01 past the starting point the 
first division of the vernier will be in line with the first division on 
the fixed scale, and so on. The vernier in Fig. 14 reads 7.05. A 
vernier can be made in the same way to reud 0.01 in. or O.OOl ft. 

Protractors may also be fitted with a vernier. This enables us 
to read angles to minutes or even to seconds. These verniers are 
found on vernier protractors, levels, transits, and sextants. A large 
vernier of this type should be made for class work. Take a large 
bristol board protractor at least 14 in. in diameter divided into 
degrees and half degrees, and place it on a larger piece of cardboard. 
Put a pin through the center so that the protractor or board may 
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be revolvcil. Tlicn, nn tlic cunlbonnl, construct the vernier arc 
concentric with llu' prutractur arc anrl in contact witli it. To con- 
struct take 29 of the ^Milf tloyree spaces ami subdivide tins are into 
30 parts. Each uf the vernier divisions will be equal to of 
30 minutes or 29 minutes. The difTerence betwoen one division on 
the circle and one division on the vernier will be equal to one minute 
and the vernier will therefore road to minutes. This is the conunoa 
tyjie of vernier fjund on transits. 8ince the transit reads in cither 
direction the vernier on u transit is usually double. The vernier 



may be placed either inside or outside the scvale. The vernier in 
Fig. 15 reads 4 d(»Krees and 45 minutes. 

Pupils should be taught to read angles before using the instru- 
ment* A very good demonstration vernier can be made by taking 
a cut from an instrumont catalogue and enlarging it w.th a pair of 
dividers. This is easier to make than the one descrihed above. 
Demonstration verniers may also be purchased for a rather small 
jirice from the makers of instruments. 

It is necessary to measure angles to the nearest minute only 
when our lines show four significant figures. Pupils should be im- 
jiressed with the fact that all data which have been found by 
measuring are only approxinuite. All measurements on any piece 
of work should be made with the same degree of accuracy. Pupils 
are often inclined to carry computed measures to a refinement not 
warranted by the original measured data. 

The number 4 showt; one signif.^ant figure while the number 
4.000 shows four, or it shows tl .'t the measure was taken to the 
nearest thousandth. The numbers 08.43 and 6843000 each have 
four significant figures. The number G843000.0 has eight significant 
figures. 

In *^rounding olT" numbers that have too many decimal places 
drop any digit less than five, a* ' iiioroase by 1 the digits preceding 
6, 7, 8, and 9. The digit 5 is usually ruunded off to an even digit 
thus: 6.843 = 6.84, 6.846 = 6.85, 6.«45 6.84, 6.835 — 6.84, The 
rule for the number 5 will introduce compensating errors. 
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Methods of Locating a Point. One of the first steps in field 
work should be the ocntion of a point with respect to nt least two 
other points. As a mutter of fact, tliis is one of the chief purposes 
of surveyinR. The several mcthodj* given in Fig. 16 should be 
learned. Dis^oasfi in class the geometric principle back of each 
method and the relative merits and us^es of each, and have the pupils 
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locate points in tlu» field by each nu'thod. With younger pupils 
interest can be aroused by hiding some object and having the 
pui)ils find it by the various methods given. Extra cnMlit may be 
given to the groups that make tlie most fimls. A reguhir treasure 
hunt is in ortler. In this connection the pujiils will he interested in 
rea<ling Poe's '^Clold Bug/* 

Linear Measurement. The most important and fundamental 
work in surveying or field mathematics is accurate linear measure- 
ment. It is also nuu*h more diflicidt than most persons would think. 
Ask eight or ten individuals to measure a distanee of 1000 ft, over 
rolling land, and the truth of this statement will be shown. 

Originally most distances wore measured with a duiin of 100 
links. This chain was 4 rd. or GO fl, long. The steel tape has now 
taken the place of the chain, but we still speak of chaining and 
call the men who measure with a tape ehainmen. The steel tape 
is usually 100 ft. long. Other lengths are 25, 50, 150, and 200 ft. 
Tapes 15 and 30 meters long are ct)n.ing into use. Our (lovornment 
uses meters in place of feet for nnicli of the work of the coast and 
geodetic survey. The 100 ft. tape may be marketl in inches or in 
tenths of a foot. 

The steel tape is easily broken by pulling on it wlien there is a 
kink or loop in it. It inay also l)e damaged by walking over it, 
bending it around sharp corners, or dropping things on it» It also 
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rusts (luickly and it i^^ easy to break it out of the ra^^c or to break 
off tlic Qiulf^. It i? very annoy inp to work witb a l)roken or mended 
tape and ns tapes arc expensive they shouKl always be Imudicd 
carefully. 

The iwo men nieasurinR witli a tape are called the hea^l and rear 
ehainmen. In ehaininK on a vslope it the horizontal distance that 
is desired, therefore tlie tape either must be held horizontally or the 
distance alonp the slope found and this corrected by calculation to 
jret the true distance. In chaining down a slope 
when the tape is kejit horizontal, a plumb bob is 
used to locate the point undiU' the downhill encl 
of the tape. If the tape is held in one hantl and 
the pUunb line in the other, it will be foimd that 
as the tape is nuivcd up and down there is ow^ 
jMisition in which it i; shortest. This is the 
horizontal position. Tao figure at the right 
sliow-i why this is so. 

♦ In measuring a long distance it is easy to 
make an error of \U in. in marking tajic lengths. 
Since in. eiiuals about 0.01 ft. this would 
amount to 0.01 ft. for each 100 ft. measured or 0.04 ft. per 100 
ft. if a 25 ft. tape were used. There is a change of about 0.01- 
ft. per 100 ft. of length in a steel taj^e for every 15^ F. change in 
temperature. There is (dmost always a certain amount of sag in 
a tape, which produces a small error. To overcome this we try 
to put a certain standard jmll on the tajie. This, liowevcr, stretches 
the tape about 0.01 ft. for every 15 lb. jiull and amateurs may 
**seesaw*' and introduce a larger error than they seek to correct. 
It is hard to keep the tape in perfect alignment, and this introduces 
an error. It i.s hard to keep the tfipe le\'el, or horizont.al. There 
arc also a nund)er of other sources of error which we cannot enunu-r- 
ate here. 

All the above sources of error will be ([uite disc{niraging to a 
person accustomed to using n = 3.1410, since most of tlicm affect 
the results in the second decimal place. With a littK* c:ire, however, 
sati>factory results e:in be obtained. Many of the errors cited 
are compensating. Kxi)erienced ehainmen will often have an error 
of les.s than 0.01 ft. for 1000 ft. High schoel students may consider 
their work satisfactt^ry even if they have an error as hirge as 
0.1 ft. to 0.2 ft. in 1000 ft. or less than a fooi in a mile. The fol- 
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lowinR make interesting problems: (J) In monsuring the tlistunoc 
between two points with a steel tape 100 It. long A and C are on 
the true line but ii is 1 ft. out of line. AB = 100 ft.. BC = 100 ft., 
BD, the perpendicular from B to AC = 1 ft. Find the differoneo 
between AC the true distance and ABC the measured distance. 
(2) In chaining down hill the lower end of a 100 ft. tape is 1 ft. 
above or below the horizontal. What is the error in the horizontal 
distance? 

A complete survey of a small tract may be ninde with a tape by 
establishing a network of triangles and measuring the three sides. 
The angles may then be computed, the tract mapped, and the area 
found. 

A good exercise for using the tape is to stake out a rectangle 
for the foimdation of a building. The method uned is that given 
earlier in this article to get right angles. The fact that the diag- 
onals of a rectangle are equal may be used as a check. The follow- 
ing problem taken from the Wentworth-Smith Trigonometry shows 
what can be done with only a tai)c: "To fmd the distance of an 
inaccessible point C from cither of two points A a.^d B, having no 
instruments to measure angles. Prolong CA to a, and CB to b, 
and draw AB, Ab, Ba. Measure AB, 500 ft.; aA, \00 ft.; aB, 560 
ft.; bB, 100 ft.; an 1 Ab, 550 ft. Compute the distances AC and 
BC." The answers arc 530.3 ft. iuid 500.2 ft. 

There are more than ten methods similar to :hc one used in the 
above problem that may be used in the same or simihvr situations. 
With the tape we can erect perpcndieulars, draw parallel lines, 
construct an angle equal to given angles, lay off or measure angles 
by trigonometric functions, extend lines through obstacles, and per- 
form a great number of other feats. 

The Angle Mirror. The angle UMrror or angle prism is an in- 
teresting little instrument that is inexpensive to buy or very easy 
to construct (one can be made at a cost of fifty cents). It is easy 
to learn to numipulate it and it has some interesting geometry 
as a foundation for its construction and use. This instrument, like 
many others, may be used by both the mathematics and the science 
departments. Fig. 17 shows the method of using the mirror. Fig. 
18 shows bow the mirror brings together objects that may be hun- 
dreds of feet apart and at an angle of 90° with the observer. Tliis 
is one of the few remaining legal ways of ".«eeing double." The 
sextant works in the same way, so this sketch will do for the 
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sextant nlso. When the pole and the tree *4ine up/' the angle 
formed by the tree, the angle mirror, and the pole is 90 degrees. 



Fig. 19 shows an exercise that can be performed with an angle 
mirror, a tape, and a pole. It is desired to sketch the bank of a 
crook or some other irregular line. Lay off a straight AB some 
distance from the creek and mark every 10 ft. (or some other in- 
terval). Then place a pole at B and have one student at A with 
an angle mirror while another student stands at the bank near C, 
with another polo. The student at .4 has the one at Ci move until 
both poles line up. Angle C\AB is then 90 degrees, The distance 
CiA is measured and noted. Fig. 19 shows an actual exercise in 
which the student used a 50 ft. tape. Two students did the work, 
As soon as all the offsets were measured it was easy to plot the 
map. The creek was drawn in con- 



zoidal rule: Multiply (he (Usfance pj^^ 19 

bcturcn the offsets by half the sium 

of the first and last offsets plus the sum of the other offsets. 
This assumes tluit the figures are approximately trapezoids. The 
students should jM'ove the rule given above. Other projects that 
make use of the angle mirror are the laying out of a football field 
or a tennis court. A map may be made by taking a central base- 
line running through the territory to be mapped and locating all 
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necting Ci, C-j, and so on. The area 
between the line AB and the creek 
may be found by using the trape- 
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the details by olTsets from this line in niuch ihv same way as 
Fig. 19 was made, A number of the early instruments, sueh as 
the Rroma, may also be ur^e(l for tliis kind of work. 

Tho adjustable anple mirror is mueh moro valuable for school 
work than the fixed angle mirror. The following staternent quoted 
from the catalogue of the KeufTel and E^ser Company shows the 
vahie of this instnunent. *This Anglo Mirror has the advantage 
that the angle of the mirrors is not fixcnl, but adjustable. It is 
determined by an arc graduated from zero to 100 degrees, figured 
in accordance with tho angle of the sighted iioint, being ciuiso- 
quently double the angle of tho mirrors. With this instrument 
offsets may be laid down at any angle up to 100 degrees from a 
given base, and distances to inaccessible points may be determined 
by measuring base and angle, when distance = base X tangent of 
angle. This comimtation for distance can also be worked out in a 
very simple manner by means of the slide rulo. 

''This angle mirror will be fomid very useful, not only for the 
Surveyor and Civil Engineer, but also for the Militarv OtRcer, 
Traveler, etc.** 

This instrument, which is in many ways a little sextant, is also 
inexpensive and may be easily constructed by adding a protractor 
and hinge to a honioinade fixed anglo mirror. 

Prism range finders used by military officers, surveyors, and 
explorers work on the same principle as that of the angle mirror 
and are interesting little instruments. 

The Hypsometer. The hypsomoter is the ino(l(n*n form of tho 
geoniotric sciuare. It is u.<o(i to measure hcight,< It can (susily 
be constructed by pasting a sheet of ordinary graph paper on a 



tanec on A'C (to scale) vqxnxl to AC anrl then go out one of the 
cross lines (corresponding to /JT'i to whore the plumb hob cuts, 
that distance will bo the height of tree. With a little practice a 
high degree of accuracy can be obtained. To aid in sighting a tube 
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hoard and having a plumb l)ol) and 
sights fitted. Varnish will help to 
l^'oteet the paper. Fig. 20 shows 
the construction, the geometric 
principles involved, and the method 
of u-iing the hypsomoter. 
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Triangle /I'/iT' is similar to tri- 
angle Ali(\ so if we take dis- 



fiilOLKCTKD Tones 



with cross liairs may bo fastonrd to the hoanl or sijjihts simihir to 
those on a nlle attached. The advantages of the hypsometer arc 
the spceil with which observations n)ay be nmde and tlic freedom 
from computing. Fig, 20 f irnis another good geometry original 

The Clinometer, The? eUnometer is an instrument closely re- 
hited to the hypsometer and the early measuring instruments. If 
we take u half circle protractor, tack it upside down on a board 
4 to 6 in, wide and 1 to 2 ft. long and attach a watch hand so it is 
free to swing by gravity, we have a fu'st-class clinometer, When 
the instrument is level, the hand should stand at the center of the 
arc. If we get a protractor without numbers, this position should 
he marked zero and the protractor graduated up to 90^ on each 
side. This may he used for leveling, for placing on any uniforni 
slope to find the angle of slope, and for drawing lines making any 
angle witn the liorizontal on a blackboard, or it may be sighted 
like a hypsometer and angles of elevation or depression measured. 
It is a very handy instrument to liave around a physics classroom. 
It may be used to measure heights by a method similar to that used 
witb a hypsometer except that here we get an angle and a line 
and must compute the height. 

Commercial clinometers arc? often fiitcrl with a vernier. Some 
are also so constructed that \hv percentage of slope instead of an 
angle is indicated. 

The Heliotrope, The heliotrope is another interesting instru- 
ment. Fig. 21 shows one that can 

be made in i\uy shop. With it sun- # prn 



he used. This instrument is fre- 

(juently used by surveyors, foresters, and others who wi-*h to com- 
municate at a distance. 

The Transit, The transit, the most importcuit of all measuring 
instruments, is simply a fiehl protractor for measuring lujrizontal 
ami, usually, vertical aJigh-s. The higher i)ri(*ed instruments are so 
accurate' that it is i}o>siMe to nieasun' angles to ten siH'unds or less. 
Transits costing from SI .50 to S200 usually measure to one minute 
of arc. These are accurate enough for any school purpose, A 



light signals may be flashed for a 
distance of 20 mi. The hole nearer 
the niirr(U' should be larger than 
\hv (Uie at the end. This will ])0 of 
value in scont work. Any cotle may 
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transit that nu-asurcs to degrees and costs from $20 to S40 has re- 
cently been placod en the market. This is a very valuable instru- 
ment for schools tir.t cannot afTord a better instrument and is a 
splendid supplement to a higher priced transit. Students may learn 
to use first the cheaper instrument and finally the higher priced 
transit. It mr.y also be used in junior high schools and elsewhere 
where a high degree of accuracy is not es.*ential. A level that sells 
ut from 515 to $25 is also available. A picture of a surveyor's 
transit will be found on page 221. 

Since the transit will do all tiic work that ean be done with a 
level, It IS not necessary to have both instruments. The transit will 
do the work of most of the other instruments described in this 
chapter, but greater intero.<t is aroused by a varictv of instruments. 

I he transit may be u.sed for a great variety oi exercises that in- 
volve indirect nicasuremonts. Hundreds of these exercises can be 
ffuind in our modern high school texts. The following are good 
types of these exercises: 

I. Wi.<hing to doforniino the disfaneo hctwnon a church A and a tower B 
m the t,ppo>-,te side of a river, a nian tufasurod a lii.o CD along the river 
.^n 'io/oT^' ""^ oh:-on-rd that the anplos were respectively 

What IS the distance required? The answer is 757.5 ft. 

2 To compute the horizontal distance b.>tweon two inaccessible points A 
and 5 \v;hcn no point can be found whence both can be ..u-n. Take two points 
C and /), distance 200 yd., so that A can be seen from C. and B from D. 
From C measure CF, 200 yd. to F, whence A can be seen; and from D 

T'n'L^^,:. ''^"^""^ ^ •'"•^•»' AFC, 83°; 

A( D, 53 30 ; ACF, 5r 31'; DDE, 51° 30'; BDC. 156° 25'; Dl-B, 88° 30' 
Compute the distance AD. The answer is 345.5 yd. 

3. V\'i.«hinR to find the heipht of .<nmnnt A, a man inea.«ured a horizontal 
base Ime CD 440 yd. At C the anjile of elevation of .1 is 37° 18', and the 
horizontal angle between D and th- siiinniit of the mountain is 76° 18'- at D 
the horizcmtal angle between C and the summit is 67° 14'. Find the hoicht 
The aaswer is 520 yd. 

4. A balloon is observed from two sf.ations 3000 ft. apart. At the first 
>tnfi<m the horizontal anjrle of the ballonn and the other .station is 75° 25' 
:ind the amile of elevation of the balln„n is 1S°. The horizontal angle of 
the fir.<t st.ation and th- balloon, measured at the .second station, is 6i° 30' 
I-md the height of the b.ailoon. The answer is 1366 ft. 

To understand these problems thoroughly and to secure interest 
in tliem all students should do a few of these problems in the field. 
Have students find the heipht of some loeal church spire or tall' 
tree, the distance acros.s a river, small lake, or swamp, the distance 
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between two points on the opposite sides of a hill, or continue a 
line where an obstacle prevents clhoct Nvork, and so on. Field work 
will be of special value to students in trigonometry who have not 



studied solid geometry. Figs. 22, 23, and 24 show tlic use of the 
transit in a few of these exercises. 

To Measure a Horizontal Angle. To measure a horizontal 
angle as XYZ with a transit: 

1. Set the transit up with the plumb bob over Y. 

2. Loosen both plates and revolve the plates until the zero of the 
vernier is opposite the zero on the limb. Then set the upper clamp 
and make the zeros exactly coincide by using the tangent screw. 

3. With the plates clamped together sight on X. Set the lower 
clamp and with the lower tangent screw bring the line of sight ex- 
actly on X. 

4. With the lower plate clamped, loosen the upper plate and ^ 'th 
the upper plate turning sight Z. Clamp and got exact sight with 
the upper tangent screw. 

5. Read the angle. 

6. If it is desired to double or repeat the angle, leave the plates 
clamped, loosen the lower plate and sight X as before in (31. Then 
sight Z as in (4) . The angle should now be double what it was 
in (5). 

By repeating the angle several times we get a check and also a 
greater degree of accuracy. If an angle is repeated three times, 
divide by three. At first all angles should be repeated in order to 
give sufficient pructire. 

To measure vertical angles, or angles of depression or elevation, 
start with the telescope level and the vertical arc at zero. Sight the 
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objoot, sot the damp, and with the tangent screw sight the object 
exactly. Read the angle. 

To nica.«uie the vi-itical niiglo between two objects sight one, 
read the angle, siglit tlie other, and add or subtract ns the case 
requires to got the angle. 

It is very important to renjcniber that transits, levels, sextants, 
and other piecision instruments are very delicate, and must bo 
hundletl with great care. They are made of .soft metal, and get out 
of adjustment very easily. Never use force with any of these in- 
."truments. Carry a transit like a six-wooks-old infant and loosen 
clamps so the plates and ti-lescopi- will turn if hit. (But don't lot 
them be hit.) 

Definitions. The following are di-fiiiitions of terms used in the 
following |)}iges; 

Klcvatwn iKl). The distance of a point above or below a level 
surface called the datum. This is usually mean sea-levi-l. How- 
ever, a datum is soihctimes assuaied. 

Bench Mark (H.M.). A fixed point of known elevation that is 
used to find the elevation of other points. 

Station. A jioint whose elevation is sought. 

Plane of Siyht. The horizontal plane determined by two sights 
through a nroperly adjusted level. 

Backf.icjht (H.S.). The rentling of a rod on a point of known 
elevation. Its purpose is to dcteniiine the height of the instrument. 

Height of Inafrumcnt. The elevation of the plane of sight. 

Foresight (F.S.). The reading of the rod on a station whose 
elevation is sought. 

Plane of Si,jht or II. I. The jilane of si^ht or height of instrument 
should always exeeed the elevation of the H.M. or F.S. for any high 
school work. 

Tlic followinp formulas arc usctl: 
(Kl.of H.M.) -f-lj.s. = IM. ll.r. -F.S. :=ia („fS.) 
Uaeksights are sonu-tiuies called phis sights, a\u\ foresights, minus 
sights. 

Profile Leveling. One of the best exercises with a level or 
transit is to ni;ike a profile level for an imaginary drain, and then 
make a map .-liowing tlu; traverse lino (line <5m"veyed) and some 
details. A profile of the traverse line or thain .<liould be drawn 
as in Fig. 27. 

As a nr>t excrt'ise select a piece of land with an interesting profile 
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ami A Kontio down priule. I.i t tbo drain hv two \u\v$ at an unKlo 
of losii tliun witli vnv\\ uihvv and vnvh 100 or wmv foet long. 
Moujfuro the line?*, pulliiiK >taki'S every 25 I'l. \uv at any oilier roau- 
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Inr Interval I. In ddinp this a student ran line liie eliainnu-n (pupils 
witii tape) by sif^hlinn alunj: the line. Tiiis nji.uht lu* done with 
a tranj^it for praetice, l>ut the former ineMnul will bo found sulli- 
ciently aceurale for most purposes. A skrich of such a line is 
shown in Fig. 20. Set the twmsit up over the point E and nu^asure 
the angle A\ The cninpass beariUK?* of the 
lines AE and Ell may be takt'n as a ehei-k 
K)V to f2;i\L' direction to the map. Imjj. 20 
shows how bearinj^s antl azimuths are read. 

Si K'ct some point nrar llip proposed drain 
liiu* for a lu'ni-h mark and as<ume ati eU'- 
vaiion for it. I'l'liis need not be the true 
t'levaiion siiu'i' wt* desire indy relative Av^ 
vat ions. » Then si't up the transit (or level i 
in souje position from which the li.M. anil a 
mnuber of the stations can easily be seen, 
'l\dse a baeksiuht on the U.M. and ftU'c- 
si^his on tlu' stations. IMie ^Uetch shows a 
handy way to record the M.S.'s and the 
l'\S.'s. It would, pi'rhaps. be jiossihle to 

take K.S.'s on all the stations fri)ni oiu* set-up. but for practice 
n*i|uire the pupils to make a si'cond set-up. At each set-up the 
II. I. must be re(h*termim'd. To do this lake a B.S. on any point 
whose elevation has previou>ly been fouiul. Siudi a point is 
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called a turning point iT.I',), which is really a tcinpornry B.M. A 
point on the line nniy ho used as n T.P. If an error is made nt B.M. 
or T.P. it will aft'ect all the elevations found with that H.I., so care 
should be taken. Take a D.S. on tlic T.P, and F.S.'s on a11 the 
otlicr stations. Tlicn, as a check, set up a third time and take a 
U.S. on the last station and a F.S. on the B.M. Thus tlic elevation 
uf the B.M, is found. If an earthquake has not occurred sinco 
the B.S. was taken on the H.M., the assumed (or true) elevation 
and the one just found should agree. Any difference will be due to 
errors. These should never exceed 0.02V no, of set-ups, and on a 
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sinall piece of work like this the error should not excood 0.01 ft. 
On long sights curvature of the earth inorcasi^s rod readings by an 
amount cciual to 0.6G7 (distance in miles) ^ ft., while refraction 
tends to decrease readinp* by about of this; so if we correct for 
both by deducting 0.57 (distance in miles)- ft. where the instrument 
is at an equal distance from the points on which the B,S, and F.8. 
were taken, there will be no error. Why is this true? For short 
sighto no attention v^^hould be paid to curvature and refraction. 

The table (Fig. 28) shows how level notes may be recorded for 
permanent record. Use the formulas given to find the H,I, and the 
El. 

To obtain detail for the map one group may use a plane tabU? 
with the drain as a base line, or while tlic transit is set up over 
E angles may bo meahiurod, or any of the methods of locating a 
point shown in Fig. IC may be used. 
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It is a giKiil plan to giw tlio \ni\nU plenty of practice in reading 
tlio nul to three (ieoiinal places, hut for ordinary practical work it 
is sutlieieiit to roatl it to mie ov two tleeiinul places. If the rod is 
resting on the ground, the sliKhiest packing will change the eleva- 
tion many thousfands of a font. 
The rod tshoiild always he held 
phunh. If, after a sight has 
heen taken and the tarfj;et 
fixed, the roil is waved to antl 
froni the transit, the tiirget 
will sink. At its highest point 
the rod is vertical. IIa\'e pu- 
pils s1k)W why this is so; also 
have pupils read the roil when nut phunh and again when i)lunih to 
show the error tlms introduced. 

Fig. 27 shows the profile of the drain. It is desirable to have the 
drain not less than 3 ft. below the surface to prevent freezing. If 
the drain is allowed to run nuich deeper than this, the amount of 
excavating is excessive. To prevent this it is sometimes necessary 
til change the gradient. The notes on Fig. 27 show how tlic variou.s 
figures were obtained, 

Triangulation. \Vhen it is desired to make an accurate and 
rather extended survey, an oj)en level place is selected and a base 
line \ery accurately measured, l- rom the ends of this line a point 
is sighted and the angles measured. The two sides of ihe triangle 
thus determined can be computed by trigonometry. These sides 
may in turn l)e used as base lines, and a network of triangles ex- 
tended to cover the whole territory. This method of surveying is 
called triangulation. The best rc.<ults will be obtained when the 
triangles are kept as nearly equilateral as j)o.<sib'e. With students 
it is a good plan to measure a side now and then, and the last 
side should always be meas\ired. The difference between the 
miasured length of this side and its computed length will show the 
error in the .survey. It will be found easier to measure angles 
iccurately than to get a corresponding degree of accuracy with 
hues. With high school pupils it is not a good plan to try an ex- 
tended survey by triangulation. A base line lUO-300 ft. long with 
three or four triangles will give all the practice needed. Triangula- 
tion is the basis of geodetic surveying, tk-odetic surveying "difTers 
from plane surveying in that the curvature of the earth's surface is 
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('(Uisiihwil in the latter. The diftVrenc(» in length between a straight 
line and an arc on the surface of the earth is only about Y2 in. 
in 10 niilej?. 

Closed Traverse. When a farm or city lot is surveyed, the 
transit lines form a polygon. This is (»alle(l a closed traverse. All 
the sides and tingles are measured, and from these data wc may 
plot the tract and find this area. Since the interior angles of a 
polygon are eciual to ui — 2) straight angles, we may use this fact 
as a cheek on the accuracy of our angles, Since there are always 
small errors in both the lines and the angles, there is always an 
error of closure. If, for high <chool work, we select a tract with 
from four to six sides, with the sides not more than a few hundred 
feet long, and if the work is rather carefully done, the error of 
ch)sure will be negligible. 

The Compass, The compass is one of the important instruments 
of navigation and is also extensively used by the forester, geologist, 
minf'r, explorer, hunter, guide, aviator, and military officer. 

At one time, the siu'veyor's compass was the chief instrument 
used for surveying in country districts, and it is still used where 
speed rather than a higli degree of accuracy is desired. The space 
devoted to various types of compasses in any large instrument 
catalogue elocpiently attests the popularity of the compass. It has 
the following good points: (1) It is incxi*ensive, A good compass 
costs from $25 to $50, (2) It is lighter and much easier to carry 
than the transit, (3) It requires much less time to do a given job 
with a compass than with a transit, (4) As the direction of each 
line* is determined by its magnetic bearings, a mistake in the direc- 
tion of any one line will not afTcct every line, as is the case with 
the transit, (5) If, in running a line, we hit a house or some other 
t)l)sla(de, we may go on the oth(»r side and set up so that the back- 
.<ight will have the same hearing as our previous foresight. This 
will be an extension of our former line, since only one line can have 
that hearing. This is simpler than the nie'hod of procedure with 
a transit. 

Many compasses are e(iuipped witli a clinometer, which adds to 
tlu'ir usefulness by nuiking it possible to measure slope or read 
vertical angles, 

A compass is mounted on a light tripod or Jacob stafT, A coni- 
luiss may be used to advantage with a plane table. The verni(»r on 
a good compass usually reads to 5 minutes. 
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Magnetic Declination. The compasfi needle does not point to 
the true nortli pole but to the magnetic pole. The angle between 
true north-south meridian and the magnetic meridian is called the 
magnetic declination. Imaginary lines connecting places having 
the s^ame declination arc called isogonic lines. These lines are 
very irregular. The declination in the United States ranges from 
22^ west to 24^ east. This declination unfortunately does not stay 
put over certain v;clts as does our time, but changes with each 
location and, worse yet, the declination of any one spot is con- 
stantly changing from hour to hour as well as from month to month, 
year to year, and age to age. Tables are given in most works on 
surveying that enable us to make the proper corrections for 
declination. 

Tlk- trouble c^nised by magnetic declination, and the fact that 
bearings cannot be read closer than five minutes and that local 
attraction may be so great as to make the compass readings worth- 
less are the chief disadvantages of the compass. 

The Plane Table. The plane table is cme of the most important 
instruments for general mapping. It is so simple that it mav be 
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used by a s^^Tuth grade class and so accurate that nuiny of the 
best engineers prefrr it to any other instrument for mapping. 

The plane table is of value in high school work and for grade 
work in geograi)liy to show how a map is actually made, and it is 
by far the best instrument for scout work in mapping. 

A simple plane table or traverse table outfit mav be obtained 



ERIC 



216 



THE THIRD YEARBOOK 



for about $25. Satisfactory work on n snmll scale can be done with 
a very eriide honifnuide outfit. One pupil, using a stool, a drawing 
board, and a chalk box for an alidade, staged a contest with a civil 
engineer using a transit » and the resulting nuii)s were so alike that 
it was Imrd to tell which were nuuie with the exiuuisivc outfit. Of 
course only a small area was niapi)ed in this contest. 

Fig. 29 shows that the i)hine table consists of a trij^od, drawing 
board, and a sighting instrument called an alidade. 

With the plane table, all the unportant work on the map is done 
in tlie field. Angles are drawn directly on the maj) and not meas- 
ured and then i)lotted. It is useless to measure an angle to 10 
seconds if an error of 10 minutes is made in plotting the map. 

On high-priced alidades, there is a telescope with s?tadia hairs. 
This aids in measuring distances with a fair degree of accuracy 
witiunit using a tai)e. 

To nuike a map of a small area, set up the j)lane table in the 
center of the territory to be niai)i)ed and clamj) the board. Place 
a i)in in the center of the table and with edge of the alidade against 
this i)in sight all the points to be located and draw lines to them. 
Measure these distances with a tai)e or rod and lay them ofT on 
the mai> to scale. This will give an accurate location of these 
points on the map. This method is called radiation. (Fig. 30.) 

For a larger area, measure off on the ground a straight base lino 
AB, 100, 500, or 1000 ft. long, as <lcsired, and draw to scale on the 
plane table a line ah to c()rrcsi)ond to the line Ali, Set up the plane 
ta})le at A with i)olnt a ai)i)r()ximately over .4. Place the edge of 
the alidade along the Hue ah and sight B, Clanij) the table in this 
^ jmsition. Then, with the edge 

/ \ of the alidade at a sight all 

/ the pomts to be located and 

y <lraw lines on the pajw to- 

/ ^^^^ ward ih(»m. Then take the 

^""-..l^^^-^l — ^ table to B and sight A simi- 

/.!l.sj larly, so the lines 2\B and ah 

^r^M\ will have tht* same direction 
31 and h will hi* over B; clamp 

I he table. Again sight and 
draw lines ti) the objects to be lix atc<l as at /I. Faeh object located 
on the map will he determined by the intersection of the lines from 
a and 6. ^^ome system of numbering the lines must be used to pre- 
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vent confu^sion. The line AH may be extended and the work con- 
tinued as before or some other line nuiy be used. Radiation may 
als^o be used in connection with this method. This last method is 
called intersection and corresponds to trianjj;uhition. (Fij;. 31.) 

A fiolution of the three-point problem Is given under (hinger angle. 
See Figs. 1 and 2. 

A survey of a map may be made with ii protractor for a transit 
anil a scale for a tape and many interesting i)roblems worked out 
or areas computed. 

The plane table methods described above may also be used for 
making a small map from a larger map by using a sheet of paper 
for a plan? table and a ruler for an aliihule. In fact, to be sure 
that th^^ methods to be used are understood, it woultl be a good 
plan to have the pupils do this before going out into the field. Much 
valuable time is wasted in field work because each member of the 
party »loes not know exactly what he is supposed to do, and the 
best and quickest method of doing it. Large geo(letic survey maps 
are good for this purpose. Also, a good reduced copy of drawing 
or incture may be made in this way. This is a splendid exercise 
for a geography class. It should be noted that many of the other 
methods of mapping, us by off-stits, may be used for indoor class 
work of this type. Pupils should bo encouraged co do some of this 
field work after school, on !>aturdays, or during vacations. It is 
an interesting fact that just as girls »re often as nnich interested 
in scouting as boys, so this work nuiy also be of considerable in- 
terest to girls. 

If the pupils in a school are divided into A, B, and C sections 
according to ability, nmch better field work can be done. 

Stadia Surveying. This type of work is an interesting and 
practical application of simihir triangles. With a fine hacksaw 
cut two notches i^- apart through the ends of a brass tube 12^0 in. 

a ...... .ja 

Via. 32 Fin. ,'^3 

hmg and ^/^ in. in dianu^ter. Put two fine hla(*k threads across the 
ends and fasten with a rubber hand. Place a cork with a small 
hole in it in the other end of the tube. 
Fig. 32 shows that triangles Cab and are similar. »Since the 
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perpendicular dUtancc from (' to ab is 100 times ab, the perpen- 
dicular distance from C to AH will be 100 times AB if AB is ft. 
The distance from (' to the rod will he 150 ft. A stadia may be 
used with a hypsometer, a cliiuniu^tei , or an alidade for approximate 
measuriiij^. Transits and alidades with telescopes are usually 
equipped with stadia-hairs. With these the arranj^ernent is like 
that in Fig. 33. 

In most of these instruments / — a6 100 (Fig. 33), that is, 
when AB = 1 ft., the distance from the center of the instrument is 
100 + rft. r is usually about 1 ft. It may be found by setting 
up the transit on a level piece of ground and holding the rod at 
such a distance that the stadia-hairs intercept an interval of 1 ft. 
on the rod. If the distance is found to be 101.4 ft., the constant 

z=z 1.4 ft. This must be added to all readings, as if AB ^ 3 ft., 
the distance will be 300 + 1.4 ft. or 301.4 ft. With good instru- 
ments and careful work it is possible to have an error of less than 
1 ft. in 500 ft. 

If the country is hilly and the line of siglit must be inclined, 
measurement by stadia will not be correct. (Corrections may be 
worked out by trigonometry, or a slide rule, and all books on sur- 
veying have stadia reduction tables in which both the correct dis- 
tance and the elevation may be found. If the stadia reading is 100 
and the angle 10^, the horizontal distance will be 96.98 ft. and the 
dilTercnce in elevation 17.10 ft. Where the inclination is 5° or 
less, there is a horizontal dilTerenee of less than 1 ft, in 100 ft. For 
rough work need not bother with angles less than 3*^. 

To find the horizontal distance and the vertical height from in- 
clined stadia reatlings the following formulas arc used; 

I-et R rz: actual reading 

H.l). =: true horizontal distance 
V.H. tru(» vertical height 
X ~ angle of inclination 

Then 

n.D. = RXcos^x 

V.H. (R X J^in 2x) ~2 

Stadi.a slidi* rules will solve tliesi* oijuations with one .setting. 
As tlu' .stadia readings, the above formulas, and all functions are 
approximate, the slide rule will be found suflieicntly accurate for 
this purpose. 
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The Sextant. The sextant (Fig. 34) is used to measure hori- 
zontal, vertical, or inelincd angles with a high degree of aeeuraey. 
Moreover, thi.s aeeuraey is not affected even though the instru- 
ment is in motion. Because of this, the sextant may he usjd 
on a ship or an aerophme. It is also 
used by surveyors for work on land, 
and along shores, and for observing the 
sun or a star. The sextant has an ap- 
peal to students that makes it a very 
valuable instrument for school work. 
It can be used in dozens of interesting 
situations. One of its chief uses is to 
determine latitude. To do this with 
accuracy, corrections must be made for 
declination and also for refraction, 
parallax and semi-diameter of the sun. 
Corrections for the last three amount 
to about 15 min. in the United State;? 
and Canada. Corrections for declination are given in the \autical 
Almanac. On March 21 and Sept. 23 there is no declination 
Pupils may be asked to draw a sketch similar to Fig. 35 showing 
this fact. On these dates the pupils in any school may easilv de- 
termine latitude by using a sextant, a transit, or an astrolabe (or 
measuring quadrant). 

To Find the Altitude of the Sun. To find the altitude of the 
sun with a transit on these dates, set up the transit a few minutes 




Fig. 34 




Fio. 3i5 



Fni. 36 



Fig. 37 



before noon, with a dark glass over the object glass, (let the hori- 
zontal crosshair tangent to the lower edge of the sun and follow it 
up as long as it continues to rise. Then read the angle of elevation. 
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Add 15 min. to this i\r\p}v. and subtract the result from 90^ to get 
the hititudc. Cheek by getting the hititudo from a map, 

If an observation is taken from an elevated portion of a ship it 
is necessary to correct for the dip of the sea horizon, which amounts 
t(. 5 min. for an elevation of 26 ft. and 9 min. 48 sec. for 100 ft. 
This is subtracted from the observed altitude of the sun. The 
teacher will find it worthwhile to make a sketch and have advanced 
classes figure out tlie dip. It makes a goorl problem if a seven- 
place log table is avaihibh*. Apjiroximately, the dip in minutes is 
equal to the square root of the height in feet. On land the arti- 



ficial horizon is used with the sextant to find the altitude of the 
Sim. Fig. 39 shows that the artificial horizon gives us another 
geometry original. An ordinary mirror resting on a level surface 
will serve for an artificial horizon. In this connection it may be 
noted that many early books on practical mathematics gave a 
method of finding the height of a house, a tree, or other object 
by means of a mirror. A mirror was placed at some convenient 
distance from the building or object. ^Vhen the observer could see 
the top of the building in the mirror, he measiu'cd his distance from 
the mirror, the distance from his eyes to the ground, and the dis- 
tance to the base of the building. As the angles at the mirror 
are equal, the triangles are similar; thus the height of the building 
can be computed. Figs. 35 to 38 show interesting exercises. 

Determination of a Meridian. An exercise in field or labora- 
tory mathematics that retpiires {jractically no apparatus is the 
determituition of a meriflian. Suspend a phuiib bob over a flat level 
siH'face (cement area is best) so that the point of the bob is off the 
groimd. Place a bead on the line sniuc* distance above the plumb 
bob. Some time in the morning mark the position of the bead's 
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j^hadow (»S). Then from the j)()int under the bob (P), ixnd with a 
rudiiiji e(iiial to PS (h'aw a cirele. At ^m\v time in the afternoon 
the sha(U)\v of the beacl will again toueh the eirole, Mark this posi- 
tion /). Then biseet the angle DPS and the bisector will be the 
meridian. This may l)e determined with aeeuracy and perma- 
nently markerl. More exact methods of determining the trnc 
meridian dejH'nd upcm observations (m Polaris, If the meridian is 
known, it is easy to determine the magnetic declination by using a 
compass, 
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The Slide Rule. This instruinont is indispensablo for perform- 
ing the various calculations needed in connection with field work 
and for checking more accurate oalcuhitions made on i)aper. Tlie 
slide rule will be found sufficiently accurate for work involving 
angles measured to 5 or 10 minutes and lines measured to three 
significant figures. In fact, the slide rule should he used in every 
trigonometry and physics class if not in every class in mathematics 
and science. Very satisfactory students' rules can he purcha.<ed for 
one dollar or less, so the element of co.st is negligible, 

The time that a student takes to master the slide rule is insignifi- 
cant in comparison with the saving of time in later work. 

Conclusion. It would be possible to teach physics, chemistry, 
or biology without apparatus and still do fairly good work. We can 
teach mathenuitics without instruments, but we can do much better 
with them. A good transit, similar to the one shown in Fig, 40, 
plane table outfit, sextant and angle mirror, together with the rods, 
tapes, and the like, which wc need can be purchased for about $350. 
A cheaper set of instruments may be obtained for $150. Some of 
these in.struments may be used in other departments, and with care 
will last from fifteen to twenty years or longer, so that the yearly 
cost is very small. If, for example, the use of instrument.^ increa.sed 
the size of a trigonometry class from 6 to 16 pupils, the saving in 
teacher cost would more than pay the co.<t of the instruments. 

Wc must convince our superintendents and boards of education 
of the necessity of some instruments in teaching mathematics. We 
all know of schools with thousands of dollars worth of science 
apj)aratus and a mathematics equipment consisting of several old 
yardsticks anrl a couple of partly broken blackboard compasses. 

As a last re.^ort, if new instruments cannot be obtained, it may 
be po.<sibIe to -my seconrl-hand instruments no longer sufficiently 
accurate for engineering pm-posc.-^, but still of value for school use. 
Hcmiemade instruments may be u.<ed to supplement other instru- 
ments, to give variety, and to ilh:strate the interesting principles 
involved, but tliey cannot take the i)lace of commercial instruments. 



PEOBLEM-SOLVING IX ARITHMETIC 



Hv LUCIK L. DOWKR 
City XonmJ Svhnol, Itochrstcr, N, Y, 

Introduction, Mastery of the fundamental facts and processes 
is not the ultimate end of arithmetical ini^truetion. Life demands 
that boys and girls have not only a perfect mastery of the funda- 
mentals of arithmetic but the ability to interpret, comprehend, and 
solve the quantitative situations that arise in everyday activities. 
This preparation may be brought about in two ways: 

1. By giving specific preparation for the kinds of problems the 
pupils will meet in life, 

2. By giving general preparation for all kinds of problems. 

If specific i)reparation for the kinds of problems that the pupils 
will meet in life were desired, it would be necessary to make a 
collection of all the types of problems available. The children 
could then be given a rule or a type solution for each of these 
types and drilled in its use. This method is out of the question, 
however, because conditions are constantly changing. It is not 
always possible to predict the kinds of problems which the pupils 
will have to solve. Furthermore, they would not he able to tell 
which of the many rules or type solutions to apply to a particular 
problem. 

If, on the other hand, general preparation for all kinds of prob- 
lems be given, the children will acquire the ability to judge a given 
problem on its own merits, to study the relationships that exist 
between the various quantities involved, and to think out the 
solution. This approach aims to develop skill in planning the solu- 
tion as well as ability to execute the plan. This mastery of problem- 
solving comes only from meeting numy difTerent kinds of problems, 
from seeing many relations, and from reasoning out each problem 
in terms of the relationships that are involveth By this method, 
pupils are more likely to recognize similar problems in any new 
situation and to apply the correct solution. 

The writer has prepared this chapter because general preparation 
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in problem-solving is so essential, an<l luTause the literature on 
prolileni-solvinK is not readily aeccssible. This presentation grew 
out of the studies made by the Arithnietie Ucscareh ('onnnittee in 
connection with the Cooperative School Survey which has been con- 
ducted in Rochester during the past two years. The report which 
follows is the writer s contribution to that Survey.* 

Paut One 

Purpose* It is the purjiose of the first part of this report to 
consider the major elements, facts, and principles essential in the 
formulation and the solution of desirable problems, 

1. SouucES OP Problems 

The Textbook as Source, Textbooks are often at fault in their 
large number of problems that involve adult activities unci in their 
relatively small number of problems that concern the needs, activi- 
ties, and interests of children. It is hopeless to expect children to 
be interested in problems which pertain wholly to activities foreign 
to tlieir experiences. Lack of interest means a consequent careless- 
ness in reading habits, an inaccurate interpretation, and an incorrect 
solution. 

When the textbook is the source of the problems, the teacher's 
first duty is to see that each problem is made concrete to her pupils 
and that the words of the problem call up in the pujiils' minds the 
correct ideas and images. Often the best way to make a problem 
or a group of problems real is to <lramatize the situation involved. 
Many lists of problems in our newer arithmetics lend themselves 
readily to this idea. Although it is necessary to resort to (h'amatiza- 
tion more frecpiently in the lower grades, it should also be used in 
the upper grade^^ with problems based on unfamiliar situations. 

The problems in the older textbooks were usually organized 
according to the processes involved, with a list of problems on 
addition, another on multiplication, and so on. In most of the 
newer books, however, the problems are organized in a difTercnt 
way. The unity in a given list of problems, instead of being 
arithmetical, is social, the processes are varied but the problems 
are all baser! on the same life situation. Thus, we often find lists 
of problems on earning money, paying household expenses, l)uying 

•III tlit^ IMliUn-rnphy at tho nu\ rji* thU chapt'T aro \U\iH\, with niiuotiitUiuH, tho 
riuaiilpti* WiU'H ol' tl)r stuclli'S lUsi'ussfil lhrcni«houi this chaiitrr. 
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school supplies, scnviuB, aiul the like. Such an organization has two 
(Iccitlcd udvantaRcs. In the first place, the problems met in life are 
not all adilition problems one day and multiplication the next; 
instead, on any one day they may be quite varied as to the processes 
involved, and yet related in that they all arise from one social 
activity. In the second place, if many problems have the same 
social sotting, a greater opportunity is ^iven to concentrate on this 
social situation and even to dramatize it if necessary. 

Real Life Situations as Source, The only way interest in 
problems can be niaintainetl is to originate or supply a large number 
and variety of problems arising from the needs of children. Pupils 
and teachers can find ample material in the activities about the 
school, the home, the churclu and the community for the construc- 
tion of problems from real life sitmitions. Sueli work is excellent 
practice for pupils and often is the best means of enabling them to 
learn the content of problems md the variety of forms in which 
problem-ideas may be clothed. 

Xo attempt should be made to reduce the children's .'itatemcnts to 
bare facts by culling out all descriptive and illuminating words. 
One of the cluef reasons for the noor reading habits usually found 
in the arithmetic class is the fact that most problems are the bare 
statements of dead, uninteresting material. 

Since counting, weighing, and measuring are outgrowths of the 
fundamental human needs, those concerned with food, clotliing, and 
shelter, we sliould find the **Larger Home Idea'* given to us by Mr. 
Hetz an adequate source for the .^elccticin of data for *'rcal problem 
situations.'' This "Larger Home Idea" involves the quantitative 
side of life found in (1) the home, (2i the ."school, (3) the state, 
(4) the nation, and (5) tl.e world. 

Monroe and Clark have compiled a bulletin on The Teacher's 
licf^poMibility for Devising Ltarning Kxercisei^ in Arithmetic, They 
have stated that the extent of the teaelier's responsibility for devis- 
ing problems becomes apparent when we recall tliat although chil- 
dren and textbooks provide a large number of problems, there are 
many gaps in the types of problems tluis contributerl. These gaps 
must be filled by additional problems contributed by the teacher. 

Problem-solving sliould be has^^l upon large thinking situations 
and the practical worth (if the solving will be cdnsidcrably greater 
if nu\ny problems relating to the s'lme situation are solved in .suece^ 
sion. Miscellaneous groups of problems are satisfactory for general 
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drill j)ur|)()si's, hut probloius solved in their natural se(|uoueo yielcl 
belter returns hi)th in fixint? in the mind the prineiples of nrithnu'Me 
whioh relate to a partieulnr aetivity, and in aecjuaintinf; the pupils 
with a body of systematie kno\vled}?e of social, eeononiic, and 
industrial eonditions. 

To state the i^ituations from which i)roblems may be obtained 
entails an enumeration of almos* all the vital activities of life, for 
prohlem-solvinti in arithmetic correlates with nearly all other sub- 
jects and experiences, This is amjily jiroved by * o partial list 
which follows; 

1. McNisunMurnt of matiM'ials in houses, sinrcc!, boxes etc., lioiKhts of 
diilclrrn. Dhjccts in rnoin. difiiaiu'cfj jumiird, ujutiTials for kito making?, amount 
of water, sand, sawdust, etc. 

2. Ui'cofinition of U, S. nioni»y tliroufih making chan^^o and buying milk 
tickets, pc'iuiy lunrlics, tickets fur picnic, arlidos at jstorcs, car tickets, tickets 
fm* sdiool cMitprtainnicnt, etc. 

3. Cost of school equipment. 

4. (*!ass fxj>enditures (class pins, chuis colors* etc.) 
6. Playing store: 

a. Hu.'in^ and selling. 
h. Cafeteria. 

e. Si'lliim candy, popcorn, lenumatle. etc.. for cla*«s or .<chool purposes. 

6. School coiled ioiw—MenuM'ial Day, etc. 

7. Cl.-iss fi*ii>s, M'hool picnic. 

8. Family trii>s In- boat, autn, trolley, train. 

9. Heading timetables. 

10. Buying mumIs, hulbs. etc. 
U. IMam)ing a small ganlen. 

12. Plaiming f()r a parly. 

13. M.aking menus. 

14. Following reci])c».'i. 

In. Buying from a citalouue. 

If). Amount saved when [)uyii\g at a bargain or a special .«ale. 
17. C()m]>uling the cu.^t of .several artii'h's. 

15. Furcliasing Christ nia.< pre>ents. 

19. Measuring gains in weight. 

20. 'I*elling time. 

21. K.arning money. 

22. SeUing magazines. 

23. Helping in a store. 

21. Seiulinu parcel post packages 

2.K Finding the cfi>t of sending ti^lecrams. expn»ss packages and freight 

packages. 
20. (*hei'kin^ up l.-omdry lists. 
27. Keeping weekly personal accounts. 
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28. Soiiding money ordoM. 

29. Writing receipts, 

30. Kce])iug school record:). 

31. Huying Usobull outfit. 

32. Keeping milk account fur school. 

33. Fillinix a Chri.<tmas basket. 

34. Muniiul arts work for boyj*, such — 

a. Figuring the amount of lumber u eesaiary for some project. 

b. Reading scuK? drawings. 

35. Manual arts work for girU, such as— 

a. Figuring goods for a slip. 

b. Using au indivi(hml recipe for 10 persons. 

c. Changing a cake recipe which will provide 8 servings to one which 
wMl pro\'ide 12 servings. 

36. Figuring the results of a spelling test. 

37. Furthering u school-benefit pluy night. 

38. Buying luneh equipment. 

39. Guessing. heights and. verifying them. 

40. Keeping class records and attendance by means of gr.vphs. 

41. C?hecking the family food supplj'. 

42. Caring for pets. 

43. Collecting bus fares. 

44. Helping mother with shopping. 

45. K(M»ping a home-jiroblem notebook. 

46. Keeping Fcores. 

47. Keeping a temperature chart. 

There mast be opportunity for much care and skill in choosing, 
arranging, and using problem? so that interest will aid learning. It 
is easy to go too far. It would be folly to try to select problem- 
work from a mixture of gymnasticj?, games, antl childish whims. 
We should not expect to find an entire class of sixth grade children 
animated by a strong ruling jna'pose which involves a knowledge 
of decimal fractions^. Many of the j^roblems used in our fourth, 
fifth, and sixth grades will be taken from j^^uch life eonditiou.s as the 
following: 

1. Various occupations. 7. Commerce. 

2. V:irious industries. 8. Geography. 

3. Recreational activities. 9. History. 

4. Klementary science. 10. Honu? ee(momy. 

5. Statistics and graphs. 11. Personal carniuus. 

6. Civic and .social activities. 12. School and (*la>s activities. 

Tlie wider the range of sources from which the various i)r()blems 
are taken, the more sure are they to approximate the needs of 
everyday life. 
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II. Essentials op Good Phoblems 

Aim of the Problem. The great advances made in tlie teaching 
of urithnietio during recent years have come very largely through 
the broader conception of the purpose of the ideal problem. A 
problem i? no longer considered merely a tool to train tlie mind. 

In the elementary grades, children get several by-products from 
their study of a problem, such as the social insiglit into certain 
phases of life, the habit of looking upon quantitative velationsl^ips, 
and an appreciation of the value and power of arithmetic in doing 
the world's work. The problem is also used to apply, clarify, or 
rationalize arithmetical processes and facts and to motivate the 
drill work of these various grades. 

Real Life Problems. The children's present interests are the 
fundamental factors to be considered in making or selecting prob- 
lems, The early problems may be "story problems" about people 
or things present, and then about things owned by the children or 
familiar to them. The problems should have a content that the 
children holp to select at that grude le\ol In the early years, 
interest and effort are determined much more by the wording of the 
problem than by the numbers and processes involved. 

Wording of the Problem. If we wish to develop power, the 
wording of the problem must be so varied that the solution has to 
depend upon a rational analysis of conditions and not upon a mere 
act of memory. The ability to meet correctly any kind of simple 
arithmetical situation will be developed by meeting many and 
varied types of problems and by thinking through each type. This 
variety develops power and independent thinking on the part of 
the children and enables them to apply arithmetic to new situa- 
tions. 

It is now generally recognized that, above all, skill in problem- 
solving depends upon a comprehension of the facts of the case, facts 
which must be within the experiences of the children, This is the 
only way in which a problem can be made real and concrete to 
them, 

The terms "real" and "concrete" have been interpreted in many 
ways. With some people, real has meant material, and the problems 
have been presented in terms of objects or words connoting very 
vivid images, Others have defined this quality in terms of use in 
the larger social world. Because certain problems actually occur 
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at tlie grocer's, the bankerV, or the wholesaler's is no reason why 
they should be eoniM'ete to the chiUhTii. 

Opportunity for Dramatization. There is uncther social world, 
however, nearer to the child, which ofTers a more vital background. 
There is the opportunity to use the children's lives in their quantita- 
tive aspects by taking their plays, games, and occupations and 
introducing these situations into the teaching of mathematics. As 
the children's world expands from year to year, they will be carried 
by degrees from personal and local situations to those of general 
interest. Both the children and the teacher can j)rovide this pro- 
gression without devitalizing the facts and principles presented, 
because real situations create interest and thought opportunities, 
and at the same time, lead to profitable end-results. 

The conditions of classroom teaching place a limitation on this 
work in that the facts of the problems cannot always be presented 
concretely. They must often be described in words. The problems 
of life are often question.; about situations or facts actually existing 
before the pupils' eyes; they are less often cjuestions which the 
pupils put to tliemselves in connection with their past^affairs or 
future plans; and they aro least often questions put to them in 
words by another. 

To sum up — a good i)roblem is one that is based on the signifi- 
cant aims or purposes that are ruling factors in the children s lives 
at the time of learning. It provides for real situations or projects 
where realitj^ is feasible. It is fi*ee from vocabulary difHcalties. It 
offers opportunities for dramatization. It is neither much harder 
nor nmch easier than the corresponding situation outside of the 
school. 

Hi. Classification of Problems 

Lack of Uniformity, When we examine the problem lists in 
current arithmetics, we find a conspicuous lack of uniformity in the 
captions by which these lists are designated in different texfs. 
Formerly, some of the problems given in arithmetics were listed 
under such captions as: Reduction, Measure of Caj)acity, Time and 
Wages, Linear Measure, and Percentage. 

Changes in business practices and in the activities of life apart 
from the carrying on of business have created new arithmetical 
a])plications. Many of the titles formerly used as captions for 
problem lists have been discarded and new ones substituted. The 
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result is that at the present time we have no generally recognized 
plan for elaj^sifying the i)roblenis in aritluuetie. 

The buying and selling of eonunodities. and the like, ereate many 
arithmetical problems. This suggests that the source-* of problems 
might be used as a basis for their classification; but an examination 
of the problems in our arithmetics reveals a number of i)roblems 
whose source is not easily identified. In some eases the problem 
does not appear to be connected with any i)articular activity, and 
in other cases the suggested activity might be changed without 
affecting the problem. 

Monroe and Clark. Monroe and Clark have listed two generr^ 
classes of i)roblems: (li Operation /Vo/^/rm.s and (2) Activity 
Problems, Under Operation Problems are placed all those prob- 
lems which are identified neither with a particular activity nor with 
an activity which has a special technical terminology. Under 
Activity Problems are placed all those problems which are identified 
with a definite activity of children or a(hdts and which introduce 
a technical terminology. An elaborate study of the i)roblems i)ro- 
vided by texts resultcnl ia the identification of 52 problem types in 
the field of '^operation problems'' and 281 problem types under 
''activity problems/' The writers were compelled to acknowledge 
that this list of 333 i^roblem types could not he regarded as final. 

McNair. McNair and others give a workable classification of 
problems. The following statements are based very largely on the 
work of Mr. McNair. 

1. Simple and Complex Problems, A simple problem is one 
involving but one operation. A complex problem is one involving 
more than one oi)eration. To solve complex i)roblems it is essential 
to separate them into simple problems. 

2. Concrete ant} Abstract ProbUms. In arithmetic, a concrete 
problem is one which is based on the actual experiences of the 
impils; whereas a problem is abstract when it in no way touches 
their exp'^riences. Obviously prol)lems which are concrete to some 
pupils are abstract to others. Too often a concrete ))roblem is 
regarded as one in which the mnnbers used are definitely named. 
The fact that a problem contains '•concrete'' numbers does not make 
it a concrete problem. Problems given to grade children should be 
concrete, since such problems not only augment the interest but are 
solved with greater ease and with a fuller satisfaction. 

3. Oral and Written Problems, An oral problem is one solved 
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without recoui'iie to a pencil, while a written problem necessitates 
the use of a pencil. It is coming to be the opinion of many efficient 
teachers that fully half of the problems given should be oral. If the 
sole puri)oi2e of the problem is to impress the thought operation, 
then it is a saving of time to make the problem oral, since at least 
three oral problems can be solved in the time required for one that 
is written. Not only are orcil problems valuable in establishing 
right habits of thought in arithmetic work, but they serve as an easy 
means of preparing the mind for the new presentation. 

4. lical Situation Problems. Ileal situation problems are those 
which present to the children actual living experiences. Real situa- 
tion problems are serviceable in that they make it easier for pupils 
to comprehend certain thought forms which must be taught, 

5. Original Problems. These are problems "made up*' by the 
children. Sometimes the data are given, but generally the ehildren 
are asked to supply their own data. Original problems in the main 
Iii've four uses. They cultivate the powers of observation, aid in 
modes of expression, give exercise in impressing correet thought 
forms, and encourage originality, 

6. Household Problems, Household i)roblems are most praetieal, 
>ince they deal with the daily Hving of all. Children should be 
required to originate problems of this type, using aetual home 
experiences as data. 

7. Problems of Gci " terest. These problems deal with 
money, \Vorld Series gu. ' 'S, population, etc. 

8. Occupational or hic ^roblems. A moderate use of the 
industrial problems gives to i,apils certain interesting information 
which should be possessed by educated people generally. The in- 
dustrial problem eimbles the teacher to project arithmetic into the 
actual business interests of any connnunity which supports an 
industry. One danger to avoid is the giving of a long and monoto- 
nous list of problems based on an industry which is foreign to the 
environment of the childr Mi. A second danger rests in giving data 
which are far-fetched or not true to the industry. We should bear 
in mind, however, that the fundamental puri)()se of the problem is to 
teach arithmetic, not the facts of some favored industry. 

9. I^racticc or Isolated Problons. These problems are always 
accessible, since a large part of most texts is devoted to this type. 
As a means of training to right thinking, however, the practice 
problem is not as serviceable as it wouhl seem to be, because the 
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necessary operation is too often suggested by some key word 
incorporated in the i)roblem. 

10. Group Problems. Group problems are tliose which pertain to 
tlie same subject or group of subjects. A list of twelve problems 
dealing with the shoe industry of Rodiester is an illustration of this 
type of problem. 

11. Serial or ''String'' Problems, AVhen group problems are so 
arranged tiiat tiiey demand not only separate answers but a "grand 
total'' answer, tliey become a problem series. The serial problems 
should reveal accurately tlie business transactions involved. The 
one vital objection to tliem is tluit one error early in the computa- 
tion vitiates all the work tliat follows. 

12. Check Problems. A check problem is one used to i^rove the 
correctness of the answer of a problem previously given. Tlie cheek 
problem contains the answer of tlie original problem togetlier with 
a part of the data. These problems serve a purpose in the cultiva- 
tion of accuracy. 

13. Problems wiihoxd Numbers. Tliese are numerical situations 
put in problem form, but not stated in terms of definite numbers. 
In teaching the solution of problems one may be more concerned 
with clear visualization, accurate compreliension of the conditions, 
and thougiitful development of sequential tliouglit tlian witli the 
actual manipulation and the answer. In sucli a case it is advisable 
to give problems tliat contain no numbers, and to rc(iuire cliildren 
merely to tell the processes which are to be followed to obtain tlie 
answer. 

14. Incomplete Problems. Children may eitiier complete an 
incomplete mathematical situation or formulate a problem to illus- 
trate a given condition. Tlie completion of i)roblems, and tiie 
invention of new ones, may become a valuable class exercise. The 
cliildren usually analyze a problem that is given them; now tiiey 
must synthesize elements and relations to bring uhowl a new situa- 
tion. Invention of problems gives a new view of number relatit)ns, 
which leads to a greater comprehension, a deeper grasj), a broader 
application, and a firmer mastery of tiie various types. 

lo» Project Problems. There are four ways in which projects 
may be utilized in the classroom: (I) As introductory projects that 
are used for motivation or as a setting for the various arithmetical 
activities. (2j As cumulative projects tliat are used for reasoning 
or drill. (3j As review projects that are used for checks. (4j As 
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supplementary projects that are earried on for application or for 
purposeful enrichment, 

IV. Emphasis on Problem-Solving 

Difficulties in Problem-Solving, Every teacher of mathematics 
has at some time been confronted with the fact that pupils have 
great difficulty in problem-solving in arithmetic, and that they 
achieve more unsatisfactory results in this connection than in 
example-solvmg. The truth of this statement has been substanti- 
ated by several scientific investigators. 

Considered from the point of view of the importance which 
authorities on arithmetic attach to problem-solving, the natural 
inference is that considerable attention should be given to this 
topic in textbooks on arithmetic, books on methods of teaching the 
subject, magazine articles, and courses of study. This, however, 
does not appear to be the case. 

Newcomb, Ne\.-comb wiade a study, the purpose of which was 
to determine the relative amount of space devoted to problem- 
solving in the several sources whore such material should be found. 
The data for this study were secured through the examination of 
textbooks on methods, courses of study, teachers' magazines, school 
bulletins, textbooks in arithmetic. The results of the investigation 
show that the general average of the percentage of space from all 
sources devoted to problem-solving is 4.97 per cent of the total 
si)ace devoted to arithmetic. 

Eighth grade textbooks in arithmetic were found to vary from 
1 to 9.8 per cent in the total amount of space given to the problem. 
Seventh grade texts were found to be somewhat more liberal: the 
amount of space given to the problem in these texts varied from 
7 to 18.5 per cent. 

The results of this study reveal a situation which is incompatible 
witli the expressed opinion^^ of almo.^t all the authors investigated. 

Spaulding, 8])aulding made an analysis of six selected tiiird 
grade textb(^oks with a view to determining the percentage of prob- 
lems found. His conclusions are encouraging: 

1. Thure is ovidi'iit a tendency toward greater eniphusi.s on problem-solving 
in contrus^t to the simple doing of examples of the earlier textbooks. 

2. Makers of textbooks are coming; to appreciate the need for making their 
problems representative of the iields of activity in which pupils are likely to 
be engaged. 
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It seems reasonable to conclude from the study of Newcomb that 
textbook problems may be a source of real want or waste in the 
teaching of aritl'metic. May it not be that the very meager space 
given to instruction in problem-solving in the various appropriate 
sources has a silent influence upon teachers, thereby causing them 
to minimise this most important phase of arithmetic? Should there 
not be an amount of space devoted to problems in the various 
sources commensurate with the recognized importance of the 
subject? 

V, Degree of Difficulty 

How Difficult Should the Problem Be? The more one in* 
vestigates and analyzes the various process'^s used in problem- 
solving in actual life situations, the more one is convinced that 
these situations are simpler than situations represented in the old 
type textbook and in some of the modern books. 

To what degree of difficulty should the useful processes be car- 
ried? If this que-^lion can be answered correctly, it will enable 
teachers to use judgment and will guide them in the size of numbers 
or the number of places that should be used in the problems they 
offer. If they come as they should, from actual experience, the 
difficulty will take cure of itself. When the teacher originates prob- 
lems or dictates problems irom books, a knowledge of the degree of 
difficulty is essential. 

Wilson. Wilson has tabulated and graphed the actual distribu- 
tion of 4,416 addition problems used in four selected occupations 
as to the number of places involved in the largest addend. It is 
evident from these graphs that the numbers added are relatively 
sniiill. He reported that there are less than two per cent of addition 
I)rublenis with addends of five places or above. Almost all tne 
I)roblems have either two-place or three-place addends. In handling 
money a two-place problem means one in which the amount is less 
than one dollar. 

In subtraction the minuend which is most common is the three- 
plaoe minuend. Because subtraction is most freouently used in 
making change, this means that the most eonmion amount given in 
payment for which change must be made is the one-dollar, two- 
dollar, or five-dollar bill. The next nio.'^t common subtraction 
situation involve.* two places, followed in order by four, one, five, 
and six places. 
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The multiplication problems are classified on the basis of the 
number of places in the multiplier. The one-place multiplier makes 
up 53 per cent of all multiplication. The fanners and the mer- 
chants deal more often with problems that involve two-place 
multipliers. 

The table on division shows that the two-place divisor is most 
common, although it is nearly equaled in frequency by the one- 
place divisor, These tables and graphs reveal the simplicity of the 
work in the four fundamental processes in actual life outside of 
the school, 

The degree of difficulty is often dependent upon other elements 
than the size of the number involved, the number of processes, or 
the difficulty of these processes. When a child mcqt^ii new situa- 
tion, ho is often confused, not because of the mathematics of the 
problem, but because he does not understand the situation, the 
vocabulary, the phraseology, or the form of the problem. 

Hammond. Miss Lucy Hammond, critic teacher of Grade 5BI, 
Rochester Normal School, made a study of the difficulty in the 
wording and form of problems. This study showed the great variety 
of ways in which the same quantitative facts may be stated and 
arranged in problems, and the degree of difficulty encountered in 
the various statements. The following is an illustration of this 
study of problem difficulty: 

Problom situation: **John has $12.75 in thr bank. He worked 8 hours at 
$.30 an hour and added this to his savings. How much money did he have 
then in his bank?" 

1. If John has already saved $12.75 and then a<lds to this what he cams, 
working for 8 hours jit $.30 per hour, what has he saved altogether? 

2. John worked at the rate of $.30 an hour for 8 hours and put this amount 
with his savings of $12.75 in the bank. Find his total savings. 

3. John wished to add to his biink account whirh amounted to $12.75. For 
each hour he worked on Saturday he receiveci $.30. If he worked 8 hour.**, 
what was the amotmt on his book? 

4. When John worked 8 hours and was paid $.30 for each hour, he adiled 
this to his bank account of $12.75. What wa.** his total then? 

5. John earned $.30 an hour for work which took 8 hours. He had saved 
$12.75 and he added to this bank accoimt the money he had earned. Huw 
much did he deposit in all? 

6. JohL had put away $12.75 in the bank. Later he worked at a news.«tun<l 
and earned $.30 an hour. How mtich were his total savings, if he worke<l 8 
hours? 

7. Find the total amoimt in John s bank book, if the first ilepo.*<it wa.s $12.75 
and the second <lrj)OMt was lii.'^ raminjrs for 8 hours at $.30 an hour. 
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Thorndike, Thorndikc emphasizes the following sources of difTi- 
oulties which arise in framing problems, and warns teachers to avoid 
tliem: 

1. Riirc and unimportant words which occur in the first fifty pages of some 
well known lower grade arithmetics. 

absentees camphor hesitation mentally purchased 

admitted cinnamon income mercury respectively 

alternate conf(»ctioner installment phaeton supply 

l)akinfr powder depoi^ited iusiurance proprietor treasury 

2. Mislradinjr facts and procedures, 

"At $.13 a dozen, how many dozen bananas can you buy for $3,127" 

3. Trivialities and ab.<urdities, 

"From the Declaration of Independence to the World's Fair in Chicago was 
9 times as many years as there are stripes in the flag. How many years 
was it?'' 

4. Useless methods. 

"If I set 96 trees in rows, sixteen trees in a row, how many rows will I 
have?" This method forms the habit of treating by division a problem that 
in a real situation would be solved by counting the rows. 

5. Problems whose answers would, in real life, be already knowTi. 

*'A clerk in an office addresped letters according to a given list. After she 
hiul adriress(»d 2o00, % ot the names on the list had not been used; how many 
names were in the entire list?" 

6. Needless linguistic difficulties. 

"If a croquet-player drove a ball through 2 arches at each stroke, through 
how many arches will he drive it by 3 strokes?" 

7. .•\inbigin*tie.'< and falsities. 

**II()W many lines must yoii make to draw ton triangles and five squares?" 
(It .-an be dor/> with 8 lines, though the answer the book requires is 50.) 

-John earneri $4.35 in a week, un<l Ilonry earned $1.93. They put their 
money together and bought a gun. What did it cost?" {Perhaps* $5. perhaps 
$10. Did they pay for the whole of it? Did they u.*=e all their er.Tiing.s, or 
less» or more?) 

The distinction between life situation problems and verbal prob- 
lenKs should be considered. Strictly s}>cukinK, the life problem is 
the situutioi^ itself and not the word de.Tription of the situation. 
The reason why the child is confused Ir. the verbal })roblem i*? that 
he luis difliculty in interpreting and passing from the verbal de- 
scription to the problem itself. If a child goes to a store and buys 
a tablet and a pencil, he is not confronted by the interi)retation of 
the situation. He knows tliat the cost of tlie articles will be added 
and that the sum will bo subtracted from the amount he gives the 
clerk. When this same j^robleni is given to him by the teacher or is 
found in the book, his reactions are not tiie same. He must then be 
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al)lo to read and undcrftftand the problem, to visualize the situation, 
to become a part of the picture, and to determine the processes 
needed to i^oWc the problem. It is possible for a child to be able to 
deal suocossfully with life situation problems and still fail hope- 
lessly in Solving verbal problems, 

VI. Process of Problem-Solmng 

Selecting the Process. Although pupils have difficulty with the 
various steps in the solution of problems, it is the selection of the 
ju'oeess that is usually the most diHieult step and gives the greatest 
trouble. Pupils will always have trouble in planning the solution 
of nrohlems unless the process is connected in their niinds with 
the concrete situation in which it is to be used. 

Teachers realize that it is their function to teach their pupils to 
a(hl, subtract, mult -ply, and divide, but they do not always realize 
that it is just as i.nportant to see to it that the pupils become 
familiar with the various types of concrete situations that involve 
these processes. If a connection is to be formed in the pupils' minds 
between the processes and the concrete situations calling for these 
processes, the two must be presented together. This means that 
when a new process is taught, concrete problems that involve the 
process must be given, and from that time on the abstract drill on 
the process and the use of the applied problems must both be eni- 
phasizcd. By using these processes in concrete problems the pupils 
gra(hially come to recognize, for example, subtraction situations as 
such and to distinguish them from addition, multiplication, and 
division situations. 

Less al)stract drill is necessary when the processes are used in 
aj^plied prol)lenis and when the al)stract and applied phases are 
kept as closely connected as possible. Later, the pupils should be 
helped to generalize their ideas of addition, subtraction, multiplica- 
tion, and (Hvision situations. Oiu) of the best ways of doing this is 
to make use of generalized problems, that is, problems without ninu- 
bers, which a.<k for the jU'oees.<es only. 

To develop a systematic n.ethod of attack in solving all problems 
in various grades, the pupils must go through simple types of one- 
step, two-step, and three-step problems. Pr()l)lems should l)e stated 
in various ways and should he descrijitive of a wide variety of 
material within the range of the pupils' own experiences and intcr- 
e-^ts. Two-step problems should not be given until the pupils have 
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displayed a rather eonipleto nuistory of onc-s*tep problems; three- 
step problems should be deferred until there is a similar mastery of 
the two-step problems. 

Suggestions. The following suggestions may be helpful in the 
classroom: 

1. Have the pupils make up problems, after giving them specific 
direction?, such as, 

(a) Make up a problem in which you multiply, 

(b) Make up a problem in which you add and Hubtrnct. 

2. Give the pupils problems and have thoiu indicate the in'0(»essps 
by writing the letters suggesting the operations, as SA. MA, and the 
like. 

3. Give the pupils problems on slips of paper and have them make 
up similar problems from their own experiences, 

4. From lists of review problems in textbooks or on slips of paper, 
have pupils select and list by number the problems in which the 
same procCf^s or processes must be used. 

5. Originate problems without numbers for which the pupils will 
give the processes. 

6. Originate or collect problems which cover the various processes 
and see that pupils arc able to meet any of these situations by solv- 
ing any such problem. 

Teachers should avoid using too many problems in any particular 
process as application or review work. Such work has little or no 
value as a reasoning exercise. Unlcs^s problems require a variety of 
responses, so that the children must think in every ease, they are 
valuable merely as an exercise in mechanical computation. 

The success of the pupils in problem-solving depends very largely 
upon the strength and permanence of the bonds formed in the minds 
of the children between a specific, concrete situation and the related 
arithmetical process. The forming of these bonds is the all-impor- 
tant work of the elementary school. 

VII. Causes of Failures is Problem -Solving 

Literature on the Subject, Problems are a constant source of 
trouble for pupils and teachers. The only remedy is directed prac- 
tice in problem-solving. In recent years an extensive litcraLUre 
has arisen which deals with the various causes of failure in jiroblcm- 
solving. 
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Second Yearbook, The Sicoml Yiarbook of the Xadonal 
cil of Taichivs of Mathnmitic^^ \\M listed the foUowuin eutisis nf 
fuihirc in probleni-solviug: 

1. The InnKua^o um'iI iu iho problems \h too ilitlkult. It U boyoud Iho 
rouilinK J«tan<i:inl fur ihc muilrs in which it occurs. 

2. The pupils havu nut luul ?*uinoinit traiuiuK in intorpr^-'linK thought from 
.vilrnt reading. 

3. Tho pupils hick umliM'stumlinjr of the tiThnical terms invoh'od. 

•I. Th<^ siiuationf* di».<crilntl hy tlu- proMruw iwv not undrrslood by tho 
pupil>\ biTuiiM> thry aiv outside the r;uij?o of the pupiU' oxperionccs. 

5. The fuuiliuuental coiul^ination?*, facts, or proeesM-s caUed for in tho solu- 
tion of the prol)lems have not been habituateil. 

6. The pupils ure lUuiblo to sec the relations between the slep« called for 
in tho sohition of the problem, 

7. The juipils arc so biutlened with un(h»o Inbelinj? anil elaborate indicaticm 
of steps that their minds arc diverted from the real process of 8i)hiti*>n. 

Fourth Yearbook. The Fourth Yearbook of the Dcpurtrnvnt of 
Superintendence has ^'^ted: 

1. Lack of Reneral al y in srilent roadinjr. 

2. Lack of familiarity with technical ternw in arithmetic. 

3. Carelessness in reading, 

4. Lack of experiences ner(\*'<ar>' to understand the sotting of the problem. 

5. Inade(iuate skill in computation. 

6. Lark of knowU-dite of such essential facta us tables of wei«hts and 
tneasures. 

7. Inability to see th(^ relationships ia the pmbh^ms so as to choose the 
proper operation. 

8. Inability to do roflectivo thinking. 

Stevenson. Stovcn.^on has li.sted six princii^al causes of faihiro 
in problem-solving: 

1. Physical defects. 

2. Lack of mentality. 

3. Lack of skill in fundamentals. 

■1. Inability to read, which of necessity affects the ability to read arithmetic 
problems. 

5. Lark of general and technical vocabulary. 

6. Liuk of proper methods or technique for attacking prol)lem3, 

Osburn. 0^^burn has made a study of the reading diffioultie?? 
eneountered in problem?. lie listed nine euuses of misundcr- 
standinR: 

1. Lark of Nocjibtilary. 

2. Failure to rrsul or .^-r^ all the elements in tlu* problem. 

3. Failure to resist the rlisturbanre caused l)y preconceiv(Hl idea*'^. 
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•1. lualiility fo rrad botwcou the lines. 

5. Kailiiro in umlrrstimd fimtlumpntal rolations, particulurly those of the 
itivi'ivc tyjio. 

6. raihirt' to uiuko a quick chaHgo of mental sot. 

7. l-'ailuiv to nonomlizc or tnmsfor njcanings. 

8. Fiiihiro to interpret cups eorri-ctly, 

9. ll('sj)on.<o to irrelevant clcujents, 

Lessenger. Lffsonscr has mndc a study of the i-lTcct of diiricul- 
lics in reading, as related to pr()hleiii-.<?()lvinR. He found that in a 
niixe<l-fiuiihimentai.< test nnny ehildrcn niatlc errors becau.so they 
did not read accurately the directions indicating the nature of the 
processes. By allowing full credit for all examples solved correctly, 
regardless of whether the operation actually u.<ed was the one called 
for in the printed instructions, ho found that the loss in score due 
to faulty reading amounted to from 6.1 to 10.1 months of arithmetic 
age. When special training in reading arithmetic problems was 
given, the amount of error due to this cause was greatly reduced. In 
tlie case of one group of .sixty-seven children the gain in score due 
to improvement in reading amounted to 9.1 months of arithmetic 
iige. 

Morton, Morton has written a .<5eries of articles dealing with the 
solutitm of nrithmetic problem.s. The series concludes with a num- 
ber of case studies in which extensive descriptions are given of the 
proce.<.<os used by individual pupils. One interesting re.<ult of the 
study is the high correlation shown to exist between ability in the 
fundamental operations and in problem-solving. It was found that 
the scores on the arithmetic-fundamcmtals test correlated more 
highly with the problem scores than did any other measure, except 
that secured by the verbal-intelligence test, 

Bradford Br.ulford has reported a study in w!iivh a group of 
children was given a series of arithmetic problems impo.^isiblc of 
si)lutit)n. The purpose of the experiment was to determine how 
many of the children would show genuine critical thought in dis- 
covering that the problems could not be solved, and how many of 
them would simply go through the ft)rnial manipulations without 
recognizing that the iiroblems were imi)o.<sible. The following prob- 
lem is tyjiical of those which were eniployetl. 

"How fiu<t !.>< a clouii moving; across the .«ky, if from niy bed I watch it 
cross !i window ow. y.unl wido, in one minute? Give the answer in miles per 
hour." 
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On the basis of his experiment, Bradford oonchidofl that many 
right answer? are obtained imder ordinary classroom conditions not 
as the result of prnuine critical thought, but as the result of suRges- 
tion» When the pupils were told that some of the problems wore 
impossible of solution and were required to make critical reactions 
to them, the number of correct answers showed a substantial de- 
crease. The experiment is of particular interest in view of the 
hnprovement in critical thinking which is commonly supposed to 
result from solving problems in arithmetic. 

Buckingham. Buckingham's brief report on evaluating arith- 
metic problems has shown great keenness in the choice of problems 
adapted to the median ability of a grade. It is noterl that childn^n 
do better work upon problems fonnulated by the teacher than upon 
j)roblems found in textbooks* 

Committee of Seven, For two years the Committee of Seven of 
the Superintendents' and Principals' Association of Northern 
Illinois, with the cooperation of teachers and pupils in a number of 
schools, attacked the question of problem-solving in a number of 
ways. The results of the experiments appear to shed new light on 
the subject and to offer practical suggestions which will be generally 
useful Tests were given to children in Grades 3, 4, 5, 6, and 7. 
The number of children tested ranged from three hundred to more 
than a ihousand. In this chapter the experiments will be briefly 
described and the general outcome of each given. 

The Committee, working under the guidance of v^uperintendent 
C. W. Washburne of Wlnnetka, Illinois, attempted to answer certain 
critical (luestions which are listed below. 

1. /.s inability to visualize the situation dealt with in the problem 
an important caiisic of faihirc to solve the problem? 

Washburne and his committee attempted to answer this question 
only for comparatively simple one-step problems. The proc(Mlnre 
consisted of giving the children such ciuostions as this: **Mary 
wishes to buy a gift for her sister. She went to the toy store to buy 
a doll." Then followed four pii tures. In one, Mary was stamling 
at the counter of a fruit store; in anotlwr. she was in a flrygoods 
store; in a third, in a candy store; :ind in the fourth, in a iay 
store. The children were to underline^ the picture that told about 
the problem. This type of (juestion was repeat eil in a variety of 
forms and in two different series of tests. 

The results showeil that practically all the chihlren answered the 
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questions correctly. Apparently, the children did not encounter in 
simple one-step problems the reading difficulties which are com- 
monly supposed to hamper pupils in visualizing the situations 
involved, 

2. Is there any relation betxoeen ability to solve problems and 
ability to make some formal analysis? 

A great deal of time and energy was spent on this question. Tests 
were prepared, given, analyzed, revised^ re-givcn, and re-analyzcd 
repeatedly. One-step problems, two-step problems, problems in- 
volving various combinations of processes, and problems suited to 
the earlier grades and to the later grades were tried. Tlie results 
were analyzed in various ways. They were directly contrary to 
what was expected, so the papers wore checked and rechecked. 

An analysis of all the tests in all the grades showed that in every 
case there was little or no relation between ability to solve the 
problem and ability to take any of the other steps. The children 
analyzed a problem correctly and .solved it incorrectly or solved it 
correctly and analyzed it incorrectly almost as often as they both 
solved and analyzed it either correctly or incorrectly, 

Washburne was forced to the conclusion that ability to make the 
type of formal analysis frequently taught in school has practically 
no relation to ability to solve problems. 

3. To what extent is unjamiliarity with the situation involved in 
the problem, or with the materials with which the problem deals, 
a cause of failure to solve the problem correctly'^ 

This question was studied in the following manner. Tests were 
devised with pairs of problems of the same mathematical difficulty, 
one of each pair dealing with a less familiar situation or with less 
familiar materials than the other. The following is an example of 
these series of t-ests: 

Three bara of chocolate sell for 10 cents. How many bars can I buy for 
40 cents? 

In Franco two liters of petrol cost 9 franrs. How many liters of petrol can 
be bought for 90 francs? 

These tests were given in two different schools. The score on 
problems involving more familiar situations was 14 per cent higher 
in vSchool No. I and 12 per cent higher in School No. II than the 
score on problems involvirg less familiar situations. These results 
indicate that while the e »ment of unfamiliarity with the situation 
enters in as a difficulty in problem-solving, it is lot so large an 
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element a?* might be suppo.^cd. Furthermore, well chosen textbook 
problems for class work contain very few such unfamiliar situations 
Uf* are pro^ientcd in some of the problems in the tests. 

4- Do pupih xcho can manipulate numbers correctly in the proc^ 
esses involved and who can solve problems when the numerical work 
is simple enough to be done mentally fail to carry over these abilities 
in working similar problems that require pencil and paper? 

As an example, if a child can divide 132 by 3 on paper and can 
solve mentally a short-division problem involving the use of very 
easy numbers, can that child solve a short-division problem involv- 
ing the use of the written process? To answer this question a test 
was devised which was made up of three sets of problems, each set 
involving (1) the written process alone, (2) a problem simple enough 
to be done mentally, and (3j a similar problem with numbers large 
enough to require the written process. The sets covered subtraction, 
multiplication, and division and were given in a mixed order. 

The results indicate that pupils' inability to carry over a process 
they know to a problem requiring written work is a frequent cause 
of difficulty, e%'en when they can do a similar problem involv- 
ing small numbers. This difficulty is most evident in the lower 
grades where the process^cs have just been learned, but it tends to 
disappear as the processes become more fully automatic. 

5. Is lack of facility in the accurate use of arithmetic mechanics 
a common source of error in problem-solving? 

A study of the errors involved in the tests just described and in a 
similar test given in a different school shows that mo.st of the errors 
are as likely to occur in the working of examples as in the solving 
of problems. 

During the second year of its investigations, the \Va:*hburno 
committoe confined its work to an intensive study of the relative 
merits of three methods of training children to solve problems. In 
this study the cooperation of eighteen different schools was eu- 
listod, involving records from 763 children in Grades 6 and 7. The 
children in each of these grades were divided into two equal, parallel 
groups. That is, these grouj)S were equal in their ability to solve 
problems and to deal with arithmetic fundamentals and the children 
were approximately equal on the basis of mental age, chronological 
age, and the judgment of the teacher. 

Each school was expected to test the relative merit of two of the 
following methods: 
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Method L To train children in the solving of problems by giving 
them large numbers of problems— no special technique. 

Method IL To train children to analyze problems — a definite 
technique of attacking each problem. 

Method IIL To train children to see the analogy or similarity 
between diffieult written problems and corresponding easy oral 
problems and thereby to decide what process to use in attacking the 
diflieult problems. 

Form I of the problem-solving test was given all children, and at 
the end of ciix weeks of training they were retosted with Form II of 
tlie test. 

The conclusions drawn were that in all cases the children made 
remarkable gains. This seems to indicate clearly that concentrated 
attention, even for a few weeks, on solving problems by any method 
brings a rich reward. Training in the seeing of analogies appears 
to be equal or slightly superior to training in formal analysis for 
the superior half of the children; analysis appears to be decidedly 
sui)erior to analogy for the lower half; but merely giving many 
problems, without any special technique of analysis or the seeing 
of analogies, appears to be clucidedly the most effective method. 

In general, then, these investigations seem to show that, on the 
whole, the children who were taught no special technique of solving 
problems, but simply solved many problems, surpassed those who 
spent time learning a special metliod of solution, Dr, Washburne 
status, however, that the problems used were very simple and 
rc'(iuired little analysis. lie nuule no use of problems that involve 
a number of steps for solution, although this type primarily would 
chuck the value of analysis. Hence the conclusions of the Wash« 
burne committee would re(iuire further testing in the case of 
complex problems. 

Newcomb, Mr. Ntiwcomh of Ada, Oklahoma, also conducted an 
int crest uig experiment to ascertain the value of analysis in problem- 
solving. The tost problems selected required considerable analysis. 
He also made use of experimental and control groups. A delinite 
tecluii(iue was taught in each experimental class and each pujnl 
Was required to use this technicjue in a prescribeti numner, as 
follows; 

1. Kc'iitl the problem carefully and thoughtfully. 

2. St.'ile what is given. 

3. i5tute what \s to be found. 
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4. Write the processes you will use. 

5. Write the approximate answer. 

6. Solve thr problem in the space below, 

7. Check. Does your answer seem reasonable? 

The results showed that an average gain of 5.1 per eent in speed 
and 2.9 per cent in accuracy was made by the control classes, while 
an average gain of 22.8 per cent in speed and 5.5 per cent in accuracy 
was made by the experimental elas.scsi. The result secured is con- 
vincing enough to commend the method for trial by teachers who 
are experiencing difficulties in teaching pupils how to solve problems. 

Banting. G. 0. Banting made a profitable study of "The Diffi- 
culties in Reasoning in Arithmetic/' in the Waukesha schools. An 
explanation and a summary of this study are given in the Pctiver 
Arithmetic Course of Study, 1926, or in the Bulletin of the Depart- 
ment of Elementary School Principals, The Second Yearbook, July, 
1923. 

Part Two 

Introduction. It is the purpose of this section to ofTcr a con- 
structive policy for the improvement of problem-solving, through 
the tabulation of some recent investigations and research studies, 
the formulation of major objectives, the elucidation of the psychol- 
og>' of problem-solving, and the listing of standard tests. 

I, Recent Investigations and Experiments in Problem-Solving 
Types of Investigation. Three distinct lines of investigation 
should be mentioned. First, inquiries as to the various kinds of 
arithmetical problems which ouglit to be included in a course. 
Second, investigations to determine the types of problems which 
pui)ils will encounter in school and in adult life. Third, hiquiries 
dealing with the psychology of probkm-solving. 

The investigators of these questions are using all the methods of 
analysis that are available. They are cmplojing tests to a large 
extent. These tests vrc used in i)art to criticize or to validate exist- 
ing problems. They will also help toward the constructive revision 
of the scope and content of problems. Many more scientific in- 
quiries will probably be required, however, before proi)lems can be 
recon-stnictcd in such a way as to meet fully tho needs of all pupils. 

A few of the recent outstanding investigations and experiments 
will be summarized very briefly. 
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Card. Gard made a eureful analysis of the reasoning processes 
of a small number of adults. These subjects solved seven problems 
and then gave full accounts of their mental processes. The actual 
mental processes were characterized by many deviations from the 
well known series of steps in the method of problem-solving. The 
experiment showed that previously established habits of procedure 
had marked influence on the method of attack. Familiarity with 
the types of problem re:sulted in greater speed. In some cases the 
reasoning seemed to be merely a guess or an appeal to the method 
of trial and error. 

After noting the many deviations from typical processes of rea- 
soning in the case of these adnlts, one begins to doubt the wisdom 
of too great an insistence on cumulative reasoning in the case of 
immature children. Apparently the reasoning necessary in many 
problems is a complex operation. If this be true, the teacher is not 
justified in assuming that all elementary school pupils can rise to 
the level of systematic reasoning required in complex problems. 

Terry, Terry made an elaborate investigation of the reading of 
problems. His study shows that when reading numerals one 
divides the material being read into much smaller units than when 
reading of arithmetic problems. The textual part of an arithmetic 
numerals at a time. In reading 436287, an ordinary reader is likely 
to break up the material in some such way as this: 4, 36, 2, 87. The 
divisions made to facilitate rccoghition are not always the same. 
The same reader may later read the numerals by subdividing as 
follows: 43, 62, 87. The fact that the range of recognition for 
numerals is so different from the range of recognition for words and 
letters, where as many as twelve letters can be gra.spcd at a single 
glance, explains why it is that pupils are often confused in their 
reading words. A reader very seldom apprehends more than two 
problem requires one type of attention, while the numbers call for 
an entirely difTurent type. As a result, the child who is reading 
such a problem is stopped in his progress through the problem 
every time he comes to a number. To keep numbers in mind re- 
quires a type of memory entirely different from that which is 
required to recall the coherent words and phrases which make up 
the verbal part of th^ problem. The trained adult, when confronted 
by the two different intellectual demands described, adjusts himself 
to the ilifficulty by reading tlie probleui twice. During the first 
reading he gets the story of the problem and discovers the arith- 
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metical operations which are necess5ary in order to reach a sokitioa. 
During the second reading he notes the exact digits of which the 
numhers are composed. 

Important lessons for the teacher are suggested by this analysis. 
In the first place, it becomes evident why pui)ils are often greatly 
confused in reading arithmetic problems. In the second place, it 
becomes equally evitlent that pupils must be given much oppor- 
tunity to cuhivate effective reading habits if they are to escape 
il^s confusion. They should be trained in the reading of the 
numerals and in the methods of interpreting the verbal part o.f the 
problem. This means attention to the vocabulary of the problem, 
careful explanation of many terms which are now too often tj»ken 
for granted, and a study of the grouping of numbers. There i^- no 
doubt that the arithmetic reading habits of pupils involve many 
Cf)mplexities which will require additional systematic study. 

Wilson, Wilson published a report of work carried on in various 
centers in the effort to find out from business men and others what 
problems they actually encounter in everyday life. He concludes; 

1. Th(» problcius solvtHi in iictual life are bri(*f and simple. They chiefly 
rcquirr tho more funrlamontal and ilm more easily nuustored processes. 

2. In actual usajre, fi?w problems of an abstract nature are encountered. 
The problems aro concrete and relate to business situations. They require 
simple reusoninp. 

3. Tho study justifies consideration of this question; After the develop- 
ment of reasonable speed and accuracy in the fundamentals and the mastery 
of the siniph* and more useful processes, should not the arithmetic work be 
(•(*ntero(i lar^relN' around those problems whirh furnish tho basis for nmch busi- 
ness inft)nnatic)n? 

•1. May we not hope throujjh the u.<e of larjrc* informational pro>)lem.^ anrl 
situations in the upper grades to secure a more intellectual application of 
arithmetic to actual lifc» situations, that is. the use of more arilhmetic. in 
r)i(» ])roiluctive work of the kitchen, in intellijrent buyinjr, in accounting, in 
prcjfitable savintj and bankin^r, and the like? 

A gro' p of students in Boston University made a survey of the 
uses of arithmetic in Boston and viciiuty. Kacli member of the 
class canvassed a lunnber of punils niul obtained the problems in 
arithmetic encountered by their piu'cnts in the course of their 
ordinary experiences during!; a period of two weeks. The combined 
efforts of the class secured ^.-KiS problems. The data were ehissified 
in general according to the Wilson jdan. Sixty-two difTerent occu- 
pations were represented. It is interesting to note that 90.8 per 
cent of the r).4(i3 problems tabulated are general problems and that 
3.2 jier cent are elassitied as voccitional j^roblems. 
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Tables were prepared which arranged the problems with regard 
to the four fundamental proccs^e^s. They hhow that a total of 81 
per cent of all the problems involve the four fundamental processes 
and that multiplication is the most common process, This survey 
shows a large percentage of one-place multipliers and one-place 
divisors, while the minuends show a tendency to be large. A ten- 
dollar bill ofifered in payment means a four-place minuend in sub- 
traction, while a five-dollar bill means only a three-place minuend. 

One of these tables shows the distribution of 2,786 fractions* The 
fraction has a frequency of 90,955 per cent; stands next with 
a fr.-quency of only 2,872 per cent. Other common fractions 
arranged according to frequency are as follows: %, ^/^, %, i^, 
/«) %> Vc) ^A\i9 V^y /'h. %, %, Viol und -ji,,. The denominate num- 
bers do not occur except as simple measures — cents, dollars, yards, 
and quarts; there are no reductions and no compound number proc- 
esses. In almost all cases the decimals relate to simple discounts. 

Mr. Wilson claims that the general conclusions derived from this 
study merely confirm the conclusions drawn from shnilar studies. 

Many educators have questioned the desirability of using social 
utiUty as an adequate basis for the selection of arithmetic material 
for any course of study, or for children's complete preparation in 
school. These social needs are very important, but educators do 
not wish to encourage surface learning through too narrow and too 
meager a selection of material. There is always the danger of gaps 
through the omission of fundamental principles, if ore depends 
entirely on socialized activities. 

Knight and Buswell. Knight and Buswell formulated some 
excellent suggestions^ publislu^d in the Second Yearbook of the 
National Council of Teachers of Mathematics, concerning additional 
research studies in this field of investigation. To quote: 

1. Wp ?hoiild fiiul out what typos of problems children can do and .sliould 
hv required to do. We constantly over-estimate the child's abihty to reason. 
Most prohlc«nis jiiveii to chihlren :ire too diniciilt fur th(»in. 

2. We should discover the must cfTivtive classroom technique for teaching 
the skill of i)roblcm-solvin}r in eliuuentary school arithnu-tic. 

3. We should ;ittempt a standardizitt ir)n of the vocubularierf used in the 
ililTercnt boi^k^ and a corn-lation, jzmde by frratie, between the vocabularies 
use<l in arithmetics and the vocabularies encounteri'd in general reading in 
the elementary* schoo'^. 

4. There is wcA of a detailed individual diai osis of the actual thinking 
earrieil on by chihlren in sulvinu' the ordinary problems pres^nteci in arith- 
metic; perhaps, to begin with, those dealing with one particular unit only. 
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Until such a survey of children*s reasoning is a\'ailuble, it will be difficult to 
supply suitable instructional material for problem-solving, 

6. There is need of the preparation of a textbook which is composed essen* 
tittlly of explanatory inaterhil, with an accompanying manual of practice 
exercises. The space which has been previously used for examples and prob- 
lems may well be given to dctaih^d instructions to the pupils relating to 
methods of procedure, an explanation of arithmetical operations, and a 
presentation of social situations in which arithmetic is to be applied, 

6. The following are possibilities for the development and application of 
remedial instruction units: 

a. Kxercises stressing vocabulary, 

b. Kxercises stres^'ing prohh'in comprehension. 

c. Exercises stressing whiit is given in the probler\ 

d. Kxercises stressing what is called for in the problem. 

e. Kxercises stressing the estimation of answers, 

f. Kxercis s stressing choice of procedure. 

g. Kxrrcises stressing relationships in i)roblems. 

As a summary of these few investigations it may be stated that 
probleni-solving is a couij)lex tyj)e of mental work. For pupils of 
low-grade mentality, arithmetic is the most difficult of the school 
subjects. Problem-.^olving i f)ne of the most serious sources of 
non-promotion. It is a form v,i experience which is not demanded in 
large degree by the children's untutored interests, and excellence in 
problem-solving is an infallible mark of general intelligence. 

II. Objectives of Pkoblem-Solvino 

Objectives. One prime objective Is to train boys and girls to 
solve problems met in actual life situations. No matter what the 
pupils* lives are, they present situations that have a numerical trend, 
and it is the privilege of the school to prepare its pupils to meet 
these activities successfully. In order to do this, many life con- 
ditions are brought into the school and constitute tlie applied 
problems in our arithmetic, 

Problems vitalize arithmetic, give j)uri)ose to it, and afford a 
medium for utilizing skill in computation, (u)t)d problems arouse 
keen interest and affortl a quantitative interjiretatitm of a variety 
of exj^eriences. 

Owing to the constant contact of individuals with number rela- 
tionshii)S in school and out, the school should set a high standard in 
the development of ability tu interpret, compreheml, and solve prob- 
lems that arise in the activities of the worUl. Hence these objectives 
should alwaj's be kept in mind: 
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1. A knowledge and automatic mastery of the fundamental prin- 
ciples and operations. 

2. An ability to see nuujerical relationships and the i)o\ver to 
formulate such relationships. 

3. The acquisition of power to utilize the fundamental skills and 
concepts in the solving of problems. 

Ruskin has said, 'The diflference between great and mean art lies 
not in definable methods of handling, or h^tyles of rei)resentation, or 
choices of subjects, but wholly in the end to which the effort of the 
l)ainter is addressed/* His words can be a{){)lied to the teaching 
of problems as distinctly as to the art of which he wrote. 

If we as teachers see the great things of life, we shall say with 
David Eugene Smith, **Our work is great in the classroom if we feel 
the nobility of that work, if we love the hmuau souls with whom we 
live more than the division of fractions, if we like i)roblem-solving 
so much that we make our pupils like it, and if we remember that 
our duty to the world is to help fix in the minds of our pupils the 
facts and princii)les of number that they must have in life." 

III. Psychology of PROBLEM-SoLnxo 

Recent Literature. The most recent books on the teaching of 
mathematics give some attention to {)sychological questions. Thus, 
the arguments used in the debates on the transfer of training are 
discussed more or less critically. There have been some recent 
experiments on this issue. 

Poffenberger. The following evidence of transfer is adduced by 
Puffenberger; 

1. WluMo xhvw arc no itlvniic.il homls between i^tiimiluu and ro.<ponse in 
the two procc-N^-cs. \[w iiiilucnct^ of one process upon another will be neither 
po.'iitive nor nrjrjuivt'. i.e.. ihoiv will br neither transfer nor interft reuce. 

2. Where there are identical elenient.s in the two situation^5 or where a 
jriv(»n i)r<)eess involves (»ne or nnjre bonds previously formed, there will be a 
po>itive r)r tran>f{»r (»fTeet. 

Knight and Setzafandt. Knight and Setzafandt show in the 
foHowing sumnuiry that training transfers: 

Charai-teri^tic of tbe whole-or-none atlitud(? of .\niorican thinking, when 
onre our faith in ^reuc-ral transfer was taken from us by compet(»nt research, 
notably till* work of Thorndikc, we went ovt»r, for some time, to the theor>' 
that tiien? was no transfer whatever. \\v learn (».\actly what we practice and 
nntliinu more. 

Ah^ii fwr of (iny irnusfir /.s as jnUr and probably an harmful a notion to 
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lUir in problrm-aolving as ita antithcfiU, comphtc and viagical transjcr 
through the powrr of the mind. The probloni of transfer at. the present tinio 
is concerned not with the presence of transfer or its utter abamcc, but with 
Mich questions as: 

1. In what types of skill is then* enoufiii transfer to use? 

2. On what level of mai^lery doe8 transfer in useful amounts begin to 
operate? 

3. In what ways can transfer ho facilitated and increai«ed? 

4. Arc transferre<l skills or skills acquired in one set of data as strong, as 
lasting, and as easily operated in another set of data? How much is lost by 
transfer? 

The present status of the transfer of learning seems to be: Tramjvr exists 
to the extent that the same rlements or .sA*»7/.s arc w^cd in the nvw situation. 
Transfer is often small bvcau^i wc fail to realize that the mmc elements or 
skilh could be usicd. If we unsh tranfifer or the application of skilh acquired 
in one sntuation to operate in another mtuation, ur muH train in the ability 
to look for uses of old skills. The old skills vnll not transfer by themselves 
except n^hen conscious similarities are very close, 

Thorndike. Thorn dike tends to emphasize the great variety of 
bonds involved in arithmetic and CiiUs attention to the necessity of 
giving each bond separate emphasis. He says that the mind v^orks 
not only by associatwny by connecting this situation with that 
response, but also by dissociation or analysis, by breaking up a 
total situation into its elements. The abstract and general notions 
of human thinking are mental products which come, not by putting 
things together only, but by separating them into parts. 

The child at school to whom we wish to teach the ab«trp thing, 
number — for instance, the abstract quality of sevcnncss — ^.^ given 
seven apples, seven blocks, seven papers, seven sticks, seven chest- 
nuts; is allowed to draw seven lines, to move his arm seven times, 
each time in association with the word seven. By having the seven 
(juality constantly present, but in connection with all .<orts of ac- 
cessory qiuilities, he comes to feel the numerical aspect of the 
seven by itself as a separate elementary thought in his mind. Thi?> 
is the law of dissociation, 

Judd. Judd add> that after this fiissoeiation takes place and the 
child recognizes a rel'itioii and a conunou eloinont, the child must 
apply this dissociated element to many new situations, for in so 
doing he generalizes the clement. When the generalized element is 
used freely and i)erfeetly without conscious efTort, application is evi- 
dent. The child has thus learned to dissociate^ ycneralizc, and apply 
common elements. 
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This same psychology should he applied to problem-solving, Wc 
should provide for various problems in which many common ele- 
ments recur constantly, but in each case with different surround- 
ings or context. The element or idea which is thus felt with many 
different associates or situations comes to fuse with none of them, 
wins an indei)endent existence, and feels itself as an idea. The 
child thus abstracts and masters separately each phase of the 
problem for some time. These various parts should then be put 
together so that all the phases of the problem will be mastered 
collectively. Thus, in problem-solving analysis and synthesis, dis- 
sociation and association, breaking the problem into parts and 
putting the parts together, provide for cmjihasis and mastery of each 
ability individually and collectively. 

IV. Standard Tests 

A List. Following is a list of standard tests in arithmetic that 
can be purchased for testing pui)ils in problem-solviag. 

1. Buckingham Scai^ fok Problems in Ahithmktic. Buckingham, B. R. 
Public School Publishing Co., Blooniington, 111., 1920. Price $.80 per 100. 

Gratlos and Foriai^: Division I for Grades 3 and 4; Division II for 
CJrades 5 nnd 6; Division III for Grades 7 and 8. Forms 1 and 2 for each 
division. 

2. CoMiMSS Dlagnostic Ti:sts in Arithmetic. Ruch, G. M., Knight, F. B., 
CIrec?no, H. A., and Studobakcr, J. \V. Scott, Fore.-sman and Co., Chicago, 
111., 1925. Price $oW per 100. 

Gradpsi and Form.<: Tost 17 for Grades 5 and 6; Test 18 for Grades 7 
and 8. One form only. 

3. Mf)Niu)K Sr.sNnAuniZKD RKASf)NiN(; Ti^<i: in Aiuthmeti(.\ Monroe, W. S. 
Public Srhool Publishing: Co.. Hloumiuu'ton, 111.. 1921. Price 8.80 per 100. 

(Irade.-^ and Ffn'ius: Test I for (Inidcs 4 ami ;>; Tost II for Grides 6 and 
7; Tost. Ill for Gra<le 8. Forms 1 and 2 for each part. 

4. Otis Akitiimktic Hkasoninc Tkst. Otis, A. S. World Book Co., Yonkors, 
N. V. Pricp S.40 for packafre of 25. 

Grades nnd Forms: Tost for Gratlos 4 to 12. Form.s A and R. 
This is Test 5 of the Otis Grf)up Intpllitcrnee Test. It can be purchased 
S(»paratcly. 

PRCT-I)K\HnoiiN Pi^iKjPKss Tests IN Akitiimetic. }Vot . H. E., and Dearborn, 
W. F. HoMrhton Mifflin Co.. Boston. 1020. Frieo S1.20 for packape of 24. 

Cirad'*s and Forms: Series I for Grades 4 and o; Series II for Grades 6, 
7. and 8. One form only. 

Tiie tost consists of five parts— addition, subtraction, multiplication, division, 
and problems. 
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6. SpBKt'KH DiAC'.NosTK* AiiiTii MKTH* Tkhtj*. Spi'iioop, P. L. HuHMU of Admin- 
istrative Uoijcarcli, UuiviTMly uf Ciiiciunuli, Ciuciunuti, Ohio. Price 12.00 
per 100. 

Cinulos atul Kurins: Tc?<t III for Gnulcs 7 aiul 8. Oiin form only. 
This lost has two parts, one part in problLiu-anttlysis uud the other part 
in problem-solvitm. 

7. Stanfohi) .\c«HnivKMKNT Tkst, AuiTUMKtio A. LAMINATION. KcUcy, T. L., 
Huch, G. M.. aiul Tonnan, L. M. World Hook Co., Youkers, N. Y., 1022» 
Price $1.1X) for 25. 

Crach's and Forms : 'J\*s( for Grades 2-8. Forms A and H. 
This is part of the »Stanfonl Aehievemont Tost but it is nls) published sepa- 
rately. Thi' test consists of two parts; one in computalion and one in 
reasoniufcr. 

8. Stkvenson Puohi.km Anaiasks 1\)ht (Dia^cuostic). Stevenson, P. R. Public 
School Publishing Co.. Bloominjiton, III., 1924. Price $1.00 per 100. 

Grades and Fornjs: Test I for Grades 4-6; Test II for Grades 7-9. Forma 
1 and 3 for both parts. 

9. McDadb Cakd8. Cabinet Form. Plymouth Press, Kducational Publishers, 
7850-50 r *o\vc Ave., Chicago, III., 1927i S8.00 per cabinet. 

Aids for iiulivicUial child in problem-solving. Self-check. Timed without 
aid of teacher. 

Part Three 

Introductory, Tn the endeavor to formulate a definite, work- 
able policy for individual and class improvement in problom- 
solvinK, the writer with the cooperation, the valuable sugjiiestions, 
and the ready adjustnient.s of two critic teachers, Mis? Mildrcil 
Seeking and Mis.^. Mary Caraghcr, set uj) the following experiments 
which were carried on and praphcd at the City Normal School. It 
is hoped that in some snmll way the experiments may contribute 
to the improvement of method in problem-solving. 

I. First Kxpeuiment at thk City Xohm.m. Scuooi. 
("trade 6 B.2 Critic Teacher-- :M is.< Carafrhcr 

Number of Pupils— 25 March 29 to :\Iay 20. 1927. 

Purpose. To (letcrminc the difficulties th: pupils liad in solv- 
ing problems, to apply remedial instruction, and to increase, if 
possible, the ability to solve problems. 

Procedure. Tests were given at the beginning of the experiment 
and at the end of the remedial instruction, to find imlividual disa- 
bilities and to measure the resultri of remedial instruction. The test 
used was the Compass Diagnostic Test XVII—Problem Analysis-— 
Klemcntury. Form A was used for both tests. 
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After giving the Hrst tt\^t. individual cards wvir uuul^or 
child to show his woaknossos and to sinipliiy rcgmuping aroonhn^^ 
to disability. The ohiss was rogroupiMl (>arli day amirding to nmN, 
Children not needing remedial instruction of any partieuhir tyjie 
spent their tune doing written problems. 

Remedial Instruction, For twenty days, fifteen minutes of the 
arithmetic period were given to the part of the class whieh needeci 
specific remedial help. Five hours were given to the experiment. 
The following pages suggest the remedial measures used. Several 
of the remedial units suggested by Messrs. Knight and Buswell in 
the Second Yearbook of the Xational Council of Teachers of 
Mathematics were tested, 

Samc:j-; I— Kxkucisks STK^>^sI^(» V(K*.\HfL.\UY 
Dmctitmii: The words hv\o\y are ofif-n used in your arithmetic work. 
KoHowiuk' J'arh word you will find four .statements, ono of whieh tells eornvtly 
the meanitik' of the won! wlxm used in arithmetic work. Put a circle aruunil 
the number of the explanation which is correct in the ca>o of each word. 

A 

I. Pt'rinu'ter 

1. Covers a .square surfa'^e. 

2. ^t usures the total distance around. 

3. Is equal to It^ngth tinier width, 
•I. Is tht.' same ju< area. 

II. Area 

1. The h*nKth and width of a .-urface. 

2. .^n nunt of land in an aere 

3 Number of square units in a uiven ]dane figure. 

4. Disti,ne.« around base o^ figure. 

B 

It takes 10 sfi. ft. of glass to eov<T the top of Mr. Bonner's di^k. rn{lerline 
till' wt»rd uivm below that nH)>i nearly r.xpl.iins me.Huing of the 10 sq. ft. 
in thi' alu^^-e i'n)blem. 

bnngth Area Size Width 

C 

C*oniplete the sentene<w brjow by u>inir the phrases fnuu the aceomjvinyinK 
li>t th ii make the nif)>t complete m um* (These i>hras"s are .»<el(5eted from 
The 8i wo Aiithnietu- — Intermecliate. page I.) 

At this rite his shan- of it 

average' fer week total expense 

kept an aecinunt .<han' e{(iially 

daily sah's • liave ruM^d $28.88 

725 of the money procetMl^ 
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1. The niilkninn of liis SVio St, 

2. Oranp'S mv -100 ii ilozcn. • \vh:it will 4 c cost? 

3. lM)ur hoys worth of cahhapi*. If th(*y _ 

the . how much will carli hoy rpfrivc? 

4. If xhr of a car for a yviw wa.< S212 what did that 



5. Tom nuHMVod loft by his father. lie put 

^—^ nito the* hank. 

D 

HoadinR numbers. 
Whr)le Nunihens — Pajze 7 — Stone Arithmetic. 
Fractions — Pa^re 312— Stonr Arithmetic. 

Decimals — Pa^c 204— Stone Arithnu^tic. 

E 

Ko 11 0 w i n[» D i n^ct i on.< . 

1. Name the topics inclutieii umier the Sixth Grade, First Semester, in the 
Tablc^ of Contents of The Stone Arithmetic — InterniPcliiite. 

2. Turn to jjage in Sixth Grade. First Semester section, where you can find 
work in uuiltiplying a fraction hy a fraction. 

3. Li.^ted under Sixth Grutie, First ScmesKT, is a lesson entitled *'A Tost of 
Principles Used in Decimals.'* Turn to it. 

S.^MPi^ II— ExKuasBS Sthbssinu pRoauiM Comprehension 

A 

Comprehension — Two-St(^p Problem 

Dirrctions: Read each problem carefully. Then read each statement on 
your slip and writt^ in the (»mpty spac(\< thr letter which stands for the state- 
uifnts which are true, as you understand the problem. Head the problem as 
out-n as you uchmI to. 

Problem I — Pa^re 1 — Stonn Arithmetic — Intermediate. (Problem.s taknn 
whrn frasihlo from textbook in tlu^ hands of th<» ehildrf^n, so that familinrity 
with printed pa^r may he incre.t.^ed) : 

"Durinu his vacation Walter (^arned S3.40 per week delivrrinp: papers ancl 
$1.85 nifue runninj: rrrancls. How much did he earn in i) weeks at this ratr?'* 
( ) fa) W.dtpr e'lrufd Ips.< ch-jivfrinjr papt-rs than hf did rnnninR eirands. 
( ) f[)) V.'Mltf^r worktnl 9 WfM^ks alto^eihrr. 
( ) ((•) I .<lNiuId ilividt^ and uiultiiily to soIvp this prf^hlcjn. 
( ) id) Wnltt-r carniMi the same* amotuit fif moimy pach wiM-k. 
( ) tp) Waller spent all his timr dehverinir papers. 
( ) (f) Walter earned this amount for ahoti, one half the year. 

H 

"We are raising money ff)r a new victrola. Miss Lehrherjr s pra<le collected 
2S() Ih. c)f p:ipers and Miss BfMlfonl's >:rade 220 lb. What did the papers briuK 
at ^ij'* a pound?" 

Price Papers No Yes 

If you .'in* a.-ked to finfl the ntunber of papers Mi.^s Bcflfords grade col* 
h'Cted, underlme the word Ves; if not, umlerhne the word Price. 
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Sami'uj III— Kxkuuses Stuessing What Is Given in tub Puoblem 

A 

What is Givrn— Two-Stop Problems 
Di,Tctiom: Read each problem carefully. Then read each statement on 
.vour slip and write in the empty space every letter which stands for a fact 
pven m the jiroblem. Scviral of the statements may be true. 
Problem III— Page 1— Sti.ne Arifhin(>tic— Intermediate. 

"^^^^'^ •T"'"'^ '^-^ P"" """-^^ ^ ''"""K his vacation and spent 
.^^7.00 of It for a bicycle. How uiudi of it had he left? 

( ) (a) Amount Ralph .<ipent for a bicycle. 

( ) (b) Amount Ralph had left. 

( ) (c) Amount Ralph earned in one week. 

( ) (d) Number of weeks Ralph worked. 

( ) (e) Amount Ralph earned in 9 days. 

( ) (f) What part of Ralph's money he spent for a bicycle. 

B 

"It took 15 in. of wire to hang each of four pictures in Mr. Bonner's office 
How many feet of wire were required?" 

Underline the number given below that tells how many feet of wire the 
pictures required. 

* 5 15 60 

Sample IV-ExERasEs Stbessino What is Cali^ fur in the Problem 

A 

What is Called For— Two-Step Problems 
ninctiom: Road each problem carefully. Then read each statement on 

.vmr .«lip and write in the empty space the letter which stands for the one 

.-t.-itement which tells what is called for by tho problem. 
••Cortnide Alo.^^jenger used 2\i yd. of percale for her apron, while Violet, 

her si.,er. u.«ed only 2'/. yd. If the percale is .$.25 a yard, how much must 

Mr.«. Mfwenger .s-cnd to Miss Carapher to jiay for apron material?" 

( ) (a) Amount of material Gertnido required. 

( ) (b) Amount of material Violet required. 

( ) (c) Total co.>it of material. 

( ) (d) Cost jier yard of material. 

f ) (e) Total amount used by both girls. 

B 

-Mr. Brown ha.s $5000 in the bank for his children. When his son Tom 
n-:.<.hes the age of tw-nty-one, he is to have half of it and two daughter 
arr to share the rest equally at the .<^:,nip time. How much does each receive?" 

.n.l.Tline tho nua.bor giv-u h.-l.nv ,l,:u L.^v many things vou are 

a-k( (l t.) find in the problem. 

1 2 3 4 
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Sample V--lvxiiRasEs Strissbino tub Estimation op AKSwiais 

A 

Probable Answer— Two-Step Problems 

lJir<ctiom: Road each problem carefully. There are five siigpostcd answers 
(a-e) below the first problem. One of them is the most probable answer of 
the five. In tho empty space write the letter which stands for the most 
probnble answer. Rfud the problem as often as you need to. 

**\Vhites Jewelry Store is about % of a niiie from the City Normal School. 
Hinhlanil Park is about I'.i niih'S. On Monilay we visitod White's Jewelry 
?<tore, walking both ways. On Tuesday we walked to and from Highland 
Park. What was the total distance that we covered on the two trips?" 
( ) (a) About 10 miles. 
( ) (b) 4 trips. 
( ) (c) 5 iniles. 
( ) (d) % mile. 
( ) (e) Twice as far. 

B 

"There are 29 children in 6 B 2. 14 went to lunch today, while 5 were 
boinj? given individual help at the board by Jane. The rest of the class were 
in their seats doing written problems." 

If the number of children doing written problems was greater than the 
nmnber who went to lunch, underline the word More; if not, underline the 
word Less. 

Lunch More Less Kelp 

Sample VI — Exerhses StREfisiNa Choice of Procedure 

A 

Process Analy**is — Two-Step Problems 

Dm-i ious: Read each problem can-fully, hut do not try to get the answer. 
Write tile proper letters A, kS. M, D. to show wliii-h two of the four i^roccsscs 
ynu would u«e if you were to work the )M*ohlfUu. 

-Miss Ilisf* used 50 min. for arithmetic evrry day la^t week. How many 
hours last week were given to arithmetic?** ( ) 

B 

This time write the prnpnr siKn5J, +, — » X, -i-, to show which two of the 
four processes you would use in solving \ \w following problem. 

'•M(jthers laundry bill W!\s $1.65 the fir-f w(H'k in Aprils $1.84 the second 
weok. $2.01 the third week, and $1.49 tho fourth week. What did her laundry 
bill average for April?'* ( ) 

C 

**If you know the nimiher of hours yoi'" father worked on Monrlay, the 
number f>f hf»urs hn workrd on Tuf.-flay. a «1 the j^ricp per hour hn received 
for his hihor; how will you fiml his totid (»arninus for th(» two days?'* 

Unilerline the group of siv:ns given h^'hiw that t^^lls the right things to do: 
(+,_), (X,-:-), ( + ,X), (X.X) 
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Samplk VII— Kxeucwbs Stkessinq REUvTioNsairs in Phohlems 

A 

**Miss Ciinl ilro>o 3 hr. at thr rate of 20 mi. an hour. IIow far did she 
drive?" 

Undcrliiu* the rolationship listed below that is the correct one to use. 

(a) Distance = Time + Rate 

(b) " - — 

(c) " = X " 

(d) = " 

(e) ~ Rate -:-Time ^ 

Results of the Experiment, The accompanj''ing graphs show 
the results which were obtained in the ease of each individual pupil, 
and also the median scores of the chiss before and after the ex- 
periment, 




0 Befor* R«odUl Drin |mer Reaedlal Drill 

Ojmparison or SfouKs on Compass Disnsofnir Test in Problem \nmy^ 
Bekoue and Avmi 20 Lkssons in Remkdial Dkill. Gr.\db 6H2. 
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C01IPRS]{£]1SX0R 




f0f\\ it I *t V ^ 1 9 1 lA i( la »^ i*f i>- 1^ Il It ,^ 4| )| vr 




FR0BA3LS A27SW£It 




f«f»l ( X ) T ^ 1 * 1 la II la i> w ijr iw O I* It It 14 %^ 

CORRECT 30LUTI0H 




f^f*^ ^ V *t ^ 4 1 9 ^ i« VI i\ II iH ic* m i« ii %i ^x 11 

Pirst testing 

\3eoond testing 

I-*FraT OF 20 Lkssons is Rkmeuial DuiUi upon Si'EfiFio Phaser of Pudbuem 
8(>uiN(;. Gu.M)K 6H2. C. N. S. Scokes of IsDiviDfAL Purius. 

II. Second Kxpekiment at the City Normal School 
(Jrade 5 A-2 Critic Toarhor— Miss Mihlivd SiH^kins 

Number of Pupils— 14 Feb. 28 to May 18, 1927 
Purpose. To (let ermine the (liffieulties that pupils had in st)lv- 

iufi; problems, to apply remedial instruct ion. ami to inerease, if 

l)i)ssil)k\ thi» ability to solve pruhlems. 

Procedure. IVsts won* ji:iveti at thi* bi'fziiinin^; of the experiment 

and ut ilie end of the remedial instruetion. to iind individual disa- 
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bilities and to moa^^ure the results of remedial instruction. The 
tests used were the Buckingluun Scale for Problems in Arithmetic, 
Funns 1 and 2, and the Stevenson Problem Analysis Test, Forms 
1 and 2. 

Remedial Instruction, All the remedial instruction was done 
in the regular arithmetic period. The instruction was planned to 
cover a period of ten weeks. Three fifteen-minute periods each 
week were given to the experiment, making a total of seven and 
one-half hours. While the work was concentrated on one phase or 
ability each day, a constant review of the previous phases was kept 
up, and a final mastery of all the phases was made collectively. 
Original prol)lems, hoard problems, mimeographed problems, and 
book prol)lems were uscil. The following problem from Bucking- 
ham s tost may serve as an illustration of the daily i)rocedure: 

'ilfiiry lmiIutmI o q\. of nufs. Ih* sold thorn :it 8^' u quart and spent the 
niDiiry U)v nr:tnv.< > :ii 4o n]nvvv. How imny uvMiiivA did he buy?" 

Fin.l Liy.<n),, (N;n<vntr:ui(>ii on: \Vh:it i.< ivquinul? KxiiuiplJ; "IIow many 
tjninp-s did Hi»nry buy?" 

Sfvuhd anti Tlii'nl Ar.s-.N-r;/f.s-. Rrvit w: Whiit is n.'quiriHl. Conoontnition 
un: Whut is ^ivm. or the l):it;i. Stati* Dcifa in words lus: 
NunibiT of quarts of unts is 5. 
Srilinir price 1 qt. of nnts i.-* Sc*. 
C*(jst of 1 oranm* is 4'.*. 

Fuurfh, Fifth, .sV.r///. St n ufk Li .<,<(in.'<. Rcvif^w; What is reciuired. What 
is ^;ivt»n. ( 'ont'cni nit ion If,,\v to .<nlvf* tho probhnn orally. 

') X S': will iilvr th<« sellinjr prie<? t)f nuts. 
Thi.'? fpsult divi.Ifil hy Ac will uiv^ thr nuuibi-r of onii\ii<\< bought. (Most 
dillioult Mi'p; nuci:il step.) 

Figlifh, Xihflt. Tt mil Lf.'.-^nus'. R.-vic-w; What is retiuired. Data. Plan of 
solution. ( 'tuiccniiaiiou on; Oral st)lution. 

") X 8',* - • 4Ue 
4(JC 4t*---: 10 times 
• '•10 onin^M's, 

or, 

5 X 8^* 

^ — ^ — • — ID.'. 10 oran^'-s. 

FAvvoiUk Tinliih, Thhhthfh Ltss'iitis. Rt'vit'w above. Concentration on: 
Writtrn .«<oItitiun. T-.^ linrizoufil or verticil fortn. In h-^rizontal form the 
result of f-K-h .st. p l< labeled and the label appears first to provide for planning 
bf lure exreiition. Li^u^ calculations may be performed on ^scratch paper. 
A. llttTtztiuhd F*n'in — 

Ilinu pric.' of nuts. 5 X S'.* 1(K*. 
Number of oranges bought, 40(? :- 4;* 10 10 oranges. Or, 
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Cancellation method if dovelopod — 



I 



s 10 10 oiaugc». 



B. Vertical Form — 



8^ 

5 



10 10 oranpc?*. 

Fourteitilh, Fiftccuth, SIxttrnih L(,\.son.^, Review above. Concentration 
on: (Vict'A-if on iiroblrm-^iDlvinjx. Knvh probU^in s^hoiihl be checked either 
orally or in written form. 

1. Check by solving uuoiher problem made from the original problem, as — 
*'Henry benight 10 orangtNs at 4^ e:ich for the money received for 5 qt. of 

nut:?. How much diil he receive for eaeh (juart of nuts?" 

2. Check by solving the problem by another method if pcjrfsible. Example: 
Finding the perimeter. 

3. Check by inverse process. 

4. Clieck by poiu)? over work another time. Leazft suti.^^faotory check, as 
the mind tends to repeat itself. An ernjr made the first time is apt to be 
repeated. 

5. Check by estimating. 

a. Before solvin^i, form an ajvproximate estimate of the answer by substi- 
tuting the nearest easy numbers for the numbers in the problem, 
l^se this e.-^f imate as a check on the answer when the problem is solved, 

b. Put the answ(^r obtaintMi back in its concrete setting to see if the 
answer is reasonable. 

Srrcntvrnth, KighivvnUi Lv^^iom. Review above. Sc^arch for problems 
solvcnl in a given way. List page and number of problem as- 
Stone p. 19 
M M 5 
MS 6 
SA 8 
SD 10 

\ineltu nthf Twrntleth Lf\<^ous. Review above. Children originate prob- 
|(»ms to fit given conditions. Data given. Children build around these the 
detailed statements. 

Tweuly-first, Twvnt (/-j^vcond Lvfi^ionii, Children originate problems to solve 
in a prescribed way, as— 

*'Give a problem in A I), M S, D A, etc." 

Children originate problems, and other childn-n give the processes. 

Twrnly-lhird, Twi niy-juurih L(s.>:(}ns. Review above. Concentration on: 
Problems without, numbers. Children read and originate problems without 
numbers and t(?ll the processes. 
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Twenty-fifth, Twenty^sixth, Twenty-seventh, Twenty-eighth Lessons. Re- 
view and clinch all phu&es, steps, and abilities of problem-solving collectively. 
Twenty-ninth, Thirtieth Lessons. Final tests given. 

Results o£ the Second Experiment, An examination of the 
accompanying medians, scores, and graphs for first and second trials 
on the problem tests shows the individual and the class improve- 
ment or lack of improvement for the^xperiment. 




Comparison of Scores on Buckinoham Problem Scale, Grade 6A2. 
Feb. 28-May 18. 1927. 




C'oMPAHISdN OK SaiKKS (iN Sto-KVSON PuoHLKM An.M.VSIS TeST, Gll.\DB 5A2. 

Kku. 2^MAy 18, 1927. 
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Selected Biblioghapiiv on Problem-Solving 

Banting, G. 0. The Elimination oj Difficulties in Reasoning. Arithmetic 
Coiiriif? of Study for Klenieiitary School, Number Pour, Second Revised 
Ktlition. Denvor, 1926; or Bulletin of the Department of Elementary 
School Principals, the Second Year Book, July, 1923. 
Autilyzcs the causos of fuihue to solve problems and offers remedial sug- 
Bostious. 

Bi-n'Z, W. "Largr-r Home Idea." Rochester, N. Y., 1927. 

Advociitc--! above source for problem data in his lecture courses. 
BiiNDt-oUD, K. J. G. 'Suggestion, Reasoning, and Arithmetic." Forum oj 

Education, III, February, 1925. 

I-;n.ie:ivors to find how far the critical ability of a child enters in the solving 
of problems. 

Bkown- and Cokfman. The Teaching of Arithmetic, Row. Peterson, and Co., 
1924* 

Kvaluatcs the nat.^re of the problem. 
Buckingham, B. R. Educational Research Bulletin, Ohio State University, 

Columbus, Ohio, Jan, 21, 1925. 

Gives an articlt^ on selecting arithmetic problems. 
BurKiNuH.\M, B. R. Research for Teachers. Silver, Burdett and Co,, 1926. 

Chapter VIII of this book is on "Error and Failure. Their Educational 

Meaning." 

BrswELL AND JuDD. SutHmary of Educational Investigations Relating to 
Arithmetic, University of Chicago, 1925. 

Contains a critical summary of many investigations on problem work. 
Several reports w'vrc taken from this summary. 
Course oj Study in Arithmetic. Grades I to VI inclusive. Public Schook 
Denver, 1926. 

Summarizes many s^ujrpestions about failures and gives remedial measures 
for problem-solving:. 
Depahtment op SupEiuNTENDENcE. Fourth YvarbooL National Education 
Association, Washington, D. C, 1926. 

Suggests material for committees engaged in revising elementary school 
courses. 

Dewev, John and McLelmn, James. The Psychology of Number. 
D, Appleton and Co., 1916. 

Contains two chapters on **Priniary Number Teaching." 
Gaud. Wiixis L. Preliminary Study of the Psychology of Reasoning." 

Atmriean Journal of Psychology, XVIII, October, 1907. 

Analyzes and records the reasoning pruces^ses of subjecta during the solution 

of puzzle problems. 
Ji'DD. C. II. Genetic Psyehohgy for Teachers, D. Appleton and Co., 1903. 

Cciitains a chapter on ''The Idea of Number." 
JiDD, C. U. Psychology of Secondary Education, Ginn and Co., 1927. 

Kiuplm<izes the n»ro.<sity for generalization in problenK^olving. 
KuAPPER. l\\VL, The Teaching of Arithmetic, D. Appleton and Co., 1916. 

Chissifies characteristics of effective arithmetical problems. 
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Knkjut, p. B. and BrswKu,, G. T. Xatinnal Council of Teachers of Mathe- 
matics, Sicond Yearbook. Bunuiii of Publications, Teachers College, 
Columbia University, 1927. 

Li.sts possibilities for tho application of ronicdinl instruction units. 
Knight, F. B. and Setzafandt, A. 0. 'Tmnsfer Within a Narrow Mental 
Function/' Eh mentnry School Journal, June, 1924. University of Chicago, 
Chicago. 

Measures the amount of trunc^fer of training to new situatTv^tij^. 
Lessenqek, W. K. *-Roa(lin« Ditficulties in Arithmetical 'Computation." 

Journal of Kducullunal Ucmarch, April, 1925. Uloominjjton, ill. 

Points out the etT(»et of concentration hi reailing )n sticcess in arithmetic. 
LiNDQVisT, T, Modtrn Arithmi lic Methods and Problvnis, Scott, Foresman 

and Co., 1917. 

Includes material on vi.sualizinjj: and intf^**nreting problems. 
McNair, G. H, Methods of Teaching Modern Day Arithmetic. R. G. Badger, 
1923. 

Emphasizes kinds and typfs of problems. 
Mathimatics Teacher, Dceembcr, 1923. i>25 We^'t 120th Street, New York 
(*ity. 

Inchules a discusssion on confusion of objectives in mathematics by Mr. 
William Betz. 

Md.nuoe, W\ S. and Cu\rk, J. A. The Teacher's Responsibility for Devising 
Uarning Exercit-ea in Arithmetic, Bulletin No. 31, University of Illinois, 
Urbana, 111., 1926. 

Kmphusizes the inadequate supply of problems in the various texts. 
MouTJjN. R. L. Solving Arithmvtic Problems; Case Studies, Educational 

Research Bidletin, Ohio State University, May 13, 1925. 

I)t»scribes Q:isp .«5tuilios of three six-gruilo pupils showing their difficulties in 

a test on arithmetic problems. 
MvKiis. G. C. The Rrercntion and Correction of Errors in Arithmetic, The 

Plymouth Pre.'^s, Chicugo, 1925. 

Reports the causes and the persistence of errors in the fundamental 
processes of arithmetic. 
N.\TioNAL Council or TKAcHEiis ov M.MirEM.iLTics. Fimt Yearbook, C. M. 
Austin, Oak Park and River Forest Township High School, Oak Park, 
111., 1928. 

Contains a general survey of progress in the field of mathematics in the 
la.'^t twenty-five years. 
National Council ok Te-^chehs of M.miEMATica. Second Yearbook, 
Bureau of Publication.^ Teacher.^ College, Columbia University, New York 
City, 1927. 

Contains suggestive problems for research and experimentation. 
Newcomh, R. S. Modern Methods of Tvaching Arithmetic, Houghton 
MiJIlin Co., 1926. 

Emphiisizes the reailing and interpretation of pruhlt^m work. K.xplains an 
exprrimfnt on problem-solving. 
OsaruN, W. J. Corrrelivo Arithmetic, HouKhton Mifilin Co., 1924. 
Reports corrective materials of the number combinations to be taught. 
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OsBfRhj, \V, J. Reading Difficulties in Arithmetic. State Department of 
Public Instruction. Madison, Wis., 1925. 

Lists nine causes of failure to understand arithmetic problems. 
OvEiiMAN, J. K. Principles and Methods of Teaching Arithmetic. Lyons and 
Curnuhan. 1920. 

Devotes one chapter to solution of problems. 
PoFPENBEHCER, A. T., Jr. ''The Influence of Improvement in One Simple 

Ment:d Process upon Other Related Processes.'* Journal of Educational 

Pmhology, October, 1915. Warwick and York, Baltimore. 

Gives conditions under which tran.sfer of training may take place. 
RoANTREE, W. F. AND TateXor, M.Aiiv S. An Arithmetic for Teachers, Mac- 

millan Co., 1925. 

Contains information and discu.'^sion on methods of teaching the problem. 
Smith, D. F.. ^'Suggestions on the Arithmetic Question." Mathematics 
Teacher, October, 1925. 

Critici;?es 8onu» ut the inve>tigations and the conclusions in arithmetic. 
Si>Ai-i.DiN'Q. F. T. "An .-Vnalysis of the Content of Six Thinl-Grade Arith- 
motio'." Journal of Educational Rvscarch, DiTenibor, 1921. 
Records percentage of space given to problems and to fundamental opera- 
tions. 

Stcvensox, p. R. '•'DitBculties in Problem-Solving." Journal of Educational 
Hvnearch, Vol. XI, Februarj-, 1925. Public School Publi.<hiug Co., Bloom- 
ingtoD, 111. 

LivSts difficulties and offers remedial mea?Jun\s for ^^olviug problems. 
Stevenson-, P. R Educational Research BulU lln, October 15. 1924. Ohio 

State T^niv "rsity, Columbus. Ohio. 

Includes a rc^purt of work done on problem-solving. 
Stone. J. C. The Tiaehing of Arithmetic, Benj. H. Sanborn and Co., 1918. 

Puint{4 out the i)urposes of the problem. 
'rKKKV. p. W. How Numerals are Rend: An Experimental Study of the 

Reading of Isolated XumeraU arui Xumerah in Arithmetic Problems. Sup- 

pl('in'«nt:iry I'Mucational Monographs, No. 18. Department of Education, 

rnivi»r.-ity of Chicago. 1922. 

Contaius a r-Miplete .<tu(ly of individual methods of reading nrithnu»tic 

ITuhii ins and isohiti'd numerals. 
Thounuikk. K. L. /•;/^■//i^■7i^s' of P^ijcholugg. \. G. Seih-r. 1916. 

Analyzus thn Law of .^ssociaticn and the Law of Dissociation. 
TuciiNUiKK, K. L. The PsyehoUmy of Afilhmrtic. Macniillan Co., 1922. 

Presents a chapter on probK'Ui attitu<lo and a chapter on arithmetic 

abilities. 

Thohndikr, K. L. The Xiw Meihnd,< in Arithfneti4:, Rand, McNally and 
Co.. 1921. 

Stre>si:< the reality and interest ne(Mh'il in ]irohleni.s. 
IVroN. CutToun B. "Teachers Course in .Vrithnn'tic in the Normal School." 
Ttachrrts College Rrcnrd, October. 1U2.). Teachers College, Columbia Uni- 
veivity, New York City. 

Discusses the ]>rublem uf organizing a satisfactory course for teachers of 
arithmetic. 
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WABHBrRNB, C. W. and Osbornb, R. The Elementary School Jourtial, No- 
vember, 1926, December, 1926. University of Chicago, Chicago, 111. 
Tabulatos two expcriinenta on problora-solving in cooperation with the 
Committee of Seven. 

Wn^oN, G. M. What Arithmetic Shall We Teacht Houghton Mifflin Co., 
1926. 

Devotes one chapter to reasoning problems. Includes tnany surveys. 
WiMOK, G. M. Motivation of Arithmetic, Bulletin No. 43. 1923. Govern- 
ment Printing Office. Washington, D. C. 
Suggests material to motivate the arithmetic of the classroom. 



A jMATIIEMaTICAL ATMOSPHERE 



Bv olivp: a, kee 

Teachers ColU ge, Bo.^ton, Mas^, 

Atmosphere of the Classroom, Should the mathematics class- 
room breathe mathematics? Is it possible to develop an arrange- 
ment of materials which will make the appearance of the mathe- 
matics classroom as distinctive as that of a room where science or 
history is taught? 

It must be admitted that in the majority of cases the visible 
evidences that a classroom is devoted to mathematics are few and 
uninteresting. Possibly a set of graphs, which have been cut from 
newspapers and magazines, and which ma> or may not moj^.n any- 
thing to the studcncs who casually glance at them, is displayed 
above the blackboard and above eye-level. Or, much better, models 
of the various geometric forms may be t.-^isplayed in the cabinet. 
They may have been constructed by the students, in which case 
they surely have some meaning. But, with these exceptions, one 
is likely to find little of significance. 

The writer wat ^^o^^-^idering such matters a few years ago, and 
trying to think of wa • r> and means of m iking the demonstration 
classroom in junior 1 "School mathematics vitally attractive. At 
that time the counci' it the Ai^sociation oi Tearhers of Mathematics 
in New England was considering t Mi questions as: Who is to 
convince the casual public of th worth and power of modern 
mathematics? How is the teacher io stimulate controversy which 
will finally lead to the understanding and appreciation of the values 
of her subject? In other words, how can we sell our subject to the 
"man in the stroot'7 Professor Cope'and^ then president of the 
Association, suggested that one of the members make an experiment 
with posters advertising mathematics. The writer undertook to 
try out this suggestion, In the hope that it ^^ould afford a solution 
not only to the problem propounded by the. Association, but i »so 
to the question which wus in her own mind. 

Mathematics Posters. Posters were, of course, rather g'^nerally 
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used in the English and hygiene dcpartincnts of our own and other 
institutions at that time. No one questioned the fact that a good 
poster advising us to drink more milk has a more definite appeal 
than tlie bare spoken or written message. Posters in the mathe- 
matics classroom, however, were an innovation. 

The matter was first taken up with those of our students who 
were preparing to teach in the elementary schools. Considering 
their interest in the work of the lower grades, the writer saw various 
possibilities in enlisting them in the poster-making enterprise. 
Posters of the following sorts were suggested; 

1. Those which would show the uses of mathematics in society. 

2, Those which carried in their slogan a positive and definite sug- 
gestion for the pupil in connection with certain classroom tasks. 

3, Those intended to stimulate younger pupils to greater en- 
deavor. 

4. Those showing geometric forms in nature and art. 

Worth of Mathematics. In ortler to set the project moving, the 
students, who h,ad previously reached conchasions as to the objec- 
tives in the teaching of mathematics, engaged in a general discus- 
sion of the worth of mathematics in the trades, industries, a' \ 
sciences. It is worth noting, as an aside, that the resulting posters, 
although exaggerated in many respects, never once laimed broadly 
that ^'mathematics trains the mind.'* AVliether the omission was 
due io fear of putting this statement into lasting fv)r \i, or whether 
no picture could b? found to illustrate the point, caiinot be deter- 
mined It may, however, be assumed that the students were 
houLStly trying to show, as Dean Holmes puts it. "what man can 
do with mathematics; not what mathematics can i\n in man/' 

Uses of Mathematics. AVhile the stufients wen* thoroughly im- 
bued with the idea of present use or interest as an olijective in the 
teaching of any topic, they recognized the fact tliat interest in a 
trade in which arithmetic plays a part has been known to stir up 
enthusiasm for the necessary topic. A practical u<e of this fact 
was made in the preparation of posters falling in tlie Hrst category. 
After all. young pupils trust their teachers, and a sixth grade 
boy may quite conceivably work oi; a process hecaust his teacher 
knows it to be valuable in connection with some interesting trade 
or industry. The teaclier ?^uist here, of course, have an adccjuate 
background, and know iiow to complete the ta>k >U('oessfully. 
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For example, in grade eight, a poster mav be sliown advertising 
the use of the formula in computing compound interest. The pupils 
are arriving at the result by computing amounts period by perior'. 
The teacher shows them how she obtains results in a much shorter 
time by her formula, ^^■hethor they can use the formula or not is 
inconsequential at this tin The poster showing the bank and its 
sign is left in sight for a day or two. Will it not perhaps inspire 
a xuture Rothschild with +he idea that banking depends at least in 
part on a phase o" . thematics which is something unused by 
him? Again, a goou poster displaying the graduated test-tube, 
beaker, and scales, and carrying the slogan ''Chemistry depends on 
Mathematics" will probably start a controversy about our subject, 
if not an appreciation of its value. 

Use of Mathematics in the Classroom. Suggestions for a soc- 
oml type of poster were also given. Posters with ;\ warning; aliout 
checking and about the making of an estinuite were agreed upon 
as a valuable possession for the young teacher who was preparing 
for a iiard day in the classroom. Other jihases of proccs.s-work in 
arithmetic and algebra were mentioned as having possibilities. As 
later illustrations will show, these hints were fdllowed quite gen- 
erally but to the inhibition, it seemed, of a variety of original ideas. 

Owe illustration of this .sort was the well-known check-mark ( 
with the slogan "Stop! Have you cheeked?" The position of 
the cheek-mark in mid-air. a bit like the sword of Danuiolos, 
was apparently intendi'd to intimidate the careless. This poster 
would be useful even in (he fourth grade. Its value, like that of 
all the others, is brought out by displayin.t: it at the psychological 
moment and only then. Otherwise it will hecome like the spot in 
our fence which, needing repair. ;it lust sticks nut like a sore thumb 
and later becomes an accepted part of the landscape. 

Another of this type which was more suited to the seventh gnule 
had as its slogan, -'^Members of an e(iuati(in swo like twins. Treat 
tlieni alike." The jnctm-e was that of a girl lietwecn two twins pre- 
senting like material to them. The st\.i|ents felt tiuit this would 
he effective in the early stages of work on the (•([U.-itinn. Another 
striking poster carried the sIog;in "A '."heck is Valu;il)lt\'* 

Use of Incentives. One nuis the risk of eriticism for suggestiim 
the third type. A single illustration will sullice. This poster shows 
a boy climbing a ladder with runus lalieled irm\ 10' ; to lOO'/c. 
"Can you reach the top in arithmetic?" is the slogan. Of course, 
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wo know that some pupils would iicco?^8arily answer this question 
iif at all) with *'Xo'' uuloss more drastic measures were used— 
**drastie" signifyinR nothing worse for the pupil than individual 
work with flash-cards or survey sheets. 

J^omc amusing posters in this third class were '*Can you make 
your letter in arithmetic?" inuler a picture of a slightly-huilt boy 
gazing at a much augmented reflection of himself, the letter *'A" 
appearing on his sweater. Another was '*How many medals can you 
earn in arithmetic?" Here again the undecoratcd boy sees his 
reflected chest covered with medals. However pleasing and anms- 
ing these are, little change would take place in the schoolroom 
situation without a great deal of stimulus in the way of arithmetic 
contests. 

To be sure, oUler people usually gasp with pleased surprise when 
they see such posters (in the wall of the classroiim. Their reaction, 
however, is no criterion. Peter Pan and also some of our best 
.<torits about children give mure pleasure to adults tlian to the boys 
and girls. 

Geometric Forms in Nature and Art. The fourth variety of 
poster did not oeeasion so much discussion. The head of the art 
department in our school constantly emphasizes the idea of mathe- 
matical law underlying art. As illustrations of geometry in nature 
the students furnished pictures of snow-crystals, and of fruit cut 
to show the v<ymmeirioal arrangi'inent of the seed-jiinls. One 
stuilent contributed a beautiful picture of a cliuri h window, with 
the slogan *'(!e(nuetry in the quiet of the churc'n.'^ This poster 
made a strong appeal to many. 

Further Uses of Posters. Thus far only one part of the ex- 
jieriment has been described —that in which our own students at 
Teachers Collngo engage<l. The group preparing to teach in the 
junior or senior high seliool had the same instructions as the group 
working in the elementary grailes. In general they chose to show 
the uses of mathematics as ajij^lied in various industries or sciences. 
"The plan made this house. Mathematics made the plan'' was 
effective with its jueture of a house and the ground plan. One fine 
exception was an interesting and beautiful jn^ster illustrating the 
addition of negative numbers. 

Next a group of teachers who were taking an extension course 
in junior high school mathoinaties were asked to try out the j^roject. 
All were urged to bring in one poster which they considered worthy 
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of display in the cla^^sroom. Those who were teacliing in grades 
above sixth were also urjred to have their ]nipils make posters. 
Geometry for Junior High Sehooh, by Betz, was mentioned as full 
of suggestions. Although the teaohers were reluctant to begin work 
upon the assignment, the results were most interesting and stimu- 
lating. It might not be wise, however, to quote these slogans to an 
educational department already branding all specialists in mathe- 
matics as over-enthusiastic about the j)ossibilities of the subject. 
For example, the picture of a broadcasting station carried the 
slogan, '^^tand by! The world is calling for mathematics." And 
yet the world has been doing so since time immemorial, and the call 
is still heard. Even if this poster did no more than start contro- 
versy, it would have served its end, provided that someone knew 
enough not to let the discussion die at its inception. 

Other offerings started discussions immediately, among them be- 
ing pictures of bridges bearing the statement that these could not 
have been built without the use of mathematics. The whole subject 
of results found only by experimeniation versus results predictable 
by mathematics came up for debate. Dewey's Psychology of 
Xumber was used as an authority by one side. 

A poster picturing Niagara Falls with the slogan, ^^Mathematics 
has harnessed the elements for the service of man/' was admired 
and not challenged, as was also one with the '^Cathedral of Com- 
nnTce" (the Woolworth Building) and the slogan, **Mathomatics 
made this possible.'* Another favorite was *'Mat hematics— the 
master key.'' Here was displayctl a nias.<ive key, flanked by door- 
ways labeled Art, 5^cienoe, Astronomy, Ag"icultun\ Cmnmerce, and 
Manufacturing. 

The most interesting feature of the experiment was the part 
played by the young pupils in the junior high ...Iiools. Many of the 
teachers had results from their classes which were interesting if 
ntit beautiful. The bist collection was furnished by Miss Susan 
Ilosmer of Washington Irving Juni()r High School. The posters 
were not made during the mathematics period although the stimulus 
Was given at that time. The pupils in this school had the advan- 
tage, it seemed, of good materials ami a good foundation in art 
and printing. The results were original even if the slogans were 
at times debatable. One whioh no one could question was a "life- 
size" automobile number plate, "Mass. 448.914.'* with the canny 
connnent. -One needs a slight kmuvledge of mathematics to read 
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this/' Another which escaped with Uttlo criticism had a good pic- 
ture of the Capitol at Washington with ''King Math helped to make 
this beautiful structure.*^ 

Since the class had a major. ly of boys, boy-interests figured 
almost entirely. The arts and scimces of war or defense were un- 
duly stressed, as might be expected. FA-iMni)les of this are: 

*The men who fired the sliot could not see the target but 
mathematics helped them to hit it/' acfompanied l)y a target, 

*'Mathemutics rules the undiTsea/' with a cruss-section of a 
submarine. 

"Aviation — %o mathematics/' with a dirigible. 

"The lives of two men dej^end upon mathematics''; picture of 
airplane and two fliers. 

'•Mathematics is used to direct naval maneuvers"; naval officers 
working over a map. 

'•Mathematics helps these men to defend the nation"; Army, 
Navy, and Marines. 

Less w.irlike are such i")osters as these: 
*'Tlie car that Math, built"; a well known automobile. 
*'.\stronomers use mathematics in calculating distances''; picture 
of planets each with a train apj^arently hcadtnl toward it. 
"Mathematics solves the {problem of traveling"; a locomotive. 
''Mathematics helj^s us to make accurate luajis'*; a map. 

Far-fetched? In some cases. Questionable? True. Yet the boy 
of the junior high school age is ready to ciiallenge nnil to be chal- 
lenged. If he tries to meet challenge with accurate infonnntion. 
and if his parents take sides, then the e;!^ual public is arouse..! if 
not convinced. 

KfYorts should, of course, be made ;o have posters illustrating the 
use women make of mathematies. ihie of our most beautiful 
posters was that of '^CJeometry in iln- homo/' — a girl making a 
lampshade with hexagona^ base. An ainu-ing one was ''Know your 
proportions'* — a lunehtMm 5»-eene with ihi' saiall son complaining of 
too nuich salt. Aiunher had "Math, in the making. Math, in the 
baking" as its sh^gan, at the risk oi luo'ing the enemies of matlie- 
uiatics refuse the luscious cake. 

In the same eolUnMion wa< cine (by a girli wliieh anui^eti some 
and annoyed others. This \va< ;i pictiu'e ot a ]nii\\o with tlii^ worrls 
•'Harmony is attained thrcnigh Mathematics." As one ycnmg col- 
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lege student expressed it, ''I love music and ahvays did, just as I 
always hated mathematics. But if anyone had sufjgested to me that 
mathematics was necessary in the study of music, I should have 
given up music/* This is the other side of the picture. From our 
experin^pnt we are persuaded that stressing the many \ises of 
matheiiiatics may, we do not say will, help us to interest students 
in it. In any event, there is much evidence to show that students 
took a livelier interest in mathematics because of the poster 
project. One of these youngsters in the junior high school said 
enthusiastically to her teacher, "Why, there's mathematics in almost 
everything.** 

The Real Purpose of Posters, In justification of some of the 
posters it may be said that although they do not encourage the 
pupils to be producers in the mathcmaticul field, they awaken in- 
terest and stimulate discussion, thus making the pupils more intelli- 
gent, consumers of mathematics. It really seems as if posters made 
by the pupils may interest even the casual public in mathematics. 

Our own students are still trying to make posters. The writer is 
positive that they arc pleased when they see fresh ones on display 
in the classroom. The present class showed surprise at the first 
exhibition. More than one student has frankly admitted that 
mathematics had never before meant anything to him except prob- 
lem solving. 

It must be admittcil that thus far the efforts of the students have 
not as a whole received the approval of the art department. To 
win that approval is the next step. The students have tiefinite 
directions furnished by the art department as to the n.aking of 
good posters. When worthwhile ideas arc carried out effectively, 
our collection of posters may he used to convince the public of the 
values of mathematics as well as to create a mathematical and 
artistic atmosphere. 

Graphs. As for our ni:itlicniaii<'al at!nosj)hcre, posti^-s arc only 
inridental. albeit important. They are not the sum total; graphs 
also have their plaeo. A j)lea is made, however, that the eolleetion 
of graphs he not allowed to ilegeiieratc into an array of meaningless 
clippings. If the pupil contributing the graph can also interpret it 
to the class, then it may be given a place on the wall or bulletin 
hoard. My own students have showered me with graphs meaning- 
less to them. They may, indeed, ask their teacher to help them to 
interjirct these, and thus heromc real ecuir^uniers. 
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Graphs cut from papor:? ft^uggest graphs made by the pupilsi. 
About a year ago, a collection of this ^^ort in many schools would 
have seemed impressive. Even now, the uuithomatical atmosphere 
can be at times improved by having these graphs relate to the 
pupils' own activities. Diaries kept over a period of two weeks or 
so to give an accurate budget of time furnish good material for a 
circular graph which not only is mathematically correct but brings 
all kinds of gooil concomitants. For older pupils an allowance 
budget accompanied by the circular graph is a worUiwhile exhibit 
for the mathematics classroom. 

Correlation with other subjects leads to graphs which make the 
mathematics classroom not merely a phue where answers are 
obtained and where the value o{ x is found, (^ur students have dis- 
played graphs on the cleaning of teeth before and after a health 
talk — a vital subject for them. They have shown by means of 
graphs the diftVrent nationalities which may be represented in a 
real classroom. 

Other circular graphs had to do with these subjects; Expenses 
incurred by my home. How mother spends Saturday. How I 
spend my day. The number of pupils in each year at our school. 
How modern college girls spiMitl their time. A menu for each meal 
t.by calories). The idvul human diet. The initial cost of a small 
poultry yard. Weather in New England. An evening's entertain- 
ment by radio. 

In addition, there are always graphs illustrat ng geographical 
facts. These graphs, well drawn, with good priudng ai:.l water- 
coloring, are tpiite as interesting as those hmnd in the texts. They 
seem, when well arranged, to contribute nuieli io the mathematical 
atmosphere of the room. 

Newspaper Clippings, All clippings on the bulletin board shouUl 
be meaningful, Othi'rwise they are like reetls shaken by the wind. 
A room uncluttered hy them wouUl be preferable. It is surprising 
how many good mathematical dippings one can fnul in the maligned 
newspaper. Hard uj^on our diseussion of the metric system comes 
an article predicting its adoption in the near future. It goes without 
^^aying that some one will attempt the triseetitm o{ an angle every 
now and then. Sometimes a good collectiiin oi jokes about inathe- 
I'laties ;uul its pi^ssibilities will aild its hit to the atnu^sphere. In 
all cases ' clippings should he eommeiited upon before being 
posted. 
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Reading Table. Surely tluTC should be a table in the corner 
with s-upplementary reading material in mathematics as in history 
or literature. Here should be fount! Smith's .\ umber StoricH of 
Lotuj Ago, Woek.s' Boy's Own Arithmetic, the geometry mentioned 
before, and even mere texts other than the ones used in class. 

Other Equipment. In the proper place, besitle the time-honoretl 
models, should be the carpenter's level, the decimalized tape, a good 
slide-rule in addition to the ones made by the pupils, and other tools. 
Sonic of these things are likely to make their appearance from time 
to time and, having appearetl, they shuuhi be matle available. 

Summary. In eonelusion it may be reiterated that other features 
than the work on the blaekboani should suggest mathematics. Is 
the atmosi)lK>rc such that all may realize that the teacher loves her 
subject enough to try to win others to its practice and delights? 
May even tlius^- wlui dislike the nieehanies of mathematics be led 
to admit freely that the subject lives? If our classrooms breathe 
mathematics before untl after, as well as during class periods, wo 
may feel that we havu taken a step in the right direction. 



